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COMMENTS BY THE EDITORS 


a VLU 


The Second Conference on Compact Transformation Groups was held 
at the University of Massachusetts, Amherst from June 7? to June 18, 
1971 under the sponsorship of the Advanced Science Education Program 
of the National Science Foundation. There were a total of 70 parti- 
cipants at the conference. 

As was the case at the first conference at Tulane University in 
1967, the emphasis continued to be on differentiable transformation 
groups. In this connection there was a continued application of 
surgery typified by the lectures of Browder, Shaneson, and Yang 
(joint work with Montgomery). A new feature was the applications of 
the Atiyah-Singer Index Theorem to differentiable transformation 
groups typified by the lectures of Hinrichsen, Petrie, and Rothenberg. 
In connection with topological and algebraic methods significant 
innovations were made by Raymond (joint work with Conner) in the con- 
struction of manifolds admitting no effective finite group action, by 
R. Lee in studying free actions of finite groups on spheres using 
ideas and methods derived from algebraic K-theory and by Su (joint 
work with W.Y. Hsiang) in applying the notion of geometric weight 
systems developed recently by W. Y. Hsiang. There were several lec- 
tures on algebraic varieties by Michael Davis, Peter Orlik, and 
Philip Wagreich. Interest in this area arose from the application 
several years ago of Brieskorn varieties to the study of actions on 
homotopy spheres. 

These Proceedings contain not only material presented at the con- 
ference but also articles received by the editors up to the summer of 
1972. We have divided the articles into two volumes; the first volume 
is devoted to smooth techniques while the second to non-smooth tech- 
niques. While the proper assignment of a few papers was not obvious, 
the editors felt that this classification offered, in general, the 


most natural division of the material. 
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MANIFOLDS WITH FEW PERIODIC HOMEOMORPHISMS 
* * 
by P. E. Conner and Frank Raymond 
Louisiana State University and The University of Michigan 


1. INTRODUCTION 


In this paper we construct, in §8, a family of distinct compact 
connected 4-manifolds V(k), k > 1, with the property that every finite 
group must act trivially on V(k). The boundary of each of the V(k) 
is the 3-sphere and hence the distinct open 4-manifolds 
U(k) = V(k) - 3(V(k)) also possesses a total lack of non-trivial peri- 
odic homeomorphisms. 

The result is obtained by adjoining 4-dimensional cells along the 
boundaries of each V(k) which yield distinct closed aspherical mani- 
folds, B(k), (that is, cloged manifolds which are K(n1,1)'s). What we 
show is that each non-trivial periodic homeomorphism of B(k) has no 
fixed points. Now, since any self homeomorphism h of V(k) may be 
extended to B(k) by introducing a fixed point at the center of the 
added 4-cell, h cannot have finite period unless it is the identity. 

Let {nyr+---n,} be any set of distinct positive integers. let 
Da be the dihedral group given by 0 > EP ine D 7 2. 2 0, In 


: 2 Nis 2 
rs i ab 
Section 7 we construct a closed aspherical (22+1)-manifold 


aa for each {Ny Myre-+ Ny}. Let (G,M) denote an 


effective action of a finite group G on M. We show that G must be 
3 


a subgroup of Da Oras DA . In particular; <(7:52), M (1) 2s 4 
as L 
non-orientable closed aspherical 3-manifold for which G must be 
25 - Dy and must have exactly 2 circles of fixed points. This is the 


closest we have been able to get to the trivial group for a closed 


—— 
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eps 

manifold. 

bet (G,X) be an action: of a grnoup.. CG. om appalk connected space 
X¥ and x « X a base point. If x is a fixed point then there isa 
homomorphism 6: G + Aut 1 (X,x) given by 
Ke) S Cy, € m4 (X,x) > 1, (X,x). Let the outer automorphisms of 
7 (Xx), the automorphisms of 7, (Xx) modulo the inner automorphisms, 
be denoted by Out (1, (X,x)). Even Got a8 Use notedebLemrixedmby. —.G, 
there still exists a homomorphism ¥Y¥ : G > Out (7, (X,x)), She 

Basic for the estimation of the size of finite effective G in 
the examples cited when X is a closed connected aspherical manifold 
are the following: 

1.1. if xe F(G,X), the fixed point set, then 8 


is a monomorphism. 


1.2. If 1, (X,x) has trivial center then ¥ isa 


monomorphism. 


A prook of T.l. appears in [5; 6.2], and also here in A.17. The secona 
theorem is an unpublished result of A. Borel. A proof of Borel's 
theorem, suitable for our purpose, will be given in §3. In the appen- 
dix and §7 we extend 1.1. and 1.2. as part of the Smith theory for 
actions of p-groups on aspherical manifolds. 

The claim of freeness for (G,B(k)) is achieved by showing that 


Aut (7, (B(k) ,x)) has no elements of finite order other than the identity, 
3c 
m2etl 


The results on (Ny reeen,) come from the fact that 


yg] 


Out (7, (M)) Z 6 D Sy i eS DS 


and that the center of m4 (M) TS CrLvyiad, somang Side 

Let us explain how such a calculation is made. Take a group 17 
and a homomorphism 6 : Z > Aut t and form the semi-direct product 
L=m1o, 4. In Section 4 we develop a method for calculating Aut(L) 


and Out(L) in terms of Aut(r), Out(m), knowledge of the cy clic group 


nies 


generated by & in Aut t and Out 7, and the center K of 7. 


Under suitable assumptions we find L has trivial center and the se- 


quence 
0 Hy (2:K) + Out (h) — N14) Ale) ol 


is exact where N denotes the normalizer of the group, (6), generated 
by 6 in Out(r). The sequence is Spiced: See dise abedaulancw a Cee on 
5 tells us that the contribution of the non-zero elements of Hy (2K) 
can only arise from automorphisms of infinite order. One now tries to 
find a closed aspherical manifold yY™ whose fundamental group is 7 
and a homeomorphism h, with fixed point y e« ee so that 


$ =rh, * + trey) > ty (2? ys One may then construct a closed aspher- 


tl ali 


as a fiber bundle over the circle S , fiber ve 


ical manifold } 


and structure group the cyclic group generated by 6 in Out (ny 


n+l 


where 7, (M = 7, (Y) CRUEL 


0) 
inwseceron 6 we took at rT = 7% and consider certain @ e GL(k,2Z). 


Fundamental for our calculations is the matrix 


6 = em a GL(2,Z2), n> 1. We show that 
n n 1 — 


Gio, > OuttZ @ 22, 2) 5 Ae, 
me 6 


is split exact and that the action of 2 on Ze is multiplication 


by -l1. Hence, Out(L(n)) = Out(Z & Z o5 %;,) = Do: Note that 
n 


‘= ‘& ) and Out(L(1)) = 2 The specific manifolds 


aes Zs 


tas ye us ay) a and others similar to them, are produced from Y 
equal to the 2%-dimensional torus with 6 e GL(22,2) coming from 
blocks of 2 x 2 matrices . along the diagonal. The 4-manifolds 
B(k) arise by taking for ad principal circle bundles over the 2- 
torus with Euler class 2k, and a suitable 6. 

Our interest here has been in the action of finite groups G. If, 


on the other hand, G is assumed to be a compact, connected Lie group 


then there are a number of results known that guarantee that (G,M) 


he 
must be trivial. For example, if M is closed and aspherical, G 


must be a torus r, [5], the Euler characteristic y (M™) = 07 eS ‘ehalel 
the rank of the center of m, (M") must be greater than or equal to k. 
Obviously these criteria yield many examples where G must be trivyvel: 
to be effective. Other examples are any connected sum of closed orient- 
ed 3-manifolds where one of the factors has fundamental group not 
cyclic. Also, Atiyah and Hirzebruch have shown [1] that orientable 
closed 4k-dimensional spin manifolds which admit non-trivial smooth 
circle actions have 4 genus 9. We do not use, however, any smoothness 
assumptions throughout this paper. 

We would like to express our appreciation to Professor Borel for 
having shown us his result, (1.2.). Its use is fundamental for our 


work. 


2. REALIZATION OF GROUP EXTENSIONS 


We shall be concerned with a group extension 


1+N+GeFe+1. 


We shall write N additively. We recall that G is the set Nx F 


with the group operation given by 


(yx) + (Gory) = (g, + (x) (g,) + £(x,y) ,xy) 
wherein 
(i) » : F + Aut(N) is a function with » (e) = identity 
(1i) £: F x» F +N dis a function satisfying 


(a) @ (x) (p(y) (g)) = £(x,y) + (xy) (g)) - £(x,y) 
(Gon) GEG I GENES) = (0 


(c) (z) (£(x,y)) + £(z,xy) = f£(z,x) + £(2x,y). 


Our primary intention is the application of the following. 


2.1. Lemma: If h:N+UL isa homomorphism then h_ can be ex- 


-5- 


tended to a homomorphism H:G+UL if and only if there is a function 


tetas sSaristying 


T(x) + h(g) 


help (x) (g)) = T(x) 


Il 


mtx) » Ty) =i bt EXe, yo) sey) 

Proof: Suppose first that such an extension exists, H:Ge2lL. 
pat T(x) = H(O,x) ¢ L. Then T(x) + T(y) ="H((0,x) + (0,y)) = 
= H(f(x,y),xy) = H(f(x,y),e) + H((0,xy)) = h(£(x,y)) - (xv). In addition 
T(x) + h(g) = H((0,x) + (g,e)) = H( (p(x) (g),x) = H(@(x) (g),e)H((0,x)) 
= h(m(x) (g)) + T(x). 


Conversely, if such a function T exists then we put 
Hig,x) = h{gq) ~ Tx). 


Then H(g, + o(x)(g,) + f£(x,y),xy) = h(gy) * hlw(x)(go)) + H(f(x,y)) > 
T(xy) = h(g,) - hl(x)(g5)) + T(x) + Tly) = h(gy) + T(x) + hlgy) 
T(y) = H(g,,x) * H(g5,y). 
We shall apply this lemma when L is a group of homeomorphisms on a 
space. 

Suppose now (F,X) is a group of homeomorphisms on a pathwise 
connected, locally pathwise connected space which is also semi-locally- 
l-connected. Select a base point ae X and proceed to define a group 


extension 
bo wp are G + Eee 71 


as follows. For each x ¢ F choose a path P(t) in x | USsSunnc eeOm 
a with P (1) = x-a. We assume P(t) =a. 
First define » : F + Aut (7, (X,a)). Tf oft) is a loop based at 


a, then » (x) (co) is represented by 


tgs 


Pest) One eas < 
x 7. 

1 2 
eg (Steal) ye ee 
Pria-3t) esac ceed 
x 4 3 = = 


For any pair (x,y) we denote by 1g (Sige) m, (Xa) the element 


represented by 


PY (3t) 
xX - P,, (3t-1) 


Pegi NE) 


It is clear'that f£(x,e) = fle,x) = 0. Let us consider 
f(z,x) + £(zx,y). 


This is represented by the sum of paths 
P_(3t) Poy (3b) 
zP, (3t-1) + Zee ot ¥) 


Py, (3-38) Peay ome 


This must be compared with @(z) (f(x,y)) + £(z,xy), which is represented 


by 
P, (3t) P_ (3t) 
2P_(3(3t-1)) 2Py (St-1) 
xP = - 
Gai yet 4) sts Poxy & 3) 


2P,. (3(2-3t)) 


P(3-3t) 


A cursory inspection, however, proves that in 17, (X,a) 


1! 
(a) o(2) (Elsey)) + 2a, ey) So (ee) at (ay) 


Now we must verify the relation 


= 


(a) @ (x) @ ly) (o)) = £(x,y) + @ (xy) (0) - £(x,y). 


The left side is represented by 


A Bak) O<t< ; 
nl 4 

P = a 
ots y (9t 3) 7 = ns . 
xyo (9t-4) ; pe a 
ae 2 
xP, (6 9t) 5 < = soy 

2 
Pitesti (ap ert ced 


while the right is represented bv 


PY (3t) Py (St) eC 
xP, (3-1) +}xyo(3t-1) + xP, (2-3t) 
P yy (3-3¢) Pyy (3-3) PU {3-3t) . 


But the identity is now obvious. Thus, 


2.2. Lemma: We have the group extension 
Tit 7, (X,a) >G?Fel1k. 


2.3. Theorem: We may geometrically realize this extension as a 


Ce Oe Eee —_—__ 
__ CC lO 


eee iC 8$#$§LU 


away that (G,X ) covers the action (F,X) under the map 


= * 
me y * (G,X ) + (F,X) where n(o,x) = x and v : X +X is the 
* 
covering projection. The action (G,X ) is properly discontinuous if 
(F,X) is properly discontinuous. Furthermore, there exists a canoni- 


* 
cal isomorphism of the isotropy groups, Fy (b) = Gyr le Be 


Now m4 (X,a) operates freely from the left as the group ecf cevering 
4 ‘ . 
transformations on X , the universal covering space. We wish to ex- 
* * é 
tend this to an action of G on X. To say m4 (X,a) acts on X is 


to say that there is a homomorphism of m4 (X,a) into the group of all 


* . . 
homeomorphisms of X . We wish to extend this homomorphism to all of 


a 
Gl, “Ue, Cele, ei te m4 (Xa) we associate a homeomorphism 
* * : x, 
Xo as follows. A point be X is represented by a 
path p(t) issuing from a. Let «(t) be a loop at a representing 


* 
o. Then oy (b) eux is the element represented by the path 


o (2t) 


pi2t-1) 


To each x ¢« F we now associate a homeomorphism TE we ak ee CE 


is represented by the path p(t) then T,(b) is represented by 


PY (2t) 


xpi 2th re 


We must consider first the composition (T, ° Hy) MB) This would be 


represented by the path 


PL (2t) 
xP, (4t-2) 


xyp (4t-3) 
Compare this with (E(x,y) y ° Tey) () which is given by 


P(6t) 

xP, (6t-1) 
Pygy (3-6) 
Picy (4t-2) 
xyp (4t-3). 


By inspection we then see 


ls 0A Ny fee E (x,y) y ° Tyy* 


We must also examine (TY ° o4) (b), represented by 


PL (2t) 
xo (4t-2) 


Xp (4t-3) 
and (C@(x) (o))y ° T,) (b) which is represented by 


P(6t) 

xo (6t-1) 
P,, (3-6) 
Py (4t=2) 


xp (4t-3) 


and again we have 


T° og = Gp(x)o)y o TL. 


According to our opening lemma we can extend o + Oy to a homomorph- 
ism of G into the group of all homeomorphisms of ay Hence G acts 
on x. EE y= x" + X is the projection map then 

v ((o,x) y (b)) = xv(b) by definition. This completes the first part of 
the theorem. 

We would now like to determine the isotropy group Go GoeLe) 

each Xe FS (b) there corresponds a unique o e T, (X,a) with 

oy, ¢ T,(b) =b. Simply choose « with T,(b) = Coe Ne This 
defines a function FS (b) > Gy, which is a 1-1 correspondence. 


Suppose (0, 7%), (o5r¥) lie in Gur then 


b= (oi) 4 ° a e (5) 4 S Ty (b) 


© (@(x) (op) )y2 T, © Ty ld) 


= (sy) © (@(x) (a5) ) 4° E (x,y) y ° tee 


| 
— 
Q 
~— 
+ 


* 
Hence (o4 4° (x) (05) eG (KV) 7k G so that at each be X we 
Gis. 


have a canonical isomorphism F (bp) © G) 


Os 
Let us recall the definition of a properly discontinuous action 


(G,x). The discrete group G is said to operate properly discontin- 
uously on x" alts 

(a) Eb Ue Cb athens there are neighborhoods US and UL, with 
US a] GU, = >. 

(b) For each b e« me the isotropy group Gy, is finite. 

(Ge) AE each bie ep there is a neighborhood UL with GLU, = Une 
and such that if UL nN gU, = Op aelaeiol Gf iS Gh 

We shall now show that G acts properly discontinuously on x" age 
the action (F,X) is properly discontinuous. 

Let b' » Gib). Then w(b°) v P(ptb))... Choose Usb") and 
(petal We 


5. (b) (b") » (b)? 
we may also choose Ut) and Uist) so that 


so that UL =. Since XxX is semi l-connected 


ig? 71 (UV, (py rv (b)) > m4 (X,v (b)) and pi | T1(U, pry 7¥ (bm (X,v (b')) 


are trivial. Hence, XU (py? and OEY) are evenly covered. In fact, 
-1 . i : f 

v aie = 7, (X,a)U,, where U, is a Tee OF Sib} to a neighbor- 

hood of b, and G (U,,) = Sa UAC oe Thus condition (a) is satis- 
aed 


Let Oe) be a neighborhood of v(b) satisfying condition (c). 
Let V be a neighborhood of v(b) which is evenly covered and choose 


Wy (b) - i a ae Uy Wb) is evenly covered and satisfies 
v (b 


Condition (c) as a neighborhood of v(b). For be ee the Tift Of 
Wei) to b, W_, has the desired property for (c). Finally we point 
out that (G,x") is a group of covering transformations if and only if 
(F,X) is a group of covering transformations. This completes the 


proof of the theorem. 


2.4. Corollary: If (F,X) is an (properly discontinuous) action 


> SL. 


eee. CC =8ny"Nan 


a ee 


(i) ¥G "has no torsion. 


(2:5) Pere racts freely on X. 


a 8 6 * . 
Git) eG acts on X as a group of covering transformations. 


2 ee ee eee 

Since xX is contractible and finite dimensional any element of 
G with prime order has a fixed point. If G has no elements of 
finite order then FS tb) » G is trivial for all b « rae 


2.5. The converse problem for a finite F might be phrased as 


follows. Suppose we are given a group extension 
1+ 7, (%,a) +>Gs+Fe+1 


of 7, (X,a) by a finite group. Can this extension be realized by the 
foregoing geometric construction? This can be done as follows. Con- 


* 
sider the product of xX with itself, Y, as the set of all functions 


recalling F is finite. We use the function »: F + Aut (7, (X,a)) to 
define an action (7, (X,a),¥). To each, iG. m4 (X,a) associate a homeo- 
morphism on Y by 


Gia oa) a= (p (Zz) a) y (x (2)). 


It is readily seen o + 2 is a homomorphism defining a left action of 
7, (X,a) on Y as a group of covering transformations. We use f(x,y) 


to define a homeomorphism Leet ee Y by 


(T(x)) (z) = £(z,x) y (x (2x))-. 
We wish to verify that this extends the homomorphism of m, (X,a). Now 
(tT 9 TY(x) (2) = (£(2,x)4 o f(zx,y)y)x(zxy). But © (2) (Eloy) ) at 


£(z,xy) = f£(z,x) + flzx,y), hence (Ty, ° Ty) (x) (2) = 


@(z)£KrY))4 ° £(z,xy) y) (x) (2) = ade Ain a Tey) (x) (2d Again 


ioe 


(TL © Z) (x) (2) = £(z,x)y © (p(zx) (0) ) yx (zx) = (F(z,x) + 


(2x) (o)) yx (2x) = (f(2,x) Fe (axe) = ftz,2 7 £(z,x)) yx (2x) 


(( (Zz) (@plx)o))y © £(z,x)y) x (2x) = ((@(z) Colx) oy © T,)x(z). Thus by 


Lemma 2.1 the action of 7, (Xa) on Y extends to an action of G on 
Y, and yields (F,Y¥/m, (X,a)). Application of the preceding construc— 


EVOnmeES (F,¥/n, (X,a)) Yields G with°its action on” Y. 


2.6. Corollary: If xX is a finite dimensional aspherical space 


—— ee -_ 


and. lie m4 (X,a) +>G-+F+2+ 1 is an extension by a finite group for 


which G is torsionless then Y/G is an aspherical finite dimensional 


space with fundamental group G. In addition F acts freely on 


Y/m, (Xa). 

This corollary may be regarded as a geometric formulation of a 
theorem of J. P. Serre, see Swan [7]. The geometric dimension of a 
group is finite if and only if the algebraic dimension is finite. The 
corollary says that if G is a torsionless extension of a group 17 
with finite algebraic (i.e., cohomological) dimension by a finite group, 


then G has finite algebraic dimension. 


3.  CENTERLESS FUNDAMENTAL GROUPS 


To any action (G,X) of a finite group on a pathwise connected 
space there is canonically associated an abstract kernel (¥,G,7, (X))5 


that is, a homomorphism ¥ : G + Out(r) together with a group exten- 


sion 
a 8 
l-ezjnrtetiuitrtéegéeil 
which realizes this abstract kernel, (§2.). We shall set the notation 


for this section. Choose any basepoint xe X and for each q BSG 
select a path PI (t) joining x >to 9geY “The corresponding auto- 


morphism g, on 7, (X,x) is the composition of the translation iso- 


=e 


# 


g, is unique up to an inner-automorphism and yields the abstract 


morphism m4 (X,x) % 7, (%,9x) with PJ(1-t) : m, (%,gx) % m1 (X,x). This 


kernel ¥ : G + Out(mt). The extension cocycle f :GxG-+mn assigns 


to (g,h) the element represented by the closed loop 


Ss ee ae ae. 

Canter at 2 
gP"(3t-1), b< t < 2 
Bah seeat) Lah teutigeel | 


The extension group L acts from left on the universal covering 
* * 
space X and under the covering map p : X + X we have 


mtib) = Ritjplb), all & © L, be xX . 


3.1. Lemma: if (G,M) is a p-group acting on an aspherical man- 


Bermel ¥ : G+ Out(w) iS trivial then (G;M) has a non-empty fixed 
point set with mod p cohomology isomorphic to H” (M22) « 

Since 71 is centerless and ¥Y is trivial it follows from Theorem 
(8o6)).(Bomology,, S. Maciane;,-p,., 12/8) that 1 > 7 L : G>+1 is equi- 
walent to 2d st +n x G+ Gs 1. In particular 8 admits a splitting 


homomorphism n : G + L whose image will be a p-group acting on a con- 


tractible manifold. The image has a fixed point, hence by projection 


so does the original (G,M). Thus we may choose the g, so that 
g +g, is a homomorphism G+ Aut(r). But ¥ is still (eneulivalyey thy 
hence g, ¢ Inn(t) and 7 is still centerless so each 4g, is con- 


jugation by a unique A, & Te Since g + Oey is a homomorphism of a finite 


group into a torsionless group we see gy, = identicy Lor all eg exc. 


; : 1 
Accordingly, in the terminology of the appendix, H (G37) = Hom(G;7) = 


{0} and Ty = +, which completes the proof. (Alternatively, we now 
* 
have G* 7 acting.on M so that pe ° (oyb) = (Jy ()) y ° Ty (5) ~ 
ote T (b). Theorem 6.1 of [5] now implies our result. That is, 
g 


F(G,M’) = E has the property that oy (E) = eC eclel Bagge m, (M). 


Sh. 
Since E is path connected, wlth) fe ey where By is the component 
of G(G,M) containing a= v(b),b isa basepoint of mM in) Ee ane 
y is the covering map. Finiteness of G and connectedness of E 
implies that v(E) = as = E/nt, cf. [5; Lemma 3.4]. Since E is acyclic 
ny 


* * * 
‘ : MOH (MZ). 
mod Zt H (F472) ~ H (172) ( 7 ) 


332.) Theorem (A. Borel): Ef «(2 ,M) is a finite group acting 


effectively on a closed aspherical manifold M with centerless fund- 


amental group then the associated abstract kernel ¥ : F + Out(m) is 


a monomorphism. 

Suppose this is false, then for some prime p there is a Sylow p- 
subgroup, G, of the kernel of ¥. Applying the lemma we see that G 
has a fixed point set whose mod p cohomology is isomorphic to that of 
M, a closed manifold. If M is orientable then G acts trivially on 
M, contradicting effectiveness. 

Suppose M is not orientable, then the action of G, G in the 
kernel of ¥, can certainly be lifted to the oriented double covering 

d 


M Of MomeSIncemeG Shacks  Erivaadiyvaon 7, (M) LE also acts trivially 


d : : : 
on 7, (M ) and once again effectiveness on M is contradicted. 


3.3. Remarks; Actually in proof of 3.1 we only use the facts 
that M is a finite dimensional space whose universal covering is 
acyclic mod Zi and whose fundamental group is torsionless and center- 
less. In particular if M isa finite dimensional K(17,1) with 
centerless 1, then for any finite group G to act freely on M, the 
group G must be embedded in the group of homotopy classes of self 
homotopy equivalences of M. And, more generally, if G is a finite p- 
group acting without fixed points, then Out(7) must contain p-tor- 
sion. 

Corollary 6.2 of [5] asserted that if (G,M") is an effective 


action of a finite group on a closed aspherical generalized manifold 


-15- 
over Z with a fixed point, then the homomorphism G > Aut 7 was a 
monomorphism. No assumption on mw, (M™) being centerless is made there. 
The point of 3.1. is that the centerless assumption implies the exist- 
ence of a fixed point set for each p-subgroup and consequently even 
yields an embedding of the p-Sylow Subgroup of G into Aut 7. 

Another interesting interpretation is that if (2, 9M") is an 
effective free action on a closed aspherical manifold for which the 
generator induces a homeomorphism homotopic to the identity, then 1 
must have a center. In particular, if n= 3, M is orientable, and 
7 is "sufficiently large" then M is a Seifert manifold modulo the 
Poincare conjecture. 

There are many examples of closed aspherical manifolds for which 
center t = 1. Moreover, A. Borel has exhibited examples from the the- 
ory of symmetric spaces and algebraic groups for which Out 7 is fi- 


nite, [3]. 


4. AUTOMORPHISMS OF A SEMI-DIRECT PRODUCT 


In this section we shall consider a group automorphism @® : n+ fm 
for which I-64, : H, (7,9) ~ H,(7,Q). We shall form the semi-direct 
product L=7 e Z with multiplication given by (a,n) + (8,m) = 
(a (8) ,n+m) and we shall determine the outer automorphism group, 


Out(L) and the center of UL. 


4.1. Lemma: The kernel of the natural homomorphism 


itp ee UGryAlbiiy ill)! Siete) 


7 


is the subgroup mc L. 


Proof: The short exact sequence 
ee ie ee 


is split by x(n) = (e,n). We shall consider Q as a trivial L-module 


-16- 
and shall use the Lyndon spectral sequence to show that 


eg ae H, (27Q) wu H, (L790). 


There is then the spectral sequence (Be ed =) H,(L30) with 
2 : ; ticular 
Est % H (27H, (77Q)). iia\ jekebereal (e) ; 
2 . = . 
EY 9 & Hy (27H, (n,Q) = Hy (270) 
2 . . 
Eo,1 Hy (27H, (779))- 


2 
However, I-%, : H,(;Q) ~ H,(77Q), hence E, , = 0. Thus 


vo. 8 Hy (279) % H, (L7Q) and the composite homomorphism 
nm + Hy, (77Q) + Hy (L;Q) 


is trivial. Since any element (a,n) e L may be written (a,0) + x(n) 
the lemma follows. 

This lemma proves that 1 CHL is a characteristic subgroup; that 
is, t is invariant under each automorphism of L. Thus every auto- 
morphism of L induces an automorphism of 2Z. We denote by 
Aut? (L) c Aut(L) the subgroup, which has index at most 2, of those 
automorphisms which induce the identity on 2. 


ep Jom Aut’ (L), we may write 


cla,0)) = ela), Ge Auta) 

o(e,n) = (@(n),n), »: 2 + 7 a crossed-homomorphism. 
The second assertionfollows since (jp(n+m),nt+m) = (g(n),n) - (@(m),m) = 
(tp (n) oe (m) ,n+m). Since (a,n) = (a,0) (e,n) we have o(a,n) = 


(c(a)p(n),n). Now in adaraion we have 
o((e,n) + (a,0)) = o(@"(a),n) = (co™(a) p(n) pn). 


But oa(e,n) + o(a,0) = o((e,n)(a,0)) implies (@ (n) oe (a) ,n) = 


(co (a)@(n),n). Thus we obtain the fundamental identity 


05 


@(n) (@"(c(a))) = (c(™(a)))@in). 
To utilize this identity we now prove 
4.2. Lemma: af ce Aut(r)-and if ée¢7 is an alement for 


which 


6((c(a))) = (ed(a))6 


then there is a unique crossed-homomorphism o : 2+ 7 such that 


@(n) (8"(c(a)) = (c(8"(a)) )e(n). 


Proof: Since Z is a free group there is a unique homomorphism 
hee ee i WIth hn (h) = (6,1) SP ifewetwrite shin) = (otn)snyetthen 


® : Z+ 7 is the required crossed-homomorphism, 


Observe that e = @(0) = @(-1+1) = tae Ya) so that @(-1) = 
eo (6). Now ®t ¢a71) - tet teta))) = atts tetea (a) 0872) = 
bo (87 teec (971 (a) )*. 674) = tet tay) aT he7)) oe Ha required’ daen- 


tity may now be established by double induction since it was just ver- 


ified for n= -1. Assume that the identity has been established for 


some n, |n| > 0. If n> 0 we write @ (n+1) - (oPt2 (ela) j= 


(1) 4@(n) ° att (c(a)) = @(1) 8 lin) a (ela))) = 


@(1)o(co™(a) * w(n)) = c(a7™™~(a)) (1) o(p(n)) = cls » (ntl). 
If n< 0, we write o(n-1) ° (#7) (cla))) = o(-1) 67 (p(n) 0" (ela) y= 
(-1) 672 ((8™ (a) )gin)) = clo) (a)) g(-1) 97 yin) = ofa") (a) )g(n-1). 
Thus the identity is established for all integers. 

For each pair (c,45), where ce Aut(m) and 6*d(c(a)) = 


+ 
(ct(a)) «+ 6 we may define o e Aut (L) by 


ao(a,n) = (cla)e(n),n). 


aie 
' n a 
We must show that o is multiplicative. Thus, «a(a@ (8),n+m) = 


(c(a)c(o™(8)) p(n) o@ ym) »ntm) = (c(a) @(n) o7(c(8) p(m) »ntm) = (c(a) (nm) mn) 
(c(B)@(m),m) = o(a,n) * o(8,m). The reader may show that both the 
kernel and cokernel of o are trivial. 

Composition is the group operation in Aut* (L) and this conres— 
ponds to composition in Aut(7). However, o4 (0, (e,1)) = og, (55,1) 
(cy (65) 64,1). Denoting u(s) e€ Inn(t), conjugation by 6, we introduce 
the group G of all pairs (c,6) for which le) =< 9% 2 9c= 
€ o 6 € Aut(s). The group operation in G 1s (cy 754) : (co155) 


(cy ° Coy cy (55)54)- We have just shown that 


4.3. Lemma: Aut” (L) u Ge 
Cieenelky  iWhata(i) Aut” (L) so let us describe the corresponding 


subgroup of G. For (a,n) e L we have 


(an) (8,0) (@ (a4) ,-n) = (ae"(8)a 7,9) 
(a,n) (e,1) (@ "(a +),-n) = (ae(a+),1). 
Thus to the inner-automorphism determined by (a,n) there corresponds 


iL 


(u(a) © @,ad(a -)). 


Let us denote by Keon the center. We also denote by 
C(¢) © Out(r) the centralizer in the outer automorphism group of 1 
and by (6) ¢ Out(7) the subgroup generated by 6. Finally, since 


+ + 
Inn(L) € Aut (lL) we have Out (L) Ee Out(L) asa subgroup of index at 


nies 25 


4.4. Theorem: If the order of &@ in QOut{(n) is equal to its 


order in Aut(t) then there is a short exact sequence 


0 > Hy (27K) = Out™ (L) Se t)y¥ (6) oe 1, 


Proof: Surely there is an epimorphism G+ C(®) and 
1 n 


A S 
(ula) o @ ,ae(a ~)) + ® ce Out(r). Thus we receive an epimorphism 


=#92 
+ 

Out (L) + C(¢)/(e). A pair (c,6) represents an element in the kernel 

of this epimorphism if ana only if c = ula) © o” for some ae Ty 


Peet eeEveothens pit) « © « pte) « o = als) < vlote)) oo oth = 

ta) <a" 

Laus 1 (S)) = utodta ~)) and so we may write § = 8 - ao eee) for some 
peeek and (c,8) = tae) (ule) > 2", as(a ")), ‘Thus (c,8) = 

fd;a)) Out* (1) for some 8 e K. The problem now is to determine 
when (id,8) e G is an inner-automorphism. If (akal 1) = 


at 


n — 
(ula) © ® ,aé(a ~-)) then s® =T ¢ Out(t). Since the order of 


¢ ¢« Out(r) is equal to the order of 4 « Aut(r) by hypothesis we 


have 


Ge) © Ose aig) =" dies Ante) 


1 


Tha ae RK and atta) =f. On K, a + ao Ge) is an endomorphism 


with cokernel Hy (Z:K). Hence we obtain 


0 + H,(Z:K) > pac ie Sue (aiVilad SAT 


45.6 Corollary. if; under the hypothesis of the theorem, the 


group 7 is abelian then the short exact sequence 


0 > Hy (Zim) > Out® (L) + C(s)/(6) +1 


Proof: Since 1 is abelian, K = 7 and Out(r) = Aut(m) and we 
may define C(¢) +G by ec (c,e), but then ae (aye), which is 
just the inner-automorphism of L given by (Gen). es whusmthesspia teang 
homomorphism C(#)/(¢) > Out? (L) is induced. 

Now let us discuss the full group Out(L). By analogy an element 


g¢ « Out (L) may be written o(a,n) = (c(a)¥(n),-n) where Y¥(nt+m) = 


y(n)s “y(m) and 


=OGe 


v(n) (@ "(e(a))) = (co (a))¥(n). 
— -l F 
Thus with 6 = ¥(1) we find 1u(é) ° °CG@=caeod so that in 
Out(7t) we receive ee = CG © © Ae Thus if N(s6)e Out(7r) is the 
é =I - call a 
subgroup of all elements for which co#oec = 6- then 


(6) €C(s) C N(#). N(*) is the normalizer of (6) in Out(7). 


4.6. Theorem: If 6 has order > 2. under the hypothesis of the 


theorem 4.4. we again have a short exact sequence 


0 (27%) + Out(L) + N(¢)/(s) + 1, 


which splits if ft is abelian. 

On the other hand, if ¢ = es in Aut(7) then we may set up a 
1-1 correspondence between Out (L) and Out*(L). Namely, if 
o(a,n) = (e(a)p(n),n) ¢ Aut*(L), then o(a,n) = 
(c(a)(n),-n) ¢ Aut (&) since o += 6. ‘This induces the corresvon- 
dence between Out” (L) and Out (L) (One may easily illustrate this 
case by the fundamental group L of the Klein bottle. Here L is the 
non-trivial semi-direct product of % by 2% and Out (L) = Zor while 
Out (L) = 25 and the full automorphism group Out (L) = Zz. 4 25+) 

In the remaining part of this section we shall determine when the 


semi-direct product, under the conditions at hand, possesses a center. 


We shall eventually prove 


4.7. Theorem: If the center of « is finitely generated then 


L has a trivial center if and only if 


(i) 6 leaves no central element in 1m, Other than the identity, 


(ii) has infinite order in Out 7. 


ea be 


Proof: Suppose first that L is centerless. If there were a 
central element a e_ K, a # e and (a) =a, then (0,0) e L is a cen- 


tral element because 


(a,0) (B,n) 


(a8 ,n) 


(B,n) (a,0) = (po"(a),n) = (Ba,n) = (aB>n). 


4.8. Lemma: Suppose that the order of ¢@ in Out(r) is equal 


£O its order in Aut t. If ¢& leaves no central element of 3 oth- 


ee ee aC = 


er than the identity fixed, then the center of L is the subgroup of 


elements (e,n) with © = TI. Out 7c. 
Proof: Suppose (a,n) is central in IL then (a,n) (e,1) = 


(a;nti) = (6,1) (a;n) = (@(e),n), hence «a = (a). On the other hand, 
(a,n) (8,9) = (a6"(8),n) = (8,9) (a,n) = (Ba,n) so that o"( 


a” Be and eet *¢ Out(7t). But ¢ is assumed to have the same order 


a 


8) = 


in Aut(r), so gs? = I,B = aba 


which implies ae K and this to- 
gether with ¢(a) =a means that a=e. This completes the proof. 
hm particular, 2£ Ehis mutual erder as kK, 0 <k < =, then the cenver 
of L is the infinite cyclic subgroup of elements of the form (e,kn) 
and #£ © has infinite order, then i has trivial center. 

Let us now suppose that in Out(m), @ has finite order k, 
0 <k < ». There is then, for each integer n, ay e 7, uniquely de- 


termined modulo k, such that oe) = y By « 


4.9. Lemma: ve (yt) Be iG 
Proof: Write 3 (a™* ¢2)) = gnktl (a) = a™ (9(8)), which yields the 


ents ee (y+) o(B) oy) = y 6 (8) ¥> Since ® is an automorphism it 


= : 
follows that y¢(y ) is central. 


-1 ; 
We may replace y by yo, a € K. But then yt(y ~) is replaced 


by Pale faye) = weiy “yatta “). That is, the homology class 


ae 
ere 0 e Hy (27K) is well defined. We define xy : 24> Hy (27K) 


by 
y(n) = ch (ye(y-)). 

4,10 Lemma: The function x : 2 > Hy (27K) is a homomorphism. 

Proof: Let aee) = yt By, for some y € T. aX (y) = y tyy = 7. 
Hence, by induction, ete) = Pil ice for each integer n, and of 
course, y ¢(y ") lies in K also. We may write yro(y ") = 
vo tyaty ty ety 3) = yey yey), n> 0 and ye(y™) = 
yoo witetyieW oo) Say) ety ety > Vena 0. So by ada emer 
‘eabqyel qelalehe 


cul ally yy hana OP) 


alia Hy (27K). Thus we have defined a homorphism Z > Hy (27K). 

Now under the assumption that ¢ leaves no element of K fixed 
we know that the endomorphism of K given by a > aofear) must be a 
monomorphism. If K is assumed finitely generated then Hy (27K), the 


cokernel of K+ K by a + eae must be a finite group. Hence 


there is an integer n, 0 <n < ©, with c&(y"s(y 7)) = 0 « Hy (2K). 
Thus, ye (yt) = ae e for some ae K. Replace ae by 
Sa cs. Shen: 2s (a) eon oe a) sy May” = 9 6 Ba = ee 


We now claim that (p,nk) e L is a central element, for 


i} 


(8,m) (p ,nk) (80 (p) ,mtnk) = (89,mtnk), 


(o ,nk) (B,m) 


(p a™* (a) »nktm) = (09 +89 ,nk+m) 


(Bp ,mtnk). 


Since nk = 0, this is a non-trivial central element. We found this 
central element by assuming ¢ has finite order in Out 7. Thus if 
is centerless, 6 has infinite order in Out 7. We have already shown 


the converse and so this completes the proof of the Theorem 4.7, 


ans 


eel! Corollary: if the center of L is trivial then Out L is 


finite if and only if C(4)/(*) is finite. 


S=— tC 


PEOOES “HE “the “center of EL is trivial then «@ > no Ce) tufeh fet 


monomorphism for all ae K. But then Hy (23K) US a Line ioroUDs 
Finally Out” (1) is a normal subgroup of Out(L) with index at most 
Bie 

There is an analogue of Theorem 4.4 when the order of 6 in 
Out(t) is not equal to its order in Aut(m). It is a corollary of 


above together with the proof of Theorem 4.4. 


4.12. Corollary: If we take 6 as in the beginning of this sec- 


tion, then there is an exact sequence 


x 
Z > Hy (2:K) > MED) > 8c (sys, 


The image of y is trivial if order ¢$ in Out(r) is equal to its 


order in Aut (1). 


4,13. Remark: Much of the analysis that we used here in this sec- 
tion only depends upon working with a semi-direct product where the 
normal subgroup 7 is a characteristic subgroup of L. The quotient 
group need not necessarily be 2 for obtaining a representation of 
Aut™ (L) as in 473. For example, if = % * 7 where 7 dis center— 


less, then 


k 
0 + Hom(1,Z*) + Aut(L) + Aut(m) x Aut(zZ*) + 1 


-is a split exact sequence, and 


k 
0 + Hom(1,2*) + Out(L) + Out(n) « Out(Z%) + 1 


She. 
is also a split exact sequence, k > 0. As an immediate application 
consider a closed orientable 2-manifold M of genus greater than 1. 


Let L = 2% x 7.(M,x). It is known that the isotopy classes of homeo- 


1! 
: a ; 
morphisms of M x st is isomorphic to Out m4 (M x Si) Ayvand thence 1so- 


iiopejelasbis! qerey Tahoe (HUY) & 


Bi DHE ROLE: OF H-(z;K) Uy OU (ly) 


5.1. Lemma: Let @ : Z + Aut(K) be a homomorphism, where K is 


an abelian group. Then Ht (23K) is canonically isomorphic to 


Hy (27K). 


Proof: Let Hom , (Z;K) be the abelian group of crossed-homomor- 


phisms. Now kK = Hom , (27K) since to each y e« K there corresponds a 


unique crossed-homomorphism » : Z + K with @#(n+m) = e(n)o"((m)) and 
o(1) = y, (see 4.2). Furthermore, by uniqueness, # is a principal 
crossed-homomorphism if and only if y = ghia 7, This correspondence 


establishes the isomorphism. 
In the remainder of this section 71 is a torsionless group whose 
center, K, is finitely generated. Furthermore, @ :12+ 7 is an auto- 


morphism for which 


(2) ela a Hy (77Q) % H, (770) 
(ii) the order of 6 ian Out(t) is infinite 
(Gaesbals)) 6 leaves no central element of 1 =fixed other than the 


identity. 


It follows now that L= 7 o Z is a torsionless group with trivial 


center and there is a short exact sequence 


Q + Hg pk) + Ons’ th). 4816) cto) oe OL, 


Because we assumed K is finitely generated and that the endomorphism 


of K given by y > mee is a monomorphism, it follows that 


-25- 
nt (z;K) is a finite group. 


Now L is centerless and the embedding AY 


(2;K) + Out*(L) may 
be regarded as an abstract kernel and hence there is a unique group 


extension 17+ L>+G + nH (2:x) > 0 which realizes this abstract kernel. 


5.2. Theorem: If the quotient 1/K is also torsionless, the 
group extension which realizes H1(2:K) > Out™ (L) is torsion free. 
We must examine first the embedding K + Aut’ (L). To any “y © K 


there is a unique crossed-homomorphism 9»: Z%Z + K with 


e(ntm) = go (n) oO (g(m)). 


: F + ' 
The corresponding automorphism se Se Awe (in) = - 06 


¥) (ayn) = (a(n) ,n). 
5.3. Lemma: There is a k >9O anda g= (8,m) e L for which 
; k 
(u(g) e a =TIe Aut” (L) ifvand only 2f° g = (67,0) i, ae comhranG. 
y* = a Kaceky, 


Suppose first that such a k>0O and geUL exist. Obviously 


k 
ys = 2 ¢ Out'(L). That is, for some a= (a,n); pla) = Hy Bue reda) 


n nL 


corresponds to the pair (u(a) o o , aé(a ~-)) while WY corresponds 


to (I,y). Since ¢ has infinite order in Out(7t), n=0 and ae K. 


1 k 


Further, ad(a )=y. 


k k-1 é k 

Now (u(g) eo 14) = u(g) o u(¥ (g)... ° u(y (g) us 
= desta) Oreteetn) = 45m) - (a,0)) = I. Since L is centerless, how- 
ever, 

(p,m)... (8eq(m)*~+,m) (0,0) = (e,0) © L. 
Ke -k k 
Clearly m= 0 and are “=e, Thue ~ = @ o(6). 
k 


Conversely,~if such a 8 exists then (u(8,0) o re = 


Ge 

ie Aut’ (L). 
Let us denote by S¢ Aut* (L) the subgroup generated by Inn (L) 
and the image of K + Aut™ (L). Then S is the counter-image of the 


subgroup H+ (23K) with respect to the quotient homomorphism 


Rue (ye Outs (b)< 


5.4. enna. be on/K as tonsuonless;, steven iS is a torsionless 


+ 
subgroup of Aut (Gan) Fa 


Proof: Any element of S can be written u(g) e ey for some 
o) © lbp © Up ((GelioveS oy oe u(g) = u(¥, (g)) ° yds Ie esp) cy hy has 
order k, then g = (8,0) and ee ete) = ao Our previous proof 
shows aX e K, hence 6 ¢« K since 1/K is torsionless, Now, however, 
using the fact that 71 is torsionless, ee aa» = y. This implies ay 
is the inner-automorphism corresponding to (8 ~,0) and hence 
Wig)t Yo= "2 « Aut” (L). 

Now we can prove the theorem stated. If in 

Vv eres | 
Wee 1h Se Ge (Wap) Se (0) 

there is an h eG of order k we see that n(h) ¢€ H- (z;K) has order 
exactly k also since L is torsionless. Thus the automorphism of 
L given by conjugation with h defines an element of S whose order 
is exactly k and under Aut™ (L) > Out” (1) this automorphism corres- 
PONGSm COM (hie 

With this result we may construct a torsionless finite extension 
of L. If h has finite algebraic dimension, then G will also have 


the same finite dimension by the result of Serre (see 2.6 for a slight- 


ly weaker statement). 
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6. SOME MATRICES IN GL(2,2Z) 


A convenient source of examples to illustrate our general con- 


structions is 


matrix ( n-1 1 ) 
n a 


6.1. Lemma: 


Gi (2), 4))). 


There is no matrix 


For each integer n > 0 


, which has determinant -1l, in GL(2,2). 


Mice Gi(2 14) scem which 


pedbPia & 4. og fnolnel 
( n +) M = : ( n i 


Proof: We wr 
n-1l 1 ) a 
n 1 e 


From c+ an = -dn 
=-a- b yields c 
implies that d= 
@ + a(n-1) = -bn - 
Now, let n 


group of order 2 


n(M) commutes with n ie 1) then M commutes with ( 


isi (2,2). 
6.2. Lemma: 
n-1 
n 
Proof: Again 


ite 
b wi cta(n-1) d+b(n-1) 
d ctan dt+bn 
a 2 bnta(n-1) atb 
1 dntc(n-1) ctd /° 
—- cn + c we have a+c#= -d, while -a -c+bn-b 
= bn. Now, however, d+ bn = -c - d = -bn -d 
-bn = -c and, therefore, a= 0. But then 
ain—) aInpl tes c= "07 be= OF and= di— Ogalscioy. 


GL(2,Z) + PGL(2,Z) 


which -I generates. 


a n-1 


There does not exist a matrix M e« GL(2,2Z) 


we write 


we introduce the 


denote the quotient by the sub- 


We have shown that if 


1 
1 


for which 


i cta(n-1) dtb(n-1) 
- ctan d+bn 


bn-a b(l-n)+a 
dn-c d(l-n)+c/ °* 


i} 


By doy fea Wi 
e 6 igh 1h) 
From the pair of equations 


an-at+tce= bn-a 


anit C= sdne— ac 


we find that c= (d-b)n. However, bn + d = (l1-n)d + c= d — nd + nd —- 
bn shows that b= 0 since n> 0. From the relation b(n-1) +, d= 
b(@=n) + a we Ehen obtain a= di However, c = nd so that finally 

an + o¢= dn- ¢ also shows an = -c = =nd or a= -d. Hence the 


O-matrix is the only possibility for M. 


6.3. Lemma: The centralizer of (we a in GuH(2,4%) @scehe 


pis i sing Bestest eee ches aetna ess eS n 1 
os : a b g 
subgroup of matrices of the form (bn a+2b-bn’) with 
a(at2b-bn) = +1 + b2. 


Proof: Immediate by direct calculation. 


a.ob 
oa 


ad > 0, be > 0 then exactly one of the four matrices M, -M, M+, —M 


) e GL(2,%) is a matrix for which 


6.4. Lemma: If M= ( 
has all entries strictly positive. 


PROOLs Seis iM ves (Sii(2 7.2) os chen 


| 
= 
he 
! 
| 
Q Gu 
| 
vo 
St 


while if det M = -1l 


Since ad> 0, bec > 0 all the possibilities are covered. 


6.5. Lemma: If k > 1 there is no matrix M « GL(2,% ioe 
which ou = + Se: “Al ‘ 
n a 
Proof: Suppose that such a matrix did exist. Since M commutes 
> k - 7 @ b i 
with M by Lemma 3 we can write M S65 a eee) with 
a(at+2b-bn) = +1 + bn, We must eliminate some special cases when 


m= i. These are b=t+1, 4a 
0 eae A Ve 
eels ba 
and b=+1, a= +1, yielding, 
[71 2) eee 1) 
a 3 eae | ot Siar ae Pitas | ; 


2 k Onptla\ws 
Obviously these matrices are not solutions of M =(¢ 4) Wace) ics. 


0; yielding the matrices, 


|+ 

" Ae 
ire 
HH 
Sa” 


In general, thus we can assume a(a+2b-bn) > 0 and apply Lemma 4 


to the equations 


=p0= 
; =1l ill 
We see immediately that no one of the matrices M, M , -M, -M can 
possibly have all terms positive since k > l. aay 
‘n- 
By observing M would still lie in the centralizer ee. ay 


n-i 


the case ou =- . i) is shown not to occur by a similar argument. 


6.6. Lemma: There is no element of finite order, other than -I, 


jail Sy" eee og an eae hae aaa 
in the centralizer of a i/° 


b 
Proof: Such an element would have the form|{, 5s 


If b= 0 we have fe = 1 corresponding to +I. When n= 1 we have 
exhibited all such matrices with a(atb) = 0 and they are not of 
finite order. If a(at2b-bn) > 0, then by Lemma 4 we see that the 


matrix cannot have finite order. 


n-l 1 
6.7. Theorem: In GL(2,2) the \centralizsr of ( a 1 ) is the 


subgroup generated by this matrix together with -I. 


n-l 1 
Proof: Let €c¢ PGL(2,%) be the centralizer of 7a ( in 3 


According to Lemmas 6.1 and 6.6 there are no elements of finite order 


in C. Consider then the intersection C f\ PSL(2,Z). This is a tor-—- 

sionless subgroup of the free product Z5 * 24 and hence is itself free 
n=l LN2Z 

But every element in CA PSL(2,Z) commutes with n ( ~ =n) and 


hence Cf PSL(2,2Z2) must be infinite cyclic. We have now 
0+ CN psu(2,z2) >c > Z, + 0 and since C is torsionless it also 


follows that Cc PGL(2,Z) is also an infinite cyclic group. 
n=1 21 


We assert that yn C. a3) must generate C, for if not then for 


some k > 1 there would be a matrix M ce GL(2,2%) with 
k Total a7 
Mi ee Ee 4 f° Finally, by Lemma 6.1, yn ~(C) is the centralizer 


of ec i) in @nit2,2) < 


geri he Sitio tell 
Putting Le = Nee I - = of ee oa). and 


ais 


det (I-¢_) = - n. Consequently, Hy (2%,2@Z) = cokernel of the monomorphism 


=i! as A , 
Oy se ae (a ) has order n, and is isomorphic to Ze The group 


L(n) = (242) o > 2 is centerless by 44 
n 


6.8. Corollary: There is a short exact sequence 


0 + Z > Out(L(n)) + 2, + 0. 


in fact, Out(p(n)) va Zz. where Z, acts on Z, by AF - 


Treen — i) FEnen Bec li—o)) =) —-1 and hence, Out (nj) v Zoe aman 
represents the smallest group of outer automorphisms we have been ab 
~O Construct. 


SL 0 


We now turn to a matrix, am -( ) pn Oks Galiijeilyy MW, stteie Geielnl 


-b -1 
integer b #0. 


=l 
—— C(¥) ain GL(2,Z) is the group generated eG 


sees 22 4 Se eS ee 0 
and (i a in SL(2,Z) and is isomorphic to ZZ « 


-1 DP \y/ tO 
Proof: We first observe that aa )( ) and hence 


OR \ion sl 
n 
sae), 
Key. ib 210) 
Suppose that (-TI) Eilers ”) eas “sl We then 


obtain, using the fact that b #0, 
x _) a °) @ ) 
2 Ww = z 1 or Sper: 4 2 Zt 
Since we may write 
bes 44 i 0 )/1 4 (eo 2 e 
ee tehhs eit tadae bas]? \e0k —2/ M1 
We see that C(¥) is generated by ‘a bs eae a, for each 


coincide. Thus 


ion Ae: 


ab 
0 
In fact, the centralizer for auihc, 


C(¥) & 262, 


No 
Ss 


le 


5] 


shea 


6.10. Lemma: The group C(¥)/(¥) # Zowe 


Proof: There is an isomorphism C(¥) : Z + Z, given by 


ay OF 
( 4 + (y,0) ¢ Z2@ Zor and 


-1 0 
Gea MO pay Z@ 2, 


The group ¥ is generated by tie alte & aia se or in terms of 


702. by (b,1). The quotient group is 2 


2 PAB) 


6.11. Lemma: Hy (27202) nz, b odd and Z G25, for b even, 


Ae 


Proof: We must calculate the cokernel of the monomorphism 


I - ¥ : 2@Z + 22 given by the matrix ‘- a) . if we are given 
x f , : 2x , : 
(S) e 26Z, its image is Sere, - The cokernel of this homomorphism 
is Z {BZ . if b is even, but Z4 if. bs edd. 
Let us form L, = (Z@Z) ° Zine 
%% 


6.12. Theorem: Ly is a centerless group and there exist split 


exace sequences: 


1 > Z {92 > out” (1, ) + Z 


obi s 1, b even, 


1+ a > out” (L,) > Z + i, & ‘odd. 


Proof: ¥ is of infinite order in. GU(2,2) .and. Get{i-¥) =,4 


and ¥ leaves no element of ZZ fixed except the identity. 


6.13. Lemma: There is an exact sequence 


L + CVF} » NCO (YS 2. +O, 


-33— 
Proof: We must consider solutions for 
f 
( -1 <i ety Xx y\/-l 0 
=b -—-] Z WwW i & ee ) 
We obtain 
(2 -y ) ee’ at) 
-bx-z, -by-w -ztbw, -w/° 
Hence, 
fe y (; :) (im oy 
4) "Ae ink sas ae 


These matrices do not lie in C(¥) and hence there is an epimorphism 


N 


of N(¥)/(¥) onto Z5 with kernel C(¥)/(¥). It is easily seen that 


this epimorphism splits. 


6.14. Corollary: Out (L,) = (Z{92,) o N(¥)/(¥), b even, and 
Z, eoNAS}7t¥), © odd is a split extension of Out” (L,) by Zoe 


The smallest example occurs when b = l. Out (L,) has order 16 


and is non-abelian. 


The next example will not yield a centerless group. Let 


= 0\ /0 ix. fh =E ‘ ; 
T= ( 0 ie. +6 =e - to obtain a matrix of order 6. 


6.15. Lemma: The centralizer C(t) ¢ GL(2,Z) is the subgroup 


generated by tt. 


Proof: From the computation 


moe OC) ee 


Shi 


ei Ip) 
we see that C(t) is the subgroup of matrices of the form ee es 
with ae ap on - ab =7#1. The condition on the determinant can be equi- 
valently put as a’ ar Bo + (a-b)- = +2, ‘Thus only +2 is possible and 


there are six solutions, corresponding to the elements in the subgroup 


generated by tT. 


Let 1 = (Z+2) °. Z. Note that G 1} (3 iE is = has 


determinant +1 so H+ (2;2+2) = 0, Since C(t)/(t) = {1} we conclude 


that Out” (r) is trivial. Since +t has period 6, the center K is 


the subgroup of all elements {(0,0,6j)}. Now we observe that 


Genus ne lao.) 


Furthermore, 


} he T. Thus 1 > Glt) > Nit) > 2, + 0 GS spiatrexaces 


and that ( 9 


6.16. Proposition: Out(m) ™ Z and the generator of Out(7T) is 


2 
given by an automorphism of period 2 in Aut(n). Explicitly, 
(p,q,¥) = (ptaye-d) (-E)« 
Now we form L= 7 o Z2 with respect to the automorphism ¢. On 
the center K Cm, #(0,0,6j) = (0,0-6j), thus H+ (2:K) ~ Z and the 


2 
center of L is the infinite cyclic subgroup of elements {(e,2k)}. 


Furthermore I-= ¢) H, (77Q) v Hy (7;Q). To see this we have only to 
recall that the homomorphism Z-+ 17 given by r+ (0,0,r) induces 
H, (2;Q) uv H (FQ) and on this image subgroup ¢® is r > -r, 


Now Out(mn) v Z, so C(*)/(%) = {0} since ® generates Out(m). 


Thus we have 


Grlvs Proposition. Z5 w H+ (2;K) = Out* (L), and 
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Out(L) v 2H (27K) ~ 2,02,. 


We need only show 


OS 22. Out th) i> Ze > 0 


2 2 
splits. Since ¢ has order 2 in Aut(t), however, the element of 
arden 2... in@ Aut (L)»ois.«4a,n)s+ day. -n) 


In the next part of this section we shall examine a matrix in 


SL(3,Z) that arises from our earlier considerations. 


Let, 
OF AL. 0 
Yr = 1A 0 Se SLi 2s 
oF ro =1 
Then, 
e127 © 
I-Te= -1 0 oO 
0 02 
and det(I-Ir) = -2. 


To calculate C(I) ¢ GL(3,Z), we have 


abs oh fe © Ll © 40 Oi OWe/ar be c 
fen fli 2 OY = oe MO it de 6. ot 
Gates Or OF =a. OP eal O ase cr ‘si 18) ew al 


which yields 


b atb -c d e 2 
atd bte ctf 


c dte -f 
h gth -1 9 ek =). 


This implies .b = d, h = -g, g+h=-h hence g= Hh = 0, <—¢ =82 
and ct f =-f henee c=] Oeand alttir= e, We get 

a b 0 

lo esdey 0) Ic 

0 0 al 

; 2 ee 

Since det = +1, we must have i(a*4+ab-b jw AEs Consequently i = +1 
and a qe ell) = Sa = +1. This is exactly what we have studied earlier 


5 ; a loy 
for the matrix ( { 7) , where we found the set of matrices ( ? a 


yall -l 0 
in GL(2,Z) generated by e Fy and ( 0 2s . Thus we have as 


generators of C(I) 


aL ‘<1 0 0 ar) 0 
h  O Oh SG 0, pe . 
OO 0 OL On OP eat 


Hence the group, 


c(r)/(r) = 2ye2,. 


Next we claim that Hy (27 2242 ) = En and that TI leaves only 
(0,0,0) « 26262 fixed. This follows immediately from det(I-r) = 2. 
As before WN(P) = €C(T)s Let “Hh = (262) 6. %. 


Yr 


6.18. Theorem: The group H is centerless and Out(H) is iso- 


morphic to Z {D2 02... 


Proof: We have already found the split exact sequence: 


Ue Ena 0) 


+ 
1+ 2, *» Out(H) > 25 2 


2 


Since Aut Z. = 1, we obtain the desired result. 
We shall now give a procedure, similar to that just treated, for 
finding interesting matrices @ ee GL(2,Z) for any positive 2%. The 


matrices which we will describe first lie in NGO VAN 


ihe 
if n-l i . 
Let us rename 6 = \ ep O ue cm yen Cemote am arbi 
n n al n 


trary 2 x 2 matrix with integer entries and determinant not necessarily 


different from 0. 


6.19. Lemma: There are no solutions other than y=(5 Aa Lore 


ye ra YY ene a 
-1 
el — x “Vv, 
: Ga Saal NS and 
x . = ge 
n'¥ Fy 
Prot: 
‘a, 1b n-l l m-1 ") a ") 
(; “ ( n y s m J Gi diy oes 
Cone atb|_/fa(m-1)+e; b(m-1)+d 
c(n-1)+dn ctd amt+c bmt+d é 
We have b = (c-a)+(d-b), a = (n-1) (c-a)+n(d-b), hence, 
c = at+(c-a) = n((c-a)+(d-b)) = nb. Therefore, a(n-1l)+c = a(m-l)+c and 


a= ©) since n 7m, Also as c= nb = mb, c = b ='0, hence. d= 0; 


Consider now, 


Q p 
aw 
ee 
Cane 
He 
2 a 
= 
HH 
a 
ll 


oe ee 


a(n-1)+bn atb\ (-atc -b+d ) 
Laney ee c+d . ma-(m-1)c mb-(m-l)d/ . 


We have c= (atb)n and m(b-d) = c = -(atb)m. Hence, (atb)n = 
-m(atb), and since n and m> 0, atb = 0, Therefore c= 0, b=-a 
and d=b, dn = ma = -mb andas n= -m, b = d= 0, hence a= 0. 


-1 pola : 
Finally, we show ee yee. has only trivial solutions. 


a= 


eee +c ima -~atbn seers 


am+c bmt+d -ct+dn c-d(n-1) 


am-bn = -c > c = (d-b)n and, 
am-dn = -2c c = dntbm 
hence, 0 = b(ntm) or b= 0, @=.a,;, am.=.-¢.= -nd = —=na, Hence 


aS Cha © = OW. 


Let Ny Nore ee Dy be distinct positive integers. Form the matrix 


--/n,) é GL(2%;2) by considering blocks of (2 = 2)-matiices 


WY 
es 0) OF. - 0 
aL 
0 x, 0 ee 0 
2 
a(ny>- -10)) = 0 ae 
n : 
3 

0 ‘ 

0 

0 0 go ees LOIS 
a 


We wish to compute the centralizer C(t) and C(#)/(%) as well as 
the normalizer. Let c be an arbitrary matrix in GL(22,Z). We 
wish to determine the solutions to c#= 6c. Write c in (2 x 2)- 


blocks and denote the (i,j)th block by oe... 


ij 

Ci) yinwiaine c=" poe oo "Ora 2 = 
(oo) aes) Koike Ryde aa digs ij"n, 
ero) oe meee ak ede ee eg Sa ec 

Thus, Li co = oc we must have 
(2) ay) hat 8,6, 7 iF 
J 1 J 
(ii) Cree en Onur = Fin 


-39- 
By Lemma 6.19, we have seen that there are no solutions one (al) @jelaene 
than the trivial (? “4 solution. Thus, each diagonal Cay block 
must have determinant + 1. But, then, we have found the solutions 


for (ii) in 6.7. They are the matrices generated by x, and 
Ente: a 
ie sd - Let us denote by -I,, the diagonal matrix in GL(22,Z) 


whose entries are all 1 except for (i,i)-th block which is (ee ae 


and by ae the diagonal block matrix whose (i,i)-th block is x, 
i > a 
and whose diagonal blocks are (@ ak Then C(#(n),...,n,)) is 


generated by ee ee le as 


(2@2,)@...@ (2@2,) =a@ Zo)”. The infinite cyclic subgroup 


generated by ¢& is the diagonal subgroup of ae Thus 


c(e)/(o) = 2°") + (2,)*, 2 > 1. 


This group is obviously 


We now wish to show that the normalizer, N(¢), is the same as the 


centralizer. We must find all solutions ce GL(22,2Z2) of the equation 


co = aeagen 
-1 = Sil, 
We have ® (x , peewee 7X ) — d(x pee nt ) . 
ue 2 L il L 
(c@); KC k ky ee Ba alah 7 m5) Be 
ob ny -1 f=. eee 
ie a5 a ik 11°74 n, ij 
6.19 that each c.. = i‘ u Hence 
Again by Lemma 6. we see at eac ij = Co “i . ’ 


N(o) = C(4). 


We now wish to determine the cokernel of a + (I-) (a), where 


ae ze | The matrix (I-%) is a block diagonal matrix with the (i,i)- 


-—n. 
= S 


splits up along the blocks and we obtain Z (@®42Z 


2=-ih = 
th mroce( . - ) and with determinant (-1) lly_,n,. The cokernel 


(G2) Ac @® 2 . The 
A L 
AGE LOM ote Lal) Mts ds Zo et, Pe Al, iyeltietol Z4 aig, “TelnWe) fl—ielal jereystab— 

1 . i ivi all factors except 
tion on 2h Cova. ae a ee Jy, ie trivial on p 
the i-th factor where it sends } + -\. The action of the free part 

: : i g-1 eB 

is trivial. The extension so defined is 4&4 @ ar COs Bn 


Z0= 

where the Di. are dihedral groups: 0 + a => a a 35 + 0. We de- 
a 

fine the semi-direct product 


Pf) 
oe = Z Z 
L(nj Mor Dy) C} @ (ny Nor--- My) , 


and have shown 


6.20. Theorem: The sequence 


- Q ¢ 
0 a ROMS Be | + Cupln pete Sener l@(z,)**0 is exact 
‘ 2 pS eeeee 


L-— 
and splits. «in fact; Out L(njr-++/)) = 4g le Dee Oe nee cb a where 
— — — ny Fs 
Da are dihedral groups 0 + Z > Do + Z. + 0. Furthermore, the 
a a er ins hed i i 


group L is centerless. 

Since 6 e« GL(22,Z) we may find an element of GL(22%+1,Z) by 
adding the (1 x 1)-matrix block(-1)to ¢ as we did earlier in 6.18. 
Also, if we wish our element in GL(2,Z) to have positive determinant, 
we may add to or replace the last (2 x 2) matrix block by 
eS Oe o or e too We shall now examine how these 
changes slightly alter the computation above. 


In co = ¢e where (Ota Gh(20+1,7), em] Oe fe fl. c pk. (1) Seve 
n,/"n, n 


obtain in addition to the equations (i) and (ii) of the previous 
discussion additional equations from the bottom row and the last 


oe ? , One easily checks that c 


column. Using the fact that x a 
has the previous form for the 22 x 22 submatrix and + 1 in the 
(22+1,22+1)-st entry with 0's otherwise in the last row and last col- 


UND  Lhiat Si, 


= 0 0 
® , ee oes a ‘om , eee ; : ; 

C ( oe Xr ve 1) ae ee aie x 1 : 

aL of 

ey ae 


Q 
= (Z ® Z,) + Zs We also claim that it is easy to check that 
N(¢@) = C(®) and so 


wall ite 


Gyea ss Corollary: L is centerless, and 


2-1 
Out L(nj/n5,--+,n,,-1) = 2 ® D, GQ anc @ dD. ®O2,@2,. 


af L 


We now wish to add one of the (2 x 2) matrix blocks 
(a,) (eth oa 
(a,) a apie or 
(a3) fe a 


to the matrix o(nj ree. -n,) to get O(ny Mgr... yn ras) emGh(2 (+l y92). 


Q 
In order to compute Out L we need to have the analogue of Lemma 6.19 


for the matrices a; above. in fact, by direct computation, 
sg: Bet d mies fa 
2 emt 4 


have only the trivial (5 a Solutiongior (yy -a (2 x) -2)\-matrix swath 


integer entries. 


&.22. Corollary: Each of the groups L(ny More+ + My As) is cen- 
wu 
terless. Out L(nj/Nj7-++1Ny sas) =—— OU L(nj,-++/N)) x As, where 
A, = 2, (Z, rey Nae A, = Ze, and A, = (Z, ® Z,) (Chl) 94) & 


To show that Out L = Out *L one need only check that 


ya. = x+y, where j = 2 and a iC we 


0 0 ; 
have only trivial solutions «sy = i: oY The exception 


0 1\-1 t ¢t > , 
ya, ™ ¢ i -y has solution i . However, the trivial solutions 


to the first equation guarantee that the first column of the matrix c 


ehiige pe 
has only 0 entries. Hence, there is no solution c in GL(2(2+1),2) 
of the equation cé = ao We re-emphasize that we have introduced 


these last complications so that one can, if one wishes, find desir- 


able ¢ ¢ GL(2,Z) with positive determinant. 


7. TOPOLOGICAL EXAMPLES 


Jel. Let VY be a topological space and: (Y,¥q) > (Y+¥q) be a 
homeomorphism. On gi x Y we introduce an action of Z as a group 
of covering transformations by n(r,y) = (r-n, o(y)). Then 
So) SER Xo Y is the quotient, and a point in X() is written 
(Gers) o  UbeGheey ale) (eae) ine 5) gg 2<((@)) =e st given by v((r,y)) = 
exp (27Tix). This’ is “a fibre map with fibre Y and structure group” 2. 


Hence, X(¢) is’ a closed aspherical manifold if Y is. The cross=sec— 


—_> oe OO —_ 


jealkoyey eB st + X(®) is given by y(exp(27ir)) = ((rr¥Q)), which is 


well defined since Vo is fixed. For the preferred base point of 


X(¢) we use a ((Ory_)). From the map (Y,¥q) + (X(¢),x,) given 


0 
by y > ((0,y)) we then obtain a short exact sequence 

al : ‘ : 
13> 7, (Y+Y¥_) > 71 (X,Xq) > 741 (S ) + 0 which is split by x,. Thus we 
may canonically identify 7, (X(%) ,xX9) with the semi-direct product 
™, (YrYq) o Z@ formed with respect to 6, ; 71 (Yry¥_) + 7, (Yryo). Let 
Ke 74 (YrYo) be’the canter, Let N(d7 ce Out (7, (Y,y_5)) be the norm- 
alizer of the cyclic subgroup, (%,), generated by 
SALTS Out (7, (Y,¥q)). If ¢, satisfies the hypothesis of 4.6 we have 


the short exact sequence: 


o, 
0 > Ho (EARNS) Se Out (1, (X(%) ,xQ)) > NG) 4 So 


which splits if 71 (Y,y¥o) is abelian. Furthermore, 4.7 guarantees 
when 7, (X(®) ,xX9) ils centerless and 4.8 will compute its center 
otherwise. 


Let us apply this to the algebraic examples constructed in 56. 


AR 


2 2 
Let a INE ee Sik be the automorphism of the 2-dimensional torus 
given by 
n-l n 
9, (2,129) = (2) “25, 2425) 
and let 
M(n) = X(0_) = Rx. 72 
n Z u 
whete ((r,z.,z.)) » ((r-1, 22712 zez.)) in M(n) Thi al d 
1'29 » 2 9 2425 = is closed as- 


pherical 3-manifold has centerless fundamental group isomorphic to 


t(D) TOL Gel 6. 84 


; 
7.2. Corollary: The manifold M(1), (, = e a ), admits an in- 


volution, but no periodic maps of larger period. Furthermore, every 


Leen ee eS 


involution on M(1) has exactly two disjoint circles as fixed point 


set. 

For the first part of the lemma we apply Borel's Theorem (§3) and 
the fact that Out(L(1)) ~ Zo. For the second part we recall that 
Since L(1) is centerless there is an extension 


qT 3 (9) GS = Oe (E(1)))! 370 


which is unique to within a Baer equivalence. But then 


G~ L(1) e Z5 Since Out(L(1)) is generated by the image of an auto- 
morphism in Aut(L(1)) which has period 2, By the realization pro- 
cedure (&2) then any involution on M(1) is covered by some action 
GE Lifl yes Z, on the contractible universal covering space of M(l). 


Finally to see that the fixed point set consists of exactly 2 


circles one may apply the results of the Appendix. 
7.3. Corollary: For M(n), all the elements of Out L(n) es Z.° 2 
may be realized by periodic homeomorphisms. 


oo Uepgeeaann 
Proof: For all n > 0, the involution ((1,2,125)) r,Z1 125 


shin. 
is well defined and has fixed points. Simply observe that 


= Sh eal —[n_-1 : : 
((r=-1, Zi sagt Zea) > ((r-1, zy "25 1 24 2 \) is-equivalene tomene 


above. Similarly, let A be a primitive n-th root Of Unity, ee mele 


2 
Define a free action of Ze by ((x,2,125)) > ((r,2,%, Zi ) iat (Gne 


may use these two actions to define the others. Observe that all these 


manifolds are boundaries in the non-oriented sense. 


724. Corollary: let n> 2. and © be 2 non-trivial periodic 
homeomorphism on M(n). Then the period k divides 2n. Es Ke as 


odd then the group generated by T acts freely. 


Proof: For nm > 2, Outi(n) = 29 Z, and the action of Z, on 
Z is by \ > -A, by 6.8. Suppose T is a periodic homeomorphism of 
period k. Then Zh € 4. ° Zo Lee ye Ay and y= (X;l) then 
yoy = (Atl, (A), 141) = (A-2,0) = (0,0). Hence y is of order 2, Thus 
Zy (s: Ze if k is odd. We have seen from §5 that no element in the 
image of Z, + Out L(n) can be represented by a periodic automorphism 
in Aut L(n). Hence, the group generated by T must be free. 

Using the action of Z, with fixed points mentioned above we see 
that M(n)/Z, is the non-oriented 2-sphere bundle over the circle 
because each torus fibre is invariant and the quotient space of the in- 


-1 -1 
volution (25425) > (Zz) 125 


) ais the 2-sphere. 

Perhaps any smooth involution is equivalent to the one we have ex- 
hibited. However, one can certainly find an infinite number of non- 
conjugate topological involutions by simply choosing an invariant 3 
ball around a point in the fixed set and altering the linear involution 
inside the ball and keeping it unchanged on the boundary. One does 
this so that the fixed point set is no longer tamely embedded inside 
this ball. This procedure was first described by D. Montgomery and 


Ig lin lelrays ye 


We finally give a presentation for 


-45- 


a -l -1 -1 -1 -1 
7, (M(n)) = {X,X) 7X_ |X. xX5xX] Xo =1,xx)x =x) ao ites & =X) xX), 
hence H, (M(n) ;2) x QZ» 
7.5. The groups Li = (ZZ) y Z of 6.9 - 6.14 may be geometri- 
b 


cally realized as the fundamental groups of the total space of gt. 
bundles over the Klein bottle with structure group 0(2). 

We fix an integer b # 0 and introduce an automorphism on T 
by 


S -l -b_-l 
¥ (24 1Z5) - (24 1Z1 Z> Dis 


At the identity in 7? the automorphism Y¥, induced on the funda- 


mental group is given by the matrix & =) e GL(2,Z).0%We introduce 
the closed orientable aspherical 3-manifold M(b) = R ay rT obtained 
as before by identifying for each integer k 
k k k 
(-1 (-1) “bk_ (-1) 
(Y,2)1Z5) % (x-k,Z, ) Za ) Z5 Her 
We can also fiber M(b) over the Klein bottle, K, with fibre tan We 


regard K as obtained from 7 by the identification 


(t,,t,) ~ (-t,,t, es RApormis tn Liki esidena tedl bys ae< tit, >- The 
map p:M-+K is p((r,2Z),Z,5)) =< exp(nir) ,z, >, We must show p is 


well defined. Now 


A Tare 
((r-k, 25 1Z Zo ))= ((£,2,725))5 


k 
((r=k7e (2) 725))) 


i} 


however (-1) exp (rir) exp(ni(r-k)) and 


k 
<(-1) exp (nix) ,247?? eh Syi< exp (mir) ,Z,> e K. Thus p is well defined. 


Suppose p((r,Z,,Z5)) a P( (x) 1}47F))- Then either 


exp Tir = exp mir, 


XY 
or 
“-exp rir = exp tir) 
Bel: 
git Si 
xs is 
In either case ©, =r +k and 25 = 7 5 ish she 
aL Al al k - . 
((x+k 34 13-5)) = a A1'2 ) = Ea oa le a) #2 
= if : 
= Vee ae 1) )). Therefore, the map S %* M given by 
ie =< ((r,Z,,t)) maps st homeomorphically onto the fibre over 
< exp mir, Z > The structure group of the bundle M-+K is O(2). 
There is a bundle vy 1X ose gt with fibre gt and structure group 
F 2 : 
2, given by < tit, Sse ti. The diagram 
M 
x |e 
es K 
So es 
commutes. In fact M(b) is a Seifert manifold of type (0,n,II) and 


it has a double covering a principal circle bundle over the torus with 
Euler class 2b. 

We have calculated Out (7, (M(b) ) ) in 6.9 - 6.14, and shown that 
m4 (M(b) ) is centerless. This gives us another class of manifolds 
which allows only a few finite groups to act. Since these manifolds 
are orientable Out (1, (M(b) )) is isomorphic to the group of isotopy 
classes of homeomorphisms of M(b) onto itself. We further mention 


that the groups Zar Dmodaiand Z5+Z., can be realized as free actions 


On eMi())s 


7.6. The group m1 of 6.15 can be realized as the fundamental 


group of an orientable closed flat 3-manifold as follows. On ag let 


<i. 


t be the automorphism t(Z) 125) = ae ye which has period 6. 
1 2 


Lee X= exp 27/6 sand on’ Ss & T introduce the identification 


(t,2 1725) oY ards any This yields yY = (st 


2 
ae )/Ze, 
which is a closed aspherical 3-manifold, acted on by chat whose funda- 
mental group is 7. Denoting by <ty 21125? a point in Y we intro- 


duce a diffeomorphism of period 2 


-l 
o< t12Z11Z5> Sa 12125125 > 


which corresponds to the automorphism ¢ on 1. Again on st x Y we 


: ee : =I 2 
make the identification (ti+< to 1Z,1Zo> ) (tos t, 1ZyZosZy > ) 


to obtain the closed aspherical 4-manifold xX = (st x Y)/Z54 whose 
fundamental group is L (of 6.17) and which is acted on by s* 
effectively. The group Out(L) was ZZ... Out(t) was Zor which 


once again must be the group of isotopy classes of homeomorphisms as 
well as the group of homotopy classes of self homotopy equivalences of 


eae 


7.7. We may realize H of 6.18 as the fundamental group of the 


orientable closed aspherical 4-manifold 
SKI s Ree er ss 


3 
The group Z generated by [ acts upon T by (24125123) 


Poros de Any finite group which acts effectively on X(T) must 


be a subgroup of Z5 ® Z. ® Zo. 


1268 ao. et. (ny sN57-++ Ny) € GL(22,Z). There is defined a homeo- 


pet by 


morphism with fixed point on 

n,-1 n 5a sill 

@ (ny Moree erMy) (ZyyeZypor reer Zy 1% o9)= (274 Z4512442129°° 
n 


Z91292) 


spe 
Define 


22 
ee a te ee a = X(@(n,,e--/N,)) = R Xo TT . 


We have seen from 6.20, that n(n ttt) is centerless and that 


Cue gee (Mo eet oe a Oe as 
al ny ny 


as is a finite group acting effectively, then 


Hence, if (G,M 


Ge Do G3! oac. @ Dd, . We also may realize the entire sum of dihedral 
it y 
: + 
groups D_ @ oo @ D. as an action on m2? - 
Q 
Gplnidence ale Ja Sig Weve! Lemelonbis D. acts on the 2i, and (2i+1)-st 
Ab 


by the description 


coordinates and trivially on the other coordinates as follows: 


Pp & p_6 
(ME 8) 5 (Ee 2yyeZyor eee Zap rZygre re ZyyrZ99) = (Er2yyrBygreeer® Zaye 
ZO : 

r Zegness ZoyrZoo)s where i is a generator of Z and 6 € Z5 


i 
written multiplicatively. One can check that this action is compatible 


with the identifications 


n,-l n.-l 
BS 
(Lp ZyyreeeeZeyrZigreseeZg.) V (e-1,Z)7 2ygreeer 25, Fags 
nN. n 


Beane rey Ayo) 


7.9. Let (ny My7--+ MN), as) € GL(2241 2%) oF GL(2(+1), 2) - 


al ‘ 
ah a eo eae A: ae 3 =f el Iu 
where a, = (-1), a, = ( 1 a ae a i ) BS aaa -(5 ta ; 


“7 
Form, M(my More+ + /My as) = X(O(my7.-+/Nyas)) = R Xo pee cal or 2) 
similar to the previous case. This closed aspherical manifold of dimen- 
Sion 2(2+1) or 2%+1 has centerless fundamental group and outer 


automorphism group as in 6.21 or 6.22. 


Let us call the action of D = Da @ ...5@) D on meet des- 
cribed in 7.8, the "Stan-ard action" of D on MM, Because 7, (M) =L 
is centerless, A.4 and A.10 of the Appendix and knowledge of this 
action will determine the cohomology of the fixed point sets for any 


action (G,M) of a finite group G onM. We shall obtain generaliza- 


AG. 
EVONSE Ory koe andy o4 


7.10. Theorem: The effective action (G,M) has a non-empty fix- 


ed point set only if G is a subgroup of / (¥ 


aes in! partiouler 1 


G has odd order, then G acts freely. 


. 28s 22+1 ‘ : 
Let V=vV (nM) M57---/n)) =M (My ye+-n)) minus the interior 
of a tame (22+1)-ball. 
ietts Conoiiary: if (G,V) denotes an effective action of a 
finite group then G is isomorphic to a subgroup of eae and 
has non-empty fixed point set. 
Fairly simple proofs can be given if we assume that {Ny Noreee My} 


are all odd. We first treat this case. Let (G,;M) be an effective 


action. By the geometric realization procedure of §2 we may construct 


an abstract kernel ¥ : G + Out (7, (M,x) ) = Out(L). The homomorphism 
Y evs an elribedding of GP anto D.“ et xr. Deb “Oa DD =D 

a ny ny n; 
be the natural projection. For each g € G, we may represent 


rihertishe bye OF 


A rS)a4 where i is a generator of Zz , k an integer 


k 


zt 
O« k= ny and 6 € Z.. Consider r; ° ¥(g*) =) (K gy ee arco, = 


Z 
ra ea = GROCER wy Thus, g? is either identically 1€ Gor 
else g? € Hy (252°), and so the group generated by g? will act freely 
by §5. Consequently, the elements of G which fix anything must have 
order 2. We have not used the fact that the n; are odd, yet. 


Suppose H is a 2-group with non-empty fixed point set. Let 


k ie" 
g yh € H and r,° ¥(g) = (A r-1), and r, 0 Yih) = (X p-1) ay for some 
-k! re ere 
1, her r; 0 ¥(gh) = ie 1);. Sines ofgh)™ = Tp ty o Vitci) a= 
ee Jetthe = (1,1),. But this means that 2(k-k') =0 if n, is 
odd. eS fhus, vt Ey? ¥(g) = Brey , es is independent of g. Fur- 


thermore, it is impossible that Sie ¥(g) have the form 


=50- 


; o ¥( 2) 2 (2k 
,l), k #0, for some 2. For then rs g 


k rl); = CLL) ay 


(r 
which implies that n; is even. It is clear now that HE (ein eC Ds 

The corollary follows directly from the theorem since any effec- 
tive action (G,V) extends to M by just extending the action over 
the interior of the deleted ball. A fixed point is introduced at the 
center of the added ball. Since the extension (G,M) is effective, 

G must be, by the theorem, isomorphic to a subgroup of (Z,) » No sub= 
group of G may act freely on V _ for otherwise this would introduce 
an action of (25) Iwith exactly one fixed point on the closed manifold 
which is impossible. 

To obtain these results in the generality stated we have to apply 
some of the techniques and results of the Appendix. We intend to 
compare an arbitrary action (G,M) with the standard action (D,M). 

The complications arise because we must take care of the base points. 
The theorem is a consequence of the following considerations. Let 

(G,M) and (G,M)' be two actions of a finite group G on an aspher- 
ical manifold with centerless fundamental group. Choose a base point 
x €M and construct abstract kernels ¥, and ¥' from the geometric 


realization procedure of §2. 


7.12. Theorem: If ¥ = ¥', then for any p-subgroup H of... G 


The proof is fairly complicated. We shall impose the parts of the 
hypothesis as needed. Let (G,M) be an action of a finite group ona 
path connected space M. We shall assume M nice enough to admit 
covering space theory. Choose a base point x € M and by means of the 
geometric realization procedure of §2 define the homomorphism 
Ve Gane Out (mr, (M,x)). Suppose that h : (M,y) + (M,x) is a homeo- 


morphism isotopic to the identity, then (G,M)* defined by g(m) = 


ce. 
hgh +(m) is equivariantly homeomorphic to (G,M). One can, by using 
the path from y to x given by the isotopy, check that the homo- 
morphism ¥ , eae Out ™, (M,x) given by the geometric realization 
procedure applied to (G,M)*, is equal to ¥,. 

Let E and &' to be induced crossed-product extensions of 
7, (M,x) defined by ¥ “and “¥"*. The groups E and E' ‘operate on 
the universal covering M" of M and cover the actions (G,M) and 


(G,M)'. 


2.i3. Lennaes ULF 7 (M,x) has trivial center then the extensions 
E and E' are congruent. Moreover, if M is also a finite dimen- 
Sional K(7,1) and H CG is a p-subgroup, then the fixed point set 
F = F(H,M) is non-empty, if and only if, F'- = F((H,M)') is non-empty. 
Finally, if M is also a manifold then there is a bijection between 
the components of the respective fixed point sets and an isomorphism 


of their cohomology groups. 


Proof: Since m, (M,x) is assumed to have trivial center, 


y= ¥', [6; p. 128] implies the extensions E and E" are congruent. 
Therefore the finite subgroups of E and E' are isomorphic. 

Let y be another point in M and choose a path Poy from 
x to y. We may use the geometric realization procedure at y to 
define an extension BS foi 7, (M,y) by “Gon M*, One may choose 
at will the particular representatives of paths from y to the various 
gy. However, we only need make a convenient choice and so we choose 
trivial paths whenever gy = y. Consequently, if H is a subgroup of 
G which leaves y fixed then Ey contains the semi-direct 
™4 (My) o H, (A.5). We want now to modify the extension E defined at 
Ba Ex slightly. The paths from x to the various gx that were used 


to define Ey can also be altered at will. One will get a new exten- 


sion but it will be congruent to the old one since m4 (M,x) is center- 


5p 


less. One chooses the new paths so that Py induces an isomorphism 


* 
of EY onto the new EL The two actions E.. and EY on M agree 
up to automorphisms of m, (M,x). 


Suppose HeG leaves y fixed. Then EY contains the semi- 


direct product m (M,y) o H and H leaves the base point over y 


fixed. Also, since E. E contains a subgroup isomorphic to H 


which projects to H under ES 1G, IThHUS) SOMespOInce OVE cany I aUomlore 


fixed by this subgroup. We have shown that if y €M and HCG 


, 


¥. 


then there is a subgroup isomorphic to 7, (M,x) oH Ee Eyer and a point 


in m ever y which is left fixed by the embedding of H in E,. 
Tf we now assume that M is a finite dimensional K(7,1) then 

Smith theory may be applied and we find that for any finite p-subgroup 

gl @ye Eye pe fixed point set F° 


= ip 
then Hc E, and F(H,M*) # ¢ 
apeve, 16 Hc iG) jande = srl M b 


* 
(H,;M ) .18S mot empty. Aliso xem 


We now wish to apply the results 
of the Appendix. Let HeG bea p-subgroup so that F = F(H,M) # $6 
and let M also be a manifold. We may assume without loss of gener- 


ality that the base point x is in F by altering M by an isotopy 


if necessary. Consider the other action (G,M)'. Since E' is 
naturally isomorphic to Er E' and EY contain isomorphic finite 
subgroups. We wish to show F' = F((H,M)') is not empty. Clearly 


there is a finite subgroup,..H' in, E*. which is) isomorphic ‘te “A “and 
projects to .H in EY = -G.. Hence, F(H',M*) # ¢ and therefore, 
F' # $. We may also perform another isotopy of M and get an action 
equivalent to (G,M)' but which now has x € F', We will denote it 
also by (G,M)'. 

Now we have two actions (H,M) and (H,M)' with ¥ = ¥' and 
x € F NF’. .By-Asd.and A. 10 68.the Appendix we may conclude that the 
components of the fixed point sets are in one-to-one correspondence 


and their cohomology groups are isomorphic. This completes the proof 


of Lemma 7.13 and Theorem 7.12. 
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We can apply 7.12 in the following situation. Let (G,M) and 
(G/M) be two actions. Choose a base point x and assume that 
ve ane Ys are both monomorphisms and that the images ¥(G) and 
¥4 (Gy) are equal. Then, > Siew (Goer Gy is an isomorphism. The 


action (G, »M) can now be regarded as a second action of G on M, 
uf 


(G,M)', via the isomorphism ¥y °o ¥. The geometric realization pro- 
cedure applied to (G,M)' yields the monomorphism 
y's G+ Out (7, (M,x)). But observe ¥'(g) = ie (yy? OY (G)) = ae, 


which guarantees the hypothesis of 7.12 holds. 
We return to 7.10. Let (G,M) be any action with Y¥ : G + Out(L) 

a monomorphism into D = hae eee tee There is also a standard 
action (D,M) with monomorphism ® : D+ Out L and@® is an iso- 
morphism onto the torsion subgroup of Out L. We may then consider 
FEStriction of the action of D to the subgroup 

q- eo ¥(G) = G' cD. The actions (G,M) and (G',M) now satisfy the 
preceding remark and so the fixed point set for subgroups of (G,M) 

are determined by knowledge of those for (D,M). From the formula in 
Y,o.we see that Ooty) = ¥, for some -y € M, 9g € D; TE and only 12, 

k k 


g= fA ro)5 = (i r-l)s, or (1,1); fOr cach 2.) hint cmwieial: 


complete the proof of 7.10. 


7.14. As closing remarks we mention that under fairly general 
assumptions, when Borel's Theorem holds, the contribution of Hy (25K) 
may be always geometrically realized as a free action on Ke (CoMay — Alin 
particular, this will work when Y = or and 6 € GL(k,Z) has infinite 
order and det(I-¢) # 0. We shall discuss this result elsewhere. 

The manifolds treated in this section are all manifolds whose 
fundamental groups are of type P, cf. C.T.C. Wall {8]. In fact, every 


group of type P and rank n_ has the form L= 71 0 Z defined by an 


automorphism (¢,7) on a group 7 of type P and rank (n-1l). (A 
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P-group of rank 0 is the trivial group.) One of the main features 
of these manifolds is that they are determined by their fundamental 
groups and every homotopy equivalence may be geometrically realized 


by a homeomorphism in dimensions different from 4. 


8. MANIFOLDS ON WHICH EVERY ACTION 
OF A FINITE GROUP IS TRIVIAL 


We shall construct a family of distinct closed aspherical 4-mani- 
folds on which every non-trivial periodic map is fixed point free. If 
a point is deleted from any of these manifolds no non-trivial action is 
possible. For, otherwise, one could extend the action to the closed 
manifold and the extended action would have a fixed point. The closed 
manifolds have the desired property because the automorphism groups of 
their fundamental groups have no elements of finite order other than 
the identity. 

First, we discuss certain central extensions of Z by Z@ Z 
which yield the fundamental groups of principal bundles over the torus. 
The closed 4-manifolds are constructed by taking particular fiberings 
over the circle with fibers these 3-manifolds. 

Let ae HH? (2 ®2Z;Z) be a generator of this cohomology group. We 
claim that the extension cocycle f : (2 @ 2) x (3 @ %) +2Z% is given 
by f(p,q;r,s) = -qr. One easily checks that f is a cocycle. To 
see that this extension cocycle yields the generator recall that ) "a 


1 Seoul 


may be presented by {x,y,h : xyx “y “h~, [x,h], [y,h]}. The group 


law for the extension determined by f£ can be described by 


(m;p,q) (n;r,s) = (m+n-qr;p+r,qt+s). 


Pubes exe=e(0PL,0)5 yo= (O¢0;52) 5 hb 
-l1 -1l 
te ey) 


(1;0,0). A calculation using the 
cocycle f shows that xy =h, 
Actually we shall be concerned with 2a. An extension cocycle for 


2a may be given as follows. Identify (zZ® 2) x (7 @® 2) * (wath the 


additive group of all 2x 2 integral matrices, A, by 
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r 
(po, aet a) > & | - The extension cocycle is det : A+ Z. To see 


that this is a cocycle and does represent 2a we define G2128 7 = 7 
ies (GS se) SS ay Relatewel 


rest 
q 


g! + 9(P-q) - g(ptr,qts) + g(r,s) 


Roe os poe pq ps = rg) rs) tors 


a Ae Cane 
For every integer k > 0 we shall consider the group extension 
0 > Z+ r(k) > 20Z + 1 


corresponding to 2ka € H? (z STAR  dapgodbakoakeiky qi {(i<)) ale) Tene, GiGKE CHE 


Ererples (mrp,q) with 
(m;p,q) (n;r,s) = (m+nt+k(ps-rq) ;ptr,qts). 


Obviously the image of Z-+ 7(k) is the center of s1(k) and hence is 
a characteristic subgroup. 
Define an automorphism @+ ¥ on GL(2,Z) by setting det()¥ 


equal to the inverse transpose of 46. 


8.1. Lemma: If Chi2 4) acts rom then lertone: Zio) da aVlamene 


automorphism ¢ + ¥ then 


Aut(1(k)) = (Z ® Z) © GL(2,2). 


Proof. Since im(Z + n(k)) isa characteristic subgroup we may 
consider an automorphism o : 1(k) + r(k) to be defined by o(n,a) 
o((n,0) + (0,a)) = o(n,0) + (0,0) = (g(n),0) + (pla) ,e(a)) = 
(g(n) + (a),(a)). Here, n€ Z,4€2@2, g € GL(1,Z), © € ent RAG 
and © is a unigue functiong : 202+ 2. We wish first to show that 


® is a homomorphism. Consider, 0((0,a)+(0,8)) = o(0,a) + o (0,8) 


(pla) ,o(a)) + ((8),o(8)) = (pla) + p(B) + E(e(a),o(8)), O(a) + #(8)). 
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Also, o((0,a) + (0,8)) = o(£(a,8),at8) = (gf(a,B) + mlatB), S(atB)). 


Hence, we obtain an identity 


g(f£(a,8)) - £(e(a),6(8)) = ma) - platB) + w (8) 


from which we shall now conclude that » € Hom(Z ® Z,Z). Since, 


£(a,8) = 

(Cd: 
k det ey b, | Seta) 0 (8)) = 
(det g)i(o,8). But, if « and 6 


the identity changes sign while 
Now, given any pair (g,®) 
a corresponding oa € Aut(n(k)) 


Thus we have an exact sequence 


det o@ flon,8)). Also, 9 CE(o, co. — 


are interchanged the left-hand side of 


the right-hand side remains unchanged. 


€ Hom(Z ® Z,Z) x GL(2,Z) we may define 


by (n,a) > ((det 6)n +m (a), O(a)). 


0 = Heme @ -2 2) > Autatk)) = CL2 2) > 2. 


We claim this sequence splits by defining for each 64 € GL(2,2Z) 


an element ey Of Aut (7 (kK) ) 


by 


4 (n,a) = ((det $)n,4(a)). 


Suppose now that ©: 2482+ 2% is a homomorphism. The corres- 


ponding automorphism of 17 (k) 


is 


Py (n,a) = (n+ (a) 7a) . 


Now, 


=i " 
Dy Oy ° oy (oe 


ik 


(n+ (det 6) @(o ~(a)),a). 


This is the left action of GL(2,2) on Hom(Z ® Z,Z). To translate 


this ante an action on 2 oe! Z 


multiplied by the transpose of 


al 


we replace (det ¢)®o 6 by det 6 


a that is, by ¥, 
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We have shown Aut(t(k)) is independent of k, however, 
Out(7(k)) depends very much on k. Since 2% © Z% is abelian 
Inn(r(k)) © Hom(Z ® Z,2). Observe f£f(-a,0) = k det ae ) = 0, 
cua 40a} ~ = (0,<0). and (0.x) (m,8) (0,0) = 
(m + £(8,a) + £(-a,8+a),8), and f£(8,a) + f(-a,@ta) = 
k (1: a + EA ae) = k(rq-ps-qp-spt+qptqr) = 2k(qr-sp). With a 
fixed this is the homomorphism of 262 into 2Z generated by con- 
jugating with (0,a). Obviously, Inn(r(k)) is the subgroup 2kZ ® 2kzZ 


in Z@®2Z. Consequently, we have 


8.2. Lemma: For every integer k > 0, Out(r(k)) is isomorphic to 


the semi-direct product 


( ® Z e GL(2,2Z). 


Zo. 2k) 


The action of GL(2,Z) is induced by the natural homorphism of 


Clie ,%) into Aut (Z5,, ® Zo,) + 


We now wish to examine the centralizer of some elements in 


Ovutete(k)).” Recall the matrix % = Gs ay for which C(o) = N(¢) 


was the subgroup generated by ¢@ and -I. Modulo 2k this matrix is 


-1l1 1 : 5 -l 0 a i 
( +] . The inverse transpose is é i) and so ¥ = (1 of) 6 


MoOLesthnale | i-Y = my : ? Hence the cokernel of I-¥ is Z5,+ Let 


a € Z5, © 25, 


(a,@) € Out(m(k)). 


represent a generator of this cokernel. We take 


eo "tena: WWla,?)) = C(a,¢)) and if=x = fF there is no element 


for which (6,-I) lies in C(a,®%). 


BE 25, © 25, tor 


Proof: The first assertion follows immediately since N(o) = 


C(®). Suppose such a 8 exists. Then 


(8,-I1) (a,¢) = (8-a,-) = (a,%) (8,-1) = (at¥(8),-%). 
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But then (I-¥)(8) = 2a and we assumed a represented a generator of 


cokernel Of I-Y with ke 1. 


SG, lemmnes Waveney ays) Elo sleleinlormolaaycim, ae be 2 Il, 


Ny 


Cla,o)/((a,9)) = Zo,. 


Proof: We first observe that for no n does C(a,%) contain an 


element of the form (8,=8'), fOn ih aes did wercoulLds mudkea ply soy, 
Cae) mes to show there as a (¥,-1) dn €(a,o). Thus we have an 


epimorphism 
C(a,o) + (®) © GL(2,2Z) 


for which the kernel consists of all elements in the centralizer with 
winisy Teena (Spas) ae Heater, Spo) 2 C@po)) ASR Entel Termby she wey) = fs. 
/ 
Recall that I-Y¥ = Pe ) and so Ker(I-¥) = 3% . We have 
( -1 2 2k 


0 + Ker(I-¥) > C(a,@) + (©) + 0 and ((0,%)) is carried isemertphicalliy 


Gere: (oi) moneys; 


C(a,%)/((a,%)) = Ker(I-y) & ete 


Let A € Aut(m(k)) represent (a,¢) in Out(1a(k)). We form the 
semidirect product L(k) = 7(k) ° Z with respect to 1’. First note 
the action of )\ on im Z-+ 1(k) which is the center of s1(k). Since 
det # = -1 this action is) (m,0) + (-m,0). Certainly (a,6) has 
infinite order in Out(r(k)) and therefore L(k) has a trivial center, 
We must also show Ti. a H, (m (k) 7Q) = H,(m(k);Q). But m(k) +202 


induces an isomorphism 


Ie 


Hy (m (k) 7Q) H, (22 ;Q) 


sending i, into , and det(I-,) = det(I-0) #0, 


Thus we have the short exact SEQUEN CS encom ale. 


rr es eee” | 
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O + Hy (232) > Out(L(k)) + C(a,6)/((a,o) + 1 


0 > Z5 > Out(L(k)) > Joy > 0, 


If we can show Aut(L(k)) is torsionless we are done. There is 


a short sequence 
OFS 2S are (ink) Nh al 


where % refers to the center of m1(k) and Ac Aut(r(k)) = 
(Z@Z) o GL(2,Z) is the subgroup of elements which in Out(1(k)) 
commute with (a,6). (Recall that Aut(L(k)) are pairs (c,86) with 


c € Aut(r(k)),6 € t(k) satisfying u(s) © 1° e@=c° X, Further- 


more (cy 754) (Co185) = (cy 0CyrC, (55) 54). Thus) forva fixed | coms 
uniquely determined up to any element of the center of s1(k).) Clear- 
dy by 8.2 Inn(n(k)) C A. There are no elements of finite order in A, 


for if there were, we would immediately conclude from the short exact 


sequence used in the proof of Lemma 8.4: 
GO  Berii-¥). = Cta,o) > (0) > 0, 


that these elements belong to A N (Z@ Z) ¢ (Z2@ Z) © GL(2,2). This 
is impossible. Thus, Aut(L(k)) has no elements of finite order. 

Now we ask if there is a closed aspherical manifold whose funda- 
mental group is L(k). This is not difficult to find. Using the fact 
that Z@® 2Z is torsionless we construct a principal action (stm) 
on a closed aspherical 3-manifold, with fundamental group 1(k), 
associated to 2ka € H(z ® Z,Z) in the manner of [5; 88]. Now any 
outer automorphism ¥ may be geometrically realized by a homeomorphism, 


To see this choose an automorphism of 1(k). This induces an auto- 


morphism Tf of Z@®2Z so that [,(2ka) = 9,(2ka) = + 2ka, One can 
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then find a homeomorphism of mo compatible with this automorphism 


and hence a homeomorphism H:M-+M so that H(tm) = g, (t}*H tm) 

where H, : t(k) + w(k) ais ¥ ain Out(m(k)). This is essentially the 
: dg 

same as in [5; §8] except that we allow automorphisms of S&S im Our 


equivariant homeomorphism. Clearly, H can be altered by an isotopy 
to have a fixed point. Thus there exists a homeomorphism H of M 

with fixed point so that the induced outer automorphism of the funda- 
mental group is (a,¢). (An alternative procedure is to appeal to a 
theorem of F. Waldhausen which says that every outer automorphism of 


sufficiently nice 3-manifolds is geometrically realizable as a homeo- 


morphism. ) 
The required closed aspherical 4-manifold is B(k) = (RI Xo M), 
where H is used to define (z,R> Mie 


Summarizing we have the 


8.5. Theorem: For each k > 1, there exists a closed aspherical 


4-manifold B(k) with centerless fundamental group and 


One Zo =. Out (7, (B(k))) > Zo, =e ON 


Furthermore, Aut (r, (B(k))) is torsion free, and hence every effective 


—_— - errr Owe eee aS Oe 


8.6. Corollary: U(k) = B(k) - pt is a 4-manifold with the pro- 


me eee 


We remark that B(k) has some interesting properties: 

(i) Every non-zero power of a non-trivial homotopy equi- 
valence is never homotopic to the identity while keeping a base 
point fixed. However, there Sites exists a power dividing 4k 
of this homotopy equivalence which is homotopic to the identity 


without keeping a base point fixed. 


(ii) There is always a free involution on Bik) 


{o}= 
(iii) V(k) = B(k) - (interior of a tame 4-ball) is a compact 
manifold with 3-sphere boundary on which every finite group oper- 


ates trivially. 


(iv) Let we be a contractible manifold with boundary so 


that n (aW*) Fe) oes p4 be a tame 4-ball in the interior of 


W, Attach a cone over 3W to ne - interior p4 along 0dW. 
Call this xX and attach it to V(k) along the 3-sphere boundary. 
There is a map from V(k) UX _ to B4 (k) which collapses X to 

a point and sends the interior of V(k) isomorphically onto 
B4(k)-pt = U(k). This map is a simple homotopy equivalence of 
course. V(k) UX is a closed triangulated integral homology 4- 


manifold which fails to be locally Euclidean at exactly one point. 


Obviously, since V(k) UX has the same homotopy type as B(k), 
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APPENDIX: THE ACTION OF A P-GROUP 
ON ASPHERICAL MANIFOLDS AND MANIFOLDS COVERED BY SPHERES 


In this section we extend the results of 83 of [5]. We adopt the 
notation of this paper, however, rather than the right actions fone [5 Ne 
Of course, either approach yields the same results. We utilize the 
Smith theorems for finite p-groups acting on acyclic spaces and coho- 
mology spheres to obtain Smith type theorems for K(n,1)'s and mani- 
folds covered by spheres. We determine the cohomology of the fixed 
POmMEmS eit. 

We consider first a pair (G,7r) wherein G is a finite group 
acting as a group of automorphisms on a group 7. For each g € G we 
denote by g, the corresponding automorphism of 1. We form the semi- 
aqirect product “1° G" by Mntreducing in “17 <x G "the product 
(a9) Mei a=. Mag tei Gi. 

A crossed homomorphism # : G+ 7 is a function satisfying the 
identity » (gh) =ga(lg)g,@(h) for all g,h in G. To each crossed 
homomorphism we may associate the graph Ggyesr eo G which is the image 


of the isomorphism g + (@(g),g). 


Aol enna: Li Hie 7° © swith TE) 1 — ele, l) then chere arsed 
subgroup K¢G anda crossed homomorphism » : K + 7 whose graph is 
H. Moreover, if G is finite and 1 is torsionless then the collec- 


tion of all such H is the set of all finite subgroups of mt o G&G, 


Proof: Any element in H has the form (a,g). We wish to show 


a depends uniquely on g. Suppose (8,g) € H also. Let 


-l — 
G.(y) S92 >. Then(e;¢)(4,6 >) = (e,1) so that (y,g t)e H also, 


Now, however, igi, oye) = (a8 ~,1) €H AT. For the first part 


eae 


then a = 8; for the second part we use the fact that m+ is torsion- 
less; hence a= 8. Take KCG _ to be the image of H under the 
natural homomorphism 1 ° G+ G. Then to each g € K there uniquely 
corresponds an element » (g) € 7 such that (o(g),o) € HH, If h Ee K 
also (~(g),g) + (p(h),h) = (e(g)gy (h),gh) = (p(gh),gh). Hence 
is a crossed homomorphism with graph H. 

On the set of crossed homomorphisms of G into 1 we introduce 
an equivalence relation. We say YO due hoXel CrMilN7 sine Telovenasy ale) ein 


ae wm Guch that 


01 (g) = am) (g) gy (a4) 


Forsall g € G. 


A.2. Lemma: A pair of crossed homomorphisms of G to 7 are 
equivalent if and only if there is an a € mn with Go = 


aa 1 


(a,1)G, (a ee 


0 


Proof: Simply observe that 


a 


(ap1) (®y (G) 1g) (a 771) = (ay (Gg) gy (077) 1g). 


In case the group G is abelian, however, a stronger statement can be 


made. 


A.32. Lemma: If G is abelian then two crossed homomorphisms of 
G into 71 are equivalent if and only if the graphs are conjugate as 


subgroups of 7 o G. 


Proof: Suppose G is conjugate to G,. Let (a,h) be the 
oe a8 ait i 
conjugating element. Put h,(y) = gt go that (c,h) (yh “je = le, 1% 


al 


Then (a,h)Gy ive yee areG 1) @ But 


U 


Ge 


1 


(ah) (ip, (9) 19) (yeh) = (ahy (4 (9) hy (dy (¥) gh” ). 


i -1 ; 
Using commutativity we see that since h(y¥) = ¢ this last becomes 


(ah, (® (9) )d4 (a7 ") +g). We have then arrived at the formula 


@,(g) = ahy (®) (g)) a4 (a>). 


Now 5 (J) Fx Mp (A) = % (gh) = , (hg) =a % (h) hy! (9), or equivalently 


al 


(nh) (G) Ful (h) = yw (g). Put 8 = w(h-), then 


(9) = a8, (J) dy (B7 Ta) 


as required. The converse follows from Lemma 2. 

In general we denote by H (Gra) the set of equivalence classes 
of crossed homomorphisms of G into 7. If m1 is abelian this is the 
usual cohomology group of course. To each crossed homomorphism 
 : G> 7 we associate the subgroup P= mt consisting of all 
8 € n for which m(g) = gm(g)g,(e-). We note that if 


®, (g) = at Glentr) then re =n gts Thus to each element of 
0 


i<°] 

H (G7) we have assigned a Petraes re Cm which is unique up to 
conjugacy. In particular, to 0 € eta sah, the equivalence class of 
the principal crossed homomorphisms, is assigned the subgroup of all 
8B €m with g,(8) = 8. Another way of saying this is that 17 oper- 
ates on the left on the set of crossed homomorphisms by 
(a * w)(g) = ap (g)gy (a), for a € 7, » € Hom(G,7). The crossed 
homomorphisms on the orbit through » are the set of crossed homomor- 
phisms equivalent to gy. The set of orbits is the collection u1(G,7) 
and the stabilizer of » is the subgroup r , 

We have been concerned with a fixed homomorphism 
@ : G+ Aut which was denoted by 6(g) = g,- However, if the center 


of mm is trivial then given 8178. : G + Aut + which agree up to inner 


automorphisms, that is if n : Aut + + Aut r/Inner Aut 7 = Out 7 


—65— 


is the natural map and 76 = n§5, then there is a natural equivalence 
ly 
Hy (Gir) ® Hy (Garis 
al 2 
Specifically, we have an abstract kernel ¥ : G> Out(rt) realized 


by 85 and 8.5 and the corresponding semi-direct products 

T te: G and ep» G. Since the center is trivial these extensions 
2 

must be congruent. In particular, for each G6 GC) theresexicts ca 


unique 3 (g) € m so that 


B(g) + 6, (g) (a) + (gg) 77. 


85 (g) (a) 


It can be seen that 


& (gh) 


8 (g) F 8, (g) (® (h) ) , 


or that 8 : G+ 1 is a crossed homomorphism. We define an isomorphism 


6: 7 0 G>T oe G by 


et 


(a,g) ot (a * % (g) rie hlia 


For each crossed 8,-homomorphism > ¢ G+ 1 we may define a crossed 


§,-homomorphism S x ®, : Gsm by 
(B x >») (9g) = (9g) + Bg). 


One may check that e, °, if and only if @ « > B x ©>: Conse- 


quently, 


A.4, Lemma: The isomorphism @: 1 0, G+mo, G induces, via 
5 2 1 
8 *, a natural bijective corres ondence between H. (G;7) and 
Pr eee poe Pe ee eee ee ers , aac 
ut (G37). Furthermore, Im = for each crossed 6,-homomorphism 
3) fs ———— 2 & utp SS 2 


iL 2 


®.- 


We shall apply this to the following situation. Let (G,M,x) be 
a finite group of homeomorphisms on a path-connected space admitting a 


universal covering and having at least one fixed point. Taking x to 


=66= 


be a fixed point we obtain an action (G,7, (M,x)) Of (G waswa Gruoup 


of automorphisms on the group 7 = 7 (M,x). 

We proceed as follows. Let (M* ,b,) be the universal covering 
space of M with p: (M™ bo) + (M,x) the covering map. We may lift 
(eloke: reyCheskoje, ene  (G;  te(o) M* with bo fixed and the covering map G-equi- 
variant. We regard 7 = mT (Mix), the group of covering transformations, 
as acting on M* from the left. There is the relaticn g(ab) = 


getaje <i>) forcall-¢. €-G, a -€ 1m, eye M*, We shall introduce a pro- 


perly discontinuous transformation group (7 o G,M*) by 
(a,g)b = a(gb). 


Note that (a,g) [e(hb)] = ag, (8) = (ghb) = ((e,g) = (6 ,h))b. Hence tiene 


composition rule is satisfied. We see this is properly discontinuous 


by 


* 
Modo isin? IN Selelm 1s Mi there is a canonical crossed homo- 


morphism m3 Gob) + mn whose graph is the isotropy subgroup 
(tm © G) 


b* 
ie wp © G5 tb) then p(gb) = gp(b) = p(b). There is then a unique 
@ € 7 with” gb = \beoe But #, (g) =a so that %, (g) (gb) = b. Then 
f G 
ope in G5 (b) we have 
% (g) (g () (h) (hb) ) =b= (), (g) gy) (hh) ) * (gh). 


Hence %, (gh) = 1 (F) Bt, (1). 
For a € 17, Ban | Ga tab) + 7 is the crossed homomorphism 
©. (g) = at, (g)g, (a2) 
ab b SF Fx 2 . 
That is, ® is equivalent to 9, 


- Observe that (nm o G) = 


1 


a = 
ee?) al) TE gee yy then We ect) eee 


Se 
=] 
Sea Agi Gate )eg) = (yw. (g),¢). 
b ab 
In particular, if p(b) is a fixed point of (G,M) we obtain 


®, : Gyr aid *Gs. (i. G)y Gy 4 


We shall say that a crossed homomorphism» : G+ 1. is geometri- 


cally realizable if there exists b €M’,b # ® so that 


(tT © G), = Gy = oe Observe that if » is geometrically realized at 
b 

ED and "6" “SM lathat 1s ~' (g) = 0%(g)g, (a>) iciepe Ubi GCjp elaycke to is 

geometrically realized at ab. For geometrically realizable crossed 


homomorphisms # we shall let Fe cm denote the fixed point set of 


Ge. 
ise) 


A.6. Lemma: F. A Fy, #4 9, if and only if », = » and 
ee %, 1 See oat rp j and 


‘al . . 
E92 Bir, 23 fi £ and only if 9) % ). 


Progr: Suppese, b € Ff) Ff |, then, (7 aoc) 
=< 4 %o o% 
subgroup generated by G and G.. Obviously G =G ei pt IO 
ay % % Sp or 
that 9 = %- Suppose now that p(b) € p(F. ) NA p(F.) and bé€EF_, 
% oF % 
Then for some a € 1, ab € Fy ; that is, Fy A oFy #97. Let 
if i 0 


Bis G contains the 


-l ' 
#' (g) = ap (g) ge (a een or se ee sO 9, = ® and 9 % %. 


As a corollary we have 


* 
A.7. Lemma: If F «M is the fixed point set of the graph 
2) 


Gyr then BF ey ia) os #9 if and.oniy if 6 € Ty: 


A.8. Lemma: If ae is path-connected, then ed, is a full 


path component of the fixed point set of (G,M). Furthermore, p(F,) 


may then be identified with F ar 


——— 
eee 


Proof: Choose ab € Fy so that =. Let c(t) be a path of 
fixed points issuing from p(b) in M. There is a unique covering 


Pati ee (E)) in M* issuing from b. Now for any element 


Gee 


(p(g),g) € Ca the path m(g)(gC(t)) issues from b € Fy! also, and by 


equivariance still covers c(t). By uniqueness, ‘elaicyey, (Ele) a 

Thus p(F_) is a full path component in) Mes) Samee soe = eo leone fe Jal 
ce) 

BE Ty we may identify the quotient Fn "Wp with the image of Fo 


under the covering map p : M™ = M, 

More generally, if Be is not connected then each component Maps 
onto a component of the fixed point set in M. If Boe! denotes a 
component of F containing b then pes, S Ea denotes the invariant 
subgroup on gee) The image of Ete) can be identified with 
F (b) 7/7, (b). 


An immediate corollary of Lemma 8 yields 


A.9. Lemma: If each ro is connected then the set of path com- 


— eee eee Llyn 


subset of geometrically realizable classes of a tG:n) , and ds 
can be identified with the image of Py in M. 

We intend to apply this result to two cases: G is a finite p- 
group and the universal covering mM has the oe GE an 
n-sphere or + is torsionless and M* has the 2, -conomolesy GE ra 
point. We shall also assume that M is paracompact and has finite 
dimension over a so that we may apply the Smith theorems [2; Chap. 
n 


4]. In the first case we shall say M* “, Ss 


p 


and in the latter case 


we shall say M vo BS pele) ve 
P 


A.10. Theorem: If (G,M,x) is the action of a finite P-qroup on 


‘ * n : 
an M % K(n,1) (respectively, M “oe S', with n _and p odd), then 


Z 
the set of components of the fixed point set of M are in one-one 


~§9— 
correspondence with Bo tGen) (respectively, the set of geometrically 


realizable classes of ee (Gyr)), and H*(im F 32Z ye 


H"(F /T 32) ~ H(T3Z ) (respectively, H” (im(F,) 72.) = 


<3) on y= e P 
* , n- * ; 
H Fy /T9%%,,) oe H AP gt) for dimensions < n-2k. Furthermore, af 
fs Sine te, re has periodic p-period which divides (n-2k) + 1. 


Proof: By the Smith theorems each crossed homomorphism #: G> 7 
is geometrically realizable and H” (FyiZ,,) cv H" (ptiZ.), (respectively, 
H” (F7Z,) ay Be (Sah ea.) for the which are geometrically realizable. 
The periodicity is well known.). 

There is a possibility when dealing with 2-groups, in the "spher- 
ical" case, that ri May be exactly two disjoint acyclic components 
whose projections to M do not intersect. If one is willing to regard 
such an image as a single "component", then A.10. holds, in this modi- 
fied sense, for 2-groups in the spherical case. 

As a rather non-standard example of a manifold M with 
M Vo s™ one may take a manifold M which fibers over a manifold Y 
with et a manifold xX and where either the fiber or base is aspher- 
ical and the other manifold is covered by a sphere. 

For simplicity of exposition we shall restrict ourselves now to 
aspherical manifolds, that is manifolds which are K(n,1)'s, and mani- 
folds covered by the sphere. 

We now point out two of these results which were relevant for the 
actions on K(z,1l)'s considered earlier in the paper. 

Of course the theorem was used in the proof of 3.1. Also in the 


alternate version of this key step in 3.1 we referred to [5; 6.2] 


which can be stated as follows: 


AW. Propositions Let (G,M",x) be an effective action with 


fixed point x of the finite group on the closed aspherical manifold 


mM”. Then the induced homomorphism 86 : G + Aut (1, (M",x)) must be a 


270= 


monomorphism. 


Proof: Let K be the kernel of @ and H _ any p-subgroup. 
Consider the action (H,M,x) and a be any component of the fixed 


* * * 
i : % a H 7Z = 
point set. By the theorem H eae H ae By Ry (1 #0 


H* (M"; 2 Ne lke mM" is orientable then this says that dimension 
F =n and consequently as a must be a closed cohomology sub- 
i) 
n ; 
manifold it must be all of Mm. Hence; H = e.' If -M were not orien- 


table one may lift the action of H to the orientable double covering. 

In 7.2. we claimed that any action of Zon M(1) would have 
exactly two circles of fixed points. This now follows from Borel's 
theorem, A.3. and A.8. 

There is a result analogous to Proposition 11 for manifolds 
covered by spheres. The following is a sample. Let 71 be a group of 
Nevype I," © = faybla” =Ml, bo = 2; bane = a ee S eS 
(n(r-1),m) = 1. This is the fundamental group of a manifold of con~ 
stant positive curvature. Let p be a prime divisor of m. The p- 
period of 1 is therefore 2d = period of om by a result of R. Swan. 
Let M be a closed manifold of dimension 2d - 1, covered by the 
sphere and with fundamental group 71 (it exists). Let G bea p- 
group operating effectively on M and with fixed point. Then the 
representation 6 : G + Aut (7, (M,x) ) must be a monomorphism. If not, 


let K be the kernel. The group action of K can be lifted to the 


2d=-1 : : 
sphere S and has as fixed point set os a cohomology sphere 
over 2, ob dimensions 2d—k) = lee hurthernore, De — 1 ee Sees etn 
variant by 6. Thus Ey" = FCM has dimension 2(d-k) = 1. This 


also says that the p-period of 1 must divide 2(d-k) which yields a 


contradiction since G was assumed to be effective. 


Abelian fundamental groups: 


We shall examine the case 7, (M,x) =n, “abelian Themgnoup 


=] < 

Tot is independent of the crossed homomorphism # : G+ 7 since 
BE ly if and only if @(g) = 8 - g,(8) + (gq), all G.GaGe “Thus, 
ly is always the subgroup of invariant elements in rr. Furthermore, 


1 : ; 
H’(G;7) is the first cohomology aroun. 


A.12. Corollary: If (G,M,x) is a finite p-group acting on an 


— ——— — tC tit— 


If 7 is finitelv generated (respectively, the elements of 1 are 


divisible by the order of G) then the fixed point set of G has fi- 


nitely many components (respectively, exactly one component). 


Proof: If s+ is finitely generated then it is a free abelian 
qroup with rank 7 < dimension M. Hence H+ (G:7) is finite and there- 
fore the number of components of the fixed point set, order matey. 
is finite. If the elements of 1 are divisible by the order of G, 
then H (G55) = 0. Of course, [. 


9c 7 is a torsion-free abelian group 


With “rank” {[T.}) < *rank™.{n). 


0 


Ais, COrottarys: «Get (2, Mx) be an action with fixed point. 


Let p be prime, 7 (M") vu Z.. and M covered by the sphere. Then, 
there exists k < p components of the fixed point set Cyr Career Cy 
of dimension Nyrese sys Furthermore, H™ (Cy 72.) ny H(z VAL) - 

, pk 

ta n,, and n-k+1= el ny. 


This corollary has been proved by C. T. Yang, J. C. Su, J. Pak, 


and G. Bredon. Since Z., > Aut 2 must be trivial 2 ° 2, = coi x Z., 
“hd ch acts on Ss. The number of components of the fixed point set is 
bounded by the order of H”(Z,72,) = Za The formula of Borel [2; p. 


175] now allows one to obtain the expression for the dimensions. 


a ys 


Induced representations which become trivial in Out 7: 


Let (G,M,x) be an action with fixed points of a finite group on 


a space. We shall assume that the representation 
6 : G > Aut 1, (M,x) 

has trivial image under the homomorphism 
Moe utes (ap) OWE Gm) 


(This will always be the case if each homeomorphism ¥g > (M,x), > (Mosc) 


is homotopic as a map to the identity. In particular né@ is trivial 


if (G,M,x) can be embedded in an action of a path-connected group on 


M.) 
A.14. Proposition: The center Ce 7, (M,x) is contained in va 
for every crossed homomorphism # : G + 7, (M,x). If M is aspherical 


and G is a p-group then each component of the fixed point of (G,M) 


eee ti 


has dimension greater than or equal to rank (C). 
Drooks (Since ne) 2S) Eruyial 
a(g) (a) = gyla) = 8 a Bt ; 
g g 
thiake Sh, Bes is unique in 1/C, where C is the center. Clearly, 
g,(a) = a, for all a €C, g €G. Hence we have, for all a €C, 
- -1 
~(g) = a~(g) g,(a ~) = wlg). 


Since each component of the fixed point set of (G,M) has the form 
Eee when M is aspherical and G is a p-group, we have 


GPE alien) > wank (€).< 


=~9S5 
Cyclic groups: 


If G=gZ k is a cyclic group then there is an alternative de~ 
eae i 
Seriptlen of CA Ki™) analogous to the 7m abelian case. Choose a 
generator T €Z k and let T, be the automorphism of 1 correspon~ 


ding to T. Consider the set of elements 6 € 17 satisfying 


om 
Stott) as. T, US) = 6 et 


This set is in one-to-one correspondence with crossed-homomorphisms 


©: Z k 7 7 That 1s, given such a 6 € 7 and 1 ce es p< set 
(T") =e San UC) ney ae i Fy a5., Correspondingly, if we are given a 
crossed homomorphism, @, we take 6 = m(T). Naturally we say 56 % 84 
if and only if there is an a € am with Say a6,T, (a). The set 
H+ (z Ki) is then the decomposition of the set of all 6 €7 satis- 
Fates 

er 16) ts per 4 =eé€n 

* * 


with respect to the indicated equivalence relation. 
An example may be constructed as follows. Fix a prime p> 2, 


induce the curve SC CP(2) by 
fe Pp Pp pe 
Ss = {[Z11257241/24 + Z5 ~ Z5 0: te 


With A = exp(27Ti/p) we define T on S by T(Z, 125123] 
[AZ 125723]. The fixed point set consists, since p is odd, of the 
points O,-Ee Ve Accordingly HY (Z, 974 (S)) has exactly p- 


elements and for each crossed homomorphism @: fe > mS) the subgroup 


i Ls) ExEVial. 
ise) 


If we refer back to Lemma 3 we see 


Robs. corollary: Let (2, Mem) be a cyclic group of prime order 
acting as a group of homeomorphisms on an aspherical manifold with at 


least one fixed point. The components of the fixed point set are in 


————- 


STi 


From Lemma 1 every non-trivial finite subgroup of 7 o a is the 


graph of a crossed-homomorphism bes + 7. We then use Lemma 3. 
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CENTRALIZERS OF ROOTLESS INTEGRAL MATRICES 


Red Koch ancdaG weal 


Louisiana State University 


. INTRODUCTION 


In this note we present the construction of two compact eonnected 


4-manifolds without boundary, M, and M, 5 SAatiaryine: 


(t) ™M is orientable, and the only periodic homeomorphisms of 


al 
My have period 2 , and these reverse the orientation. 
(2) M, is non-orientable, and the only periodic homeomorphisms 
om My have period 2 
(3) M, and My have contractible universal covering spaces and 


centerless fundamental groups. 


The construction depends on the following result of A. Borel [2]. 


If M is a compact connected manifold without boundary whose 


universal covering space is contractible, and the center of 7,M is 


al 


trivial, then there is associated canonically to every effective ac- 


tion ef a finite group G on M, an embedding of G into Ontix),. 


Let » be an automorphism of the 3-torus ~ 3, and regard G 


as an element of GL(3,Z) . We construct M from T™ x [O,1) by 


O11 
Last 


identifying (t,0) with ((t),1) . We present “(e2) and will 


establish the following: 


@ and I-~ are non-singular. 


cll 


) 

) does not have finite order. 
) @ is not conjugate to 

) 


C(p)/(~) haS torsion subgroup Zy » where C(p) denotes 


the centralizer of » in GL(3,Z)., 


This work was supported by the National Science Foundation. 
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=(PFn 


By results of P. E, Conner and F. Raymond [2], (1) and (2) imply 
that Out(14M) ~ N(@p)/(~) , where N(»~) is the normalizer of ~ in 
GL(3,Z) , and also M has a contractible universal covering space, 
and 7M has a trivial center. By (3), N(p) = C(p) , and it fol- 


lows that M satisfies the conditions for M if det m=1 


l y Paticl 


her My if det m = -l 
We are indebted to Professor P. E, Conner for pointing out these 
facts, and for bringing the problem of determining ~ to our atten- 


tion, We also thank Professors AH. Clifford and L. Fuchs for several 


valuable suggestions which shortened our original arguments. 


2. A CLASS OF ROOTLESS MATRICES 


evi 


We will show that A) “fon is rocélesd. in» GL(3,2) 4 1.6%, 
aa. 


B" = Ay 18 not satisfied with m>i,me¢éew. The proof can be car- 
ried through almost as simply for matrices in the class @ defined 
as follows: @ consists of those matrices in GL(3,Z) with deter- 


minant -l whose characteristic roots X1sX5sX2 satisfy 


Say al a ees he fe oe ee X3 


1! 


For <A ¢ GL(3,Z) with det A=-1, let the characteristic polyno- 
wield He «f(x) <=<>+ ax” + bx +1. (In the case of A, , a= -2 and 


=Je % = .54 , (= 22.25. approximately.)  Wernete 


S) 

(I) @ is closed under odd integral powers and odd integral roots. 
This follows from the fact that the mappings x%° x* and 

ut gk are order preserving for k odd. In the case of odd roots, 

the characteristic roots are again all real, by a consideration of the 


Jordan normal form, 


(II) Aecw#acb<0, a,b integers, and det A= -l 


Proof,, Suppose A¢C@, and visualize the graph of y= f(x) 2 Byi- 


dently f(-1) = a-b <0, f(1) = atb+2 <0, and it follows that 


298 


-8 = Xj tXotK, lies in the interval (XX) , Hence  f(-a) =d-ap < oO; 


so ab>il1. Thus a and b are both negative, and it follows that 
By <i <0 
Conversely, if A €.GL(3,Z) , det A= -1 4, and. a < ) <,0., =ahen 

€(cl) Sa-b < Gay” (0) = 1... and 2( 1) =yarbte a (Olas Hencey 

= = Cie ea) — 
SIG xe 505 x < 1K ee Also Xj, +X,+%X3 a an (-a) 
= i cel <@ 5 sO X,+X, <<GO We Cl eA Cae rn ‘i 

ee ke k 

(iI), Tho Bre C1; ki) vodcd; kand 08 = (hy enews at 


Proof. We note that T, = [x3] . Let the characteriatic rooes of, 7s 
bE Yys2Vo2V3 » with vi =X, 3 then Tf, = [y3] a eee 

tee m (1+y3) » 80 Ty = Pye < (1+y)* Hence a & 1+y3 > 8O 
pt, g [1+y2] =e [y3] =1+T, . Second, [ys] < ¥z35 80 
Gels K< re . Therefore ik = iets q eal a Ty ae = < ha : 
and T, < pre 


Theorem 1. If AeéC and trace A<¢ 7 then A has no integral roots. 


Proof, let A€C,; kK €-w , and suppose B € GL(3,Z) satisfies 
BS =A. Note that k must be odd, since det A=-1. Thus by (1); 
Bac Ce. Len une eharaguerisuuc, polynomial ot Bape x7 +p) x°4p x4] 


By (11) 55 Pao Pe <0 1 a0 “py, pre. By qTIE) os tFiesiis ae 
L7k 


if Wigs 1) Weyees, 26 “Py SEC” ] = ly for ei oS A Sie pAb Kier 
INO! WOCMEE 
Note 
-l 


(cb) £1f. Ay «ie: POOtLesS. eo tsk 


(2) If A (of odd order) is rootless and has real characteristic 


roots, then -A is rootless, 


Proof. (1) is obvious. To see (2), suppose pent a ein ake R Sula. 
ek 

Then (-3B)°*1 =a, a contradiction. If Be*=-a, then det (-A) 

=1l, 80 det(A) = =L . Thus, A has a negative characteristic reot, 


but the characteristic roots of Bo ehigiag SHI yohehsabie ae.) I contradiction, 


-79- 
3. THE CENTRALIZER 


We denote by C(A) the centralizer of A in GL(3,Z) 


Theorem 2. If A is a rootless matrix in GL(3,Z) with distinct 


real irrational characteristic roots then C(A) w (A) x (-I) XN, 


Se 


where N is free abelian, and rank N <1. Thus, the Torsion sub- 


roup of C(A)/(A) is isomorphic with Zo 


Proof. Since A has distinct characteristic roots, the rational ma- 
trices which commute with A are the rational polynomials in A, 
ae CQ (A) = Q[A] [1, p. 282] . Let p(x) be the characteristic 
polynomial of A. Then p(x) is irreducible in Q[x] , and we have 
CQ (A) = QA] x aca is a field. Let I denote the ring of alge- 
braic integers of Q[A] , and let U be the group of units of I 
Then C(A) ©U, and by Dirichlet's theorem we have Uw Zi XZXZ [4]. 
Thus C(A) is commutative and finitely generated, with torsion sub- 
group (-1L) . Let c, (A) be those elements of C(A) with determi- 
nant 1. Then C(A) * c, (A) - (-L) (direct product). Further 

c, (A) is free abelian with rank <2. If det A= 1, ‘then since 
A is rootless in c, (A) it follows that (A) is a pure subgroup of 


c, (A) » and hence is a direct factor [3]. Thus C(A) = (-1I)-(A):N 


Ml 
~ 
7 


(direct product). If det A= -1, then det (-A) and (-A) 


satisfies the other assumptions on A. Thus (C(A) 


Il 
Q 
I 
i 
— 
ll 


= (-I)°(-A)-N = (-I)-(A)-N , and the proof is complete. 


4A, SUMMARY 
OO1 
As we have shown, the matrix A, =(0ll) satisfies (4) of the 
Alaa 
introduction. It is readily seen that (1),(2), and (3) also hold, 
‘thus the manifold M, exists as claimed. To construct M, we con- 
sider the matrix “Ao , whose determinant is +1. ‘Metsavigl, Telos jehatoys 


perties (1),(2), and (3) are easily verified, and (4) follows from 


Theorem 2 using the fact that -A is rootless. Some other matrices 


-80- 


=] 
A such that C(A)/(A) has torsion subgroup Z, are A, -(2 0 i) 


CRPe 1G 
Woe: b a 
and Ay -( eae Here det Ay = I 7 ehiarel Ay has one positive 
O20 


real eigenvalue, and 2 negative real eigenvalues ; 


det Ay =  ekavel Ay has one positive real eigenvalue, and two 


complex eigenvalues. In this case we obtain C(A,)/(Ag) w 2, 
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MANIFOLDS WITH NO PERIODIC MAPS 
———————— See eee ee eee 


by 


P.-E. Conner 
Louisiana State University 


Frank Raymond and Peter J. Weinberger 
The University of Michigan 


This paper is a sequel to Manifolds with Few Periodic Homeomorphisms 
[2]. We shall construct in §9 and §11l closed connected aspherical manifolds 
which admit no effective actions of any non-trivial finite group. The dimensions of 


these\examples.will be 7,11, 16; 22, 29 and 37; 


In 88 we shall construct, for each dimension n+1> 3, closed aspherical 


: nt } 
manifolds N for which only the group of two elements, Z, among the finite 
groups, acts effectively. The fixed point set must be 1-dimensional. For 
n+l : 2 
nL S13, N can be chosen orientable. Consequently, N ™ admits no orien- 


tation preserving non-trivial periodic homeomorphisms. 

Basic for our constructions is the determination of the centralizers of 
certain ''fundamental'' matrices, ©, in GL(n,Z). What is desired is that the cen- 
tralizer c() of ) be a finitely generated abelian group whose only torsion ele- 
mentis -I, Furthermore, the matrix Ci) must generate a free summand of c() 
and so the quotient group, C(O) by the group generated by g, will be torsion 
free except for a Z, summand generated by -I. Now those matrices in Mat(n, Q) 
which commute with 0) may be identified with a certain number field Q(\). The 
group c(g) may be identified with a subgroup of the group of units of the ring, R, 
of algebraic integers sol this field and ® itself should be a fundamental unit of R. 
This is treated in §2. A list of such matrices in each dimension is given. 

To produce not 6) we select, as in[ 2; §7], a homeomorphism, with 


; n 
fixed point, of the n-dimensional torus, T 


eT > T 
so that 


Bert, Fi tl aX) 


The three authors were supported in part by the National Science Foundation, 


282. 
is the automorphism De GL(n, Z). We form the mapping torus 


1 n n+l 
R XqyT =N (QD) . 


By insisting that det(I- ) = t1, wecan, by using the results of [2 ], show that 
(i) n(n") has trivial center 


Gi) Out 7 ("Gy wa,. 


Since n™t! 6) is a closed aspherical manifold, Borel's theorem implies 
that any effective finite action must be an involution. 
For n+l =4, this part of our paper overlaps with the paper of Rasy sKoch 


and G. Pall in these Proceedings. 


The descriptions of the closed manifolds M with no periodic homeomorph- 
isms is more complicated. But, justas the construction of n™*1 ) is modelled 
after our [2; §7], the construction of M is a generalization of [2; §8]. We pro- 
ceed as follows. Let N=Z and V = N@rR! = IR’. On the cartesian product 
G= te (V) XV. we introduce a Lie group structure by 


> » 


(2,0): (8, 7) = (@+B+tay, B+%). 


Obviously there is a discrete subgroup tT = a“(N) *N<cG and the homogeneous 
space G/n is a closed aspherical (n° +n)/2) -manifold with fundamental group 
7. The automorphism group, Aut(r), is shown to be a semi-direct product 
Hom(N, A” (n)) © GL(n, Z) where the left action (GL (ier Za ys Hom(N, A“) is given 
by @'(h)(v) = A“ @(bO"* w))) and where $¢GL(n,Z) and h:N—> AMON) isa 
homomorphism. The outer automorphism group, Out(r), is also described and, 
significantly, this has a trivial center. 

Anelement (h, $) « Aut(1t) extends to an automorphism of G under which 
7 is invariant. Simply extend h toa real linear transformation h: V—> A“(v), 


note that GL(n, Z)c GL(n, R) and then put 


2 “ 
(@, t)—> @ (D)@) +h), Oe) . 
This automorphism of G will induce a homeomorphism U: G/t —> G/n which 
leaves ec G/n fixed. Furthermore P,: 7, (G/n, e)= Tt (G/r, e) is just the ele- 
ment of Aut(rt) with which we began. We should note the analogy that elements 


of Aut(r) are represented by homeomorphisms of G/q just as elements of 


GL(k, Z) are represented by homeomorphisms of a k-torus, 
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A closed (aa +n+2)//2-manifold M is constructed by forming the cylinder 
IX (G/r) and making the identification, (O,y)~ G, Bly). that is, forming the 
mapping torus of the map §. The resulting M fibers over s! with fiber G/r 
and structure group Z. The fundamental group ™, (M) is the the semi-direct 
product te Z formed with respect to the automorphism (h, o) ¢ Aut (r). 

If ® has infinite order in GL(n, Z) and det(t - A“ ()) ‘det([-@) #0 then 
nm °Z=L has a trivial center and n isa characteristic subgroup. Thus the pro- 
cedure in[2] can be applied to study Out(L). It turns out for n= 3 that if 
det(I - es (>) * det(I- ) = ¥1 then Out(L) is isomorphic to a certain subgroup of 
the quotient C()/(O). Here c(d)c GL(3,Z) is the centralizer of @ and (D) 
the infinite cyclic subgroup generated by ®. The subgroup of C()/ (d) to which 
Out(L) is isomorphic depends on the homomorphism h:N -—> ae (N). With only a 
few listed exceptions (see §11), it is possible to choose h so that the image of 
Out(L) misses the element of order 2 in C()/ (9g) represented by -I. On the 
other hand, itis not uncommon to find that C()/() is an abelian group whose 
only element of finite order is that represented by -I. In fact, in addition to the 
list for all dimensions in 2.12, we give in §11 an infinite list of matrices in 
SL(3, Z) with exactly this property. About half of these matrices in SL(3, Z) can 
be chosen with all positive eigenvalues. This enables us to show (§10) that the 
corresponding mM! can be constructed as closed aspherical solvmanifolds. 

The cases where at most one real eigenvalue exists yields we with 
Out Gm’) = 0. This means that every self homotopy equivalence ot M as free- 
ly homotopic to the identity. Interestingly enough there are self homotopy equi- 
valences on uM! (and/or homeomorphisms) all of whose powers are never homo- 
topic, through base point preserving homotopies, to the identity. 


Good choices for ) e SL(3, Z) are 


where 
2a +3 is prime 
and a = 1,2)3 (mod 5) or a= 1,2,3,6 (mod 7) 
iS 
and ja+3|> 3({a| +2) 


If a> 5, then we get examples of closed solvmanifolds with no periodic maps, 


On 


The matrix 


cles th 
yields an orientable closed aspherical M_ with Out 7, (M ) = 0. 


In all dimensions it really appears necessary, in our approach, to make an 
additional computation to show Out(L) is isomorphic toa subgroup of C(®)/ (D) 
which misses -I. This takes the form of showing det(I - ®') is odd # +1, where 
@' is an automorphism, Hom(n, A” (nN) > Hom(N, ie (N)) and defined by 
' (h) = A“ (6) ohe o" This condition in dimension 3 simplifies to just avoiding 
several values of trace (0). (These are the listed exceptions mentioned above, ) 

In higher dimensions the computation of det(I- $') and det(I - < (G)) are made 
in terms of the eigenvalues of @ onan electronic computer. Clearly we could 


have investigated many more dimensions than those listed in §7. 


We also would like to mention that Edward Bloomberg, in his doctoral 
thesis, has constructed orientable closed 4-manifolds on which no finite group can 
operate. These manifolds are obtained by taking the oriented connected sum of 
distinct closed aspherical manifolds B(k)#B(k') =B of [2; $8]. They are not 
aspherical and the proof that they admit no action uses some different and inter- 


esting techniques. 


2. Fundamental matrices in GL(n, Z) 
For the constructions to be employed in the remaining parts of the paper 


we shall require matrices @ in GL(n, Z) satisfying: 


pas det(d) = +1, 

are det(I- 6) =t1, 

Bes for no beGL(n,Z) isddp =O 7 , 

2.4 the only elements of finite order in c(i), the 


? 


centralizer of ) in GL(n,Z), are tI 


2.5 for no JeGL(n,Z) andno k>1, is O@= ty 
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A matrix } satisfying (2,1),..., (2.5) will be called a fundamental matrix 
in GL(n, 2). 


If the eigenvalues of $ are distinct, and the characteristic polynomial of 
ob, f(x), is irreducible, then the above conditions are implied by certain condi- 
tions on f(x) which are derived below. These conditions are not all necessary 
conditions, 

Henceforth let f(x) be a monic irreducible polynomial with integral 
coefficients. Let its zeros, which are necessarily distinct, be hiedos see ro 
Assume that f(x) is the characteristic polynomial of . Clearly, (2-0) ama) (Zien) 


are equivalent to 
2.6 £(0) = {-1) (+1). 
a:% fl)= Ti- 


Now the characteristic polynomial of vou! is f(x), while that of o! is 
A 
TH (Ed; = (-1)"x"£(1/x)/det(). Hence, (2.3) is implied by 
‘ 


2.8 f(x) # x. £(1/x)/£(0) . 
If 
n n-l n-2 n 
9 od hemi aa epee +to,x sea (ll) are 

then 

o 

(-1)"x"£(1/x) / det(p) = x £(1/x)/£(0) =x - <a: ee ee -*. * 
n n 


Thus, (2.8) can be checked by looking at the coefficients of f(x). 


Since the d, are distinct, a result of linear algebra [3; p. 107] says that 
the only matrices (with rational coefficients) which commute with i) can be 
written as polynomials in Q. Since £() = 0, each polynomial may be taken 
‘ modulo f(x), and so may be taken to have degree less than n. Further, this 
representation is unique, for if g() = h(Q), then g(x) -h(x) = f, &) has degree 


less than n, Since £,(®) = 0; f () = 0, Hence we have a ring isomorphism: 


Z() = centralizer (D) in Matrices (n,Q) —~> Q(x] K(x) : 
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given by 


b = g()) ————> g(x) modulo f(x). 


Since f(x) is irreducible, (f(x)) is a prime ideal, and so Q(x] / (£(x)) isa 
field which is isomorphic to Q(\), where \ is any zero of f(x). Hence we have 


an isomorphism, a, of fields 
2.9 a: Z(0) ——> Qf) 


given by 
& = g() > a(¥) = gQ). 


Since this is an isomorphism, the minimal polynomial of | in 
Matrices (n,Q) must be the same as the minimal polynomial of a(f) over Q. 
Now if be C(O) = Z(O)NGL(n, Z), then ie; « GL(n, Z) and their minimal poly- 
nomials both have integer coefficients. Hence both a(J) and ae = a(l) are 
algebraic integers. Therefore a(J) is a unitin the ring, R, of integers of Q(). 
Hence C(@) is isomorphic with a subgroup of the group of units of R. Let ry) 
be the number of real zeros of f(x). Then Dirichlet's unit theorem [1; p. 112] 
says that the group of units of R is isomorphic with Ni AW, where J is an in- 
finite cyclic group and W is the finite group of roots of one in R. Here 
re (n-r,)/2 -1. Therefore (2. 4) will hold if 


(a MG) Q(\) contains no complex roots of one. 


The isomorphism in (2. 9) shows that (2. 5) is true if 
: : + _k 
there is no BeR with o(f)= [pg for k>1. 


It is convenient to use a stronger condition. If there is sucha 8, thenitisa 

k : ‘ oa 
root of f(tx ). Since Be R, its minimal polynomial over Q must have degree 
dividing n, and this minimal polynomial must divide amity 


Hence (2.5) issimipliedsby (25 11): 
a il SEE: : 
(ag Ml Porall KS 1° 3(7 x3) is irreducible, 
We now give examples of polynomials which satisfy conditions (2.6), (2.7), 


(2.8), (2.10), (2.11). For the rest of this section let f(x) refer to one of the 


polynomials in the following list. 


Hess 
<i =o] 
roa 
Zz iz Sa tened 2) ke eel ae a kl 
= ine 8) n 
n = 2 (mod 6) 2 See, aa en We Wa >, tae Soe aul 
n = 4,0 (mod 6) =e | x +x-1 


Note thatif n>2, we have both signs for f(0). It is clear that conditions 


(2.6), (2.7), (2.8) are all satisfied for these f(x). 


(2.13). Ljunggren's theorem [4]: Let g(x) = x tex te! with 


d= ged(n,;m), m =m)d : mice de = 51, e'=t]n>2m. Then 


g(x) is irreducible unless mi eA = 0 (mod 3) and one of the fol- 


lowing three conditions holds: 


n ™m) both odd and ¢« =1; 


l 
ny even and ¢«'=]; 
m, even and ¢' =e. 


This theorem may be applied to show that all of the given f(x) are irre- 
ducible and that condition (2. 11) holds. 

If f(x) has areal zero, \, then obviously Q@(\) is contained in the real 
numbers, so it can contain no complex roots of one. This simple observation 
shows that (2. 10) is true if n is odd or if EO RAO 

Hence we will have shown that any matrix o) whose characteristic poly- 
nomial is one of the f(x) given above satisfies conditions (2.1), (2.2), (2. 3), 

(2. 4), (2. 5) when we have shown that (2.10) is true for n = 2 (mod 6), 
££) = oe +1 and n =4,0 (mod 6), f(x) = x -x+l. These two cases will also 
be useful in constructing certain orientable manifolds later. 

Suppose now that Q(\) contains a primitive p-th root of one, 7 for some 
odd prime p. Now every norm from Q(\) must also be a norm from ON By 
‘a standard theorem on cyclotomic fields [1; p. 327], each such number must be 
congruent to either 0 or 1 modulo p. In the cases under discussion, 

f(-1) = norm (-1 - a(O)) =i, eS Onipie oe Ln Q(o,), the principal ideal 
(3) = ey +1), so that (3) must be the square of an ideal of R. Bya standard 


result in algebraic number theory [1;p. 203], this cannot happen if f(x) has no 
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multiple factors considered as a polynomial in F, [x] , where FF. is the field 
with 3 elements. In any field, this condition can be checked by showing that if 
g(x) = gcd(£(x), f'(x)), then g(x)=1. In the first case g(x) must divide £N (Gx); 


-1 


which is 2x in F(x]. Hence g(x) must be a power of x which divides 


f(x), so g(x) = 1. In the second case, if n = 0 (mod 6), then g(x) must divide 


n-l 


PNG), whieh is" 5c (== Et F(x], so g(x) =1. In the remaining case 


-1 : sig 
g(x) must divide f(x) -xf'(x) = ete -x(x" -l)=1, This contradiction com- 


pletes the discussion of the given f(x), Thus, in particular, ® is a fundamental 


Sy) he gnoOup a, 


Let N= Z bea free Z-module of rank n, andlet K=NAN be the 


2-fold exterior product. Define a group extension: 
Se re 
with multiplication in 7 given by 


(2, u)(6, v) = (eric Uh Vittce Ve a 


(3.1) Lemma: The center of mn is the subgroup K 


Proof: (a@,u)(B, v)(-@, -u) = (B +2uav, v), hence (a,u) is in the center if 
and only if 2uq~ v =0 forall ve N. Hence u=0, which implies that K is the 


center of fT. 


Because K is the center of 7, it is a characteristic subgroup of 7, and 
any automorphism of m restricts toan automorphism of K. The projection from 
nm to N induces a homomorphism Aut(r)—~> Aut(N). For each he Hom (N, K), 


let a, ¢ Aut(r) be given by 
0, (@ 4) = (e +h(u), u) ‘ 
(3.2) Lemma: The map hit > oF makes the following sequence 
exact, 


1 —> Hom (N, K) —> Aut(r) —> Aut(N). 
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Proof: Exactness at Hom(N,K) is obvious. comes 
o« Ker (Aut (r) ——— Aut(N)). Then c(e,u) = cle, 0)o(0, u) = a), (hn ( (u), u) 


= (s(2) +h oft) u) for some h:N-—>K, not necessar ily a homomorphism, Since 


re Chea we see that 
g(a@+Btuav) th (utv) = c(a)+o(B) th (u)+h (v) tu,v . 
o o oO 
consequently, 
o (u,v) -upv = h (a) +h (vy) -ho (a tv). 


This equation has an alternating function on N XN equal to a symmetric one, so 
both must be zero. Therefore the restriction of « to K is the identity and 


= ¢ Hom (N, K). 


Let fe., L<i<nt be a Z-basis of N, so that fe ye., L<i<j<n} is 
i a a — — 
a Z-basis of NAN =K. Thenany Qc Aut(N) induces an automorphism dA® of 
K, determined by ON Ole, ,2@,) = Ole)a Gre.). 


Now we can define a seca: eee > ENG) 5 a) => my where 
eae a= (OrG(e), Ou) . 


It is easy to see that this map splits the exact sequence of Lemma 3,2, so that 


the following sequence is split exact: 


as 
ea te (IN) 


This makes Aut(mr) naturally isomorphic with the semi-direct product 
Hom (N, K) ° Aut(N). 
We need to know how Aut(N) acts as a group of automorphisms on 


Hom (N, K). If co) « Aut(N), write the induced map as pb: Hom (N, K) —> Hom (N, K). 


(3.3) Lemma: o' (y= Ord oh opr where © represents 


composition of functions. 


Proof: Write o<Aut(r) as o = (h,@) with he Hom(N,K), G< AutQ). 
Now (0, ©) © (h, 1) = @'h), 6) = @'&), 1) © (0,4). Hence (0, g) o (h, 1)) (@, u) 
(0, &) (w@+h(u),u) = @qb(ethu), ). But (@'(h), 1) © (0, $)) (@, u) 
(6' th), ) Gnd), Gea) = Gade) +H'(Pta)), Qu). Hence, 
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DAP) = O'h)(Gu)), for all uek, 


which yields the lemma. 


We turn our attention now to the outer automorphism group, 


Out(r) = Aut(m)/Inn(r). 


(3.4) Lemma: The map N-—> Hom(N,K) ° Aut(N) given by 


uF (h ,1), where h (v) =uAv, is an injective homomorphism. 
u ——<———= 6 eee 


Proof: It is trivially injective, and trivially a homomorphism. 


We regard N asa subgroup of Hom(N, K)° Aut(N). Note that the action 


of Aut(N) is given by '(h) = BB ia)’ 


(3.5) Lemma: Out(r) is naturally isomorphic with 
hom (N, K) ®° Aut(N), where hom(N,K) = Hom(N, K)/2N, regarded 


as subgroups of Out(r). 


Proof; Since (0,u)(e, v)(0,-u) = (etZuapv, v) = h, (ev); Inn(r) is 


isomorphic with 2N. Hence Out(r) is isomorphic with Aut(1)/2N, and this is 
isomorphic with hom(N, K) ° Aut(N), since (h, o) «e2N if and only if i) = Wand 


h =h for some ueN. 
2u 


4. 0 Ong, O 


We have Qe Aut(N) = GL(n, Z). Henceforth, we shall assume that the 
characteristic polynomial of ®, f(s); =sdet (eal v- o), is irreducible over Q, the 
field of rational numbers. Let the zeros of f(x) in the complex numbers, €, be 

as Mn By assumption, they are distinct. 
Now, K is a free Z-module of rank k =n(n-1)/2, and hence K @C is 


a complex vector space of dimension k, and (PA®)@1 is a linear map. 


(4.1) Lemma: (@,6)@1 is diagonalizable over €, and the char- 
acteristic polynomial of OAD. Aut(K) is det(xI - Op ?) 


- inl (x-r.X,.) « Z[x]. 
l<i<j<n - 
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Proof: It suffices to show that (Da >) @1 has k linearly independent 


eigenvectors with eigenvalues Nd l<i<j<n, By assumption, p @®1 has 
j es ee 
distinct eigenvalues die mais ha sO we may choose a €-basis {u,, i <e n} of 
j ae 
N®C such that (#@1)(u.)=r.u., 1<j<n. Then fuau, leiej< nt isa C- 
ps piss = = 


basis for K@€, and (6, $)®)) (25,4) = AAA us 


Hom (N, K) is a free Z-module of rank nk, The induced action o' of 4G) 
was given in Lemma 3.3. There is a natural action b'® 1 on Hom(N®@C, K@C), 


an nk-dimensional complex vector space, 


(4.2) Lemma: >'@1 is diagonalizable over C€ and the character - 


istic polynomial of O: is 


n 
det(xI - 0’) sia Lk Ti (« - DAWA) 
sad alt 


k 
Proof: Let {u.} be as in (4.1). Define a basis {n, x Ih eke < Tal 
J ’ = a 


l<i<j<ny of Hom(N@T, K@C) by 


ee) 


eles 
i,j TF = 
0 otherwise 


k -l_k 
1 =A Xe oh &) This vields the lenamay 
Then ( Oh, =A AL y 


5. Centralizers in Out(r) 
We have Out(mr) = hom(N, K)°eAut(N). We shall use letters x,y,z to 


denote elements of hom(N,K), and write the induced action of wo) on 
x~¢hom(N,K) as §'(x). Let C(®) be the centralizer of ® in Aut(N). Let 
N() = {v< Aut(N): bog’ = ot. Similarly, write C(x,®), N(x,) for 
(x, ®) « Out(r). Clearly there are homomorphisms C(x, @)—> C(Q), 

N(x, ®) —> N(Q). Remember that f(x) = det(xl-@) has distinct roots, 


IN he, and is irreducible, 
n 


yr ere 


(5.1) Lemma: Suppose that (x, ®) « Out (r) and that 
f(x) # x"£(1/x)/£(0). Then C(x, >) = N(x, 9). 


=9?= 
Proof: It suffices to show that c() = N(). Suppose not, ie 
von” = e*, The characteristic polynomials are f(x), TE ) 
= eiyek “eel Prien Ys x £(1/x)/£(0), which is impossible. 
i i 


(5.2) Lemma: Suppose (x, )« Out(m, f(1) = det(I- ) = el and: 


that ie #i.., forall i, j, k, i#j. Then hom(N, K)nC(, 9) 
i pon eos een 
- {(0, 0}. Thus C(x,@) —> Ci) is injective. 


Proof: If (y, $)« C(x,®) then Ge C(P) and (y, h) @ (x, >) =(y +g"), J 06) 
x, 9) 0 ( y, ¥) te a (y), dog). Thus, 


3 (L- O')(y) = (- b')(&) 


In the case at hand, if (y, J) is in the intersection then §' =I and so 

ye Ker (I = o:: hom (N, K) —~> hom (N, K)) . Let h be a representative for y in 
Hom(N,K). Then (I1-@Q')(h) = ho for some ueN. Since det(I - ®) =f], there 
isa weN such that w - Ow) =u. Then itis easily seen that 

h - ha € Ker (I ~ O': Hom (N, K)—~> Hom (N, K)) , but by 4.2 and our hypothesis 
Ker(I-@!') is trivial. Hence h= by and so y=0O in hom(N,K). This com- 


pletes the proof. 


The next lemma follows immediately from 5, 3, 


(5.4) Lemma: Eo. ®) « Out(m) and 2x ¢ Image (I - 9') then C(x, p) 


contains no elements of the form (y, -I). 


The hypothesis of Lemma 5.4 can never hold when n=2, To see this, 


let N= Se. > ®<e,>, K =<e Ae,>. Now Hom (N, K) =<h, > ®<h,>, where 


en e, iy 2S 
a ad 0 if i +#j 
Then, 2N = < a ® < 2h,>, and therefore hom (N, Eo =z, ® %, which con- 
tains no non-zero element of the form 2x. 


The next lemma provides a usable condition for the last lemma to be 


applicable, 
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(5.5) Lemma: If det(I-@') is odd and not +1, andif £(1) = 1, 


then there isan x¢« Im (1 - Q': hom (N, K)) such that 
2x ¢Im (- $': hom(N, K) —> hom\(N, K)) . 


Proof: Write Hom(N,K) =N @B, where B isa free Z-module of rank 


nk-n, By the remark before Lemma 3.5, p' maps N to N, so I-@' does 
also, Write elements of N @B as ordered pairs (a,b). Then (I - ®')(a, b) 

= (a)+ T, (b), r(b)), where o, Ty) T are the obvious induced linear maps. If 

@ «N/2N, then (1-§)(e,b) = (Ca) + 7, (b}) (mod 2N), r(b)). Hence, if x= (a,,b,) 
then, 2x = (0, eb )e Im(I - O': hom (N, K) —> hom (N, K)). if and only if 

2b, F Im(t:B—>B). Now det(I - O') = det(c)det(r), But clearly o(a) =a - Q(a), 
so det(r) = det(I-®) = 71. If det(r) is odd, but not +1, then B/Im(r) isa 


non-trivial group of odd order, and so contains a non-zero element of the form 


2b. 


6. The group L 

For )G; >) « Outn = hom(N, K) °.GL(n, Z) we choose a representative 
automorphism a ©o.:n1—>n. By following the procedure in [2] we use this 
automorphism to introduce the semi-direct product L=1o0Z. We shall deter- 


mine Out(L) in many cases by using results from [2]. 


det(I- h)- det(I- 6a 6) #0. Then, 


(i) 7 is a characteristic subgroup of L, 


(ii) L has trivial center 


(iii) the sequence 


0+>K ENO, —> Out(L) ——> N(x, $)/ (x, 0) 1 


is exact, 


Proof: First we note that the commutator subgroup [r, n] = 2K. There- 


fore 


(r/[n,7]) @Q=N®QQ 


h 
apply [2; 4.1] to see that n isa characteristic subgroup of L. Next observe 


and o, o "6 induces 9®@1 on N@Q = H, (7; Q). Since det(I - ®) +0, we can 


=Gi= 


da 
that the restriction of «© OG to Ky athe centerh On fa) US Ka Lees inicie 


7° roe 0) =(@nP(e), 0). But det(@- GAG) #0 and (x,h) has infinite order 
in Out(nm) Therefore it follows from [2;4.7] that L has a trivial center. 
Now, [2;4.6] yields 


0—> H,(Z; K) > Out(L) > Nx, b)/ (x, 6) — 1 


which is the same _ statement as (iii) of the lemma. 


Let us now assume that the hypotheses of Section 2 hold, namely that 
the characteristic polynomial of Q, h(E) det (th — O), is irreducible over Q and 
satisfies (2.8). Then C(x, ) = NG; 0) by 5.1. To now choose x we assume 


the hypothesis of 5.5. 


(6.2) Theorem: Let the characteristic polynomial of De GL(n, Z) 


be irreducible over Q and assume that ® satisfies: 


G@) Cel). eas) 
(ii) det(I- O,d) = #1 
(iii) det([- ') is odd but not f1. 


ihen, xehom(N, K) can be"chosen so that the group ly —= 7 st 6) 
eoieaeies x, 
has trivial center and 

Out(L) = C(x, 6)/ (x, >) 


has no elements of finite order. 


Proof: We note first that a) is of infinite order. The centralizer 


c(o) ¢GL(n, Z) is isomorphic with a subgroup of the (abelian) group of units of 
the ring of integers in Q(X) where \ is some root of f(t) = det(tI - ). The 


@iarelnalerasy (We Wi oon (Zo 'D)) ahaajoily 


(a) C(P) = N(®) CGL(n, Z) is abelian, 
(b) the infinite cyclic subgroup generated by @ isa 
direct summand of C() 


(c) -I is the only element of finite order in C(Q). 


Since N(®) = C($) we have that C (x, ) = N(x, @). From 5.2, since (iii) 
holds, we have C(x, = C(g) is a monomorphism, Then this image does not 
contain -I by 5.4 and 5.5, Hence it follows that C(x, ) contains no non-trivial 


elements of finite order. 
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Suppose now that (y,G)«C(x,) and that (y,§)"e (x,$)), the infinite 

cyclic subgroup generated by (x, ®). Then i lies in the infinite cyclic subgroup 

of Cc(®) generated by gp. But this is a direct summand of C(O). Thus {= o* 

for some integer k. Now (y, oO) and (x, )* have the same image under 

C(x, ©) —> C(@). Since this is a monomorphism (x, ope (y, oy. Thus 

C(x, O)/ ((x, ®)) contains no elements of finite order. By (ii) H (2; K) = 0 and 

thus C(x, 6)/((x, 6)) = Out(L). 


(6.3) Corollary: Suppose, in addition, C(®) has rank 1. 


Then Out(L) is trivial. 


7. Some matrices satisfying the hypotheses of §6 


In this section we present some matrices Qe GL(n, Z) which satisfy the 
hypotheses of 6.2. These matrices will be used in §9 to construct closed aspher - 
ical manifolds in dimensions 7, 11, 16, 22, 29, and 37 which admit no periodic 
maps. In $2 these matrices are determined by conditions on their characteristic 
polynomials and eigenvalues. If the polynomial is f(x) = Rint “X.), then the 


new conditions in addition to those of §2 (2.6, 2.7, 2.8,2.10, 2.11) are: 
+ TT (1 -d,d.) = det(I- GAO) = al 

l<i<j<n J 
from (ii) of 6.2, and 


= 
7.2 Ter Phe khan Ak te sdet (tal) 
ke Nae ijk 
l<i<j<n 


is odd but not +1, from (iii) of 6.2 (or Lemma 5, 5). 


For each example we give the polynomial, its roots, det , deti(I - Da ®) 
and det(I- '). 

Example: 1. ie f(x) a eS +x-l, Ny = 7 682378, Aordg = -, 3411639 
+1. 1615414i, det() =1, det(l-G@Ah) =-1, det(l- ') = -3. 

Example 2, MiadGd = Beceh 1; hyd = - 727136 +, 4300143i, 


X. = -. 7271361 +, 9340993i, det(p) = 1, det(I-Ppah) = -1, det(t- G') = 47. 


a: 4 


266... 


Example 3. eerie = seek il, ny = -, 8087306, hard, = OR 72) 


+, 38826941, X,,4, = -. 4649122 f 1. 0714738i, det = -1, det(I- Pa) = -1, 
det(I- @') = 859. 


5 


= Sac. 


= 


6 
Example 4. aT at ore eee gaily ies . 7780896, ho 


N.d, = -. 4510552 t 1, 00236461, X.,4, =. 6293724 +, 7357560i, det = -1, 


Bi a4 5’ 6 
det(I- Py G) = -1, det(l-') = 3299. 


3 
Tenia aa ot ya “ee et, h, = 8631465, 25,2, = -. 8717349 


+ 57871241, Kye = -- 3074645 t  8580940i, Kg hen = 7476262 * . 8453860i, 


5 
deth@=1, det(I- Oa) =1, det(I - $') Be BOs 


Example 6. Mo tee = ae =i} dy = -. 8724946, 5 ca Wal Ie ras toe 
harhy =- 5755985 +. 70730861, A,X, =. 1288103 F 1. 0097414i, 
hardy = -- 8255605 1 .7152643i, deth = -1, det(l-haG) =1, det(1-$') = -89. 


All the polynomials given above satisfy the conditions (2.6), (2.7), (2. 8), 
(2.10), (2.11), given in Section 2. The first three conditions are trivial, Ljung- 
gren's theorem applies to all of them, and none can contain a complex root of one. 
This last statement is true since each polynomial must have a real root, except 
the one for i tae However, for m} 3 the argument at the end of Section 2 applies. 

The examples were constructed by taking polynomials satisfying the 
conditions of Section 2, calculating their roots, and then calculating the two prod- 
ucts at the beginning of this section. The computations were done in long pre- 
cision, about 15 significant digits, on an IBM 360. The roots given above were 


rounded to seven decimal places. The calculated values for det(I - OA ), 


det(I - p') differed from the integers given by less than io 


The conditions of Section 2, together with (7. 1) and (7. 2) forma seemingly 
restrictive set of Goudie dam, It is not clear to us whether this sequence of exam - 
ples can be continued indefinitely. Taking fic) = es -x+1 would also have 
worked, but f(x) = rs -x-1l has det(I - 9!) = 1. Itis easy to prove that 
det(I - dno) will be evenif f(x) has a quadratic factor (mod 2). This is the same 
as the condition n + ra = 0 (mod 3) in Ljunggren's theorem. 


il 
Notice that Examples 1] and 2 also satisfy Corollary 6. 3. 
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8. Aspherical manifolds which admit only involutions, 
ee EE AV OLUTLOnS. 


Let ® e GL(n, Z) be a matrix of the form 


Os Ago. « oem atta deck 0 
oro 1.0 0 
= 
Oak AG; 
0 OF On =I 
he eck ee 


Here is the companion matrix of its characteristic polynomial 
Pp poly 
n R= 
f(x) =x tax +...*8 xta 


where a.e Z@. 
i 


We know that 
f(x) = det(xI- 9) , 


and hence 


£(0) = (-1)'deth=a , 


that 14, 
detd = (-1)"a 
n ? 
and 
f(1) = det(I-Q). 
n f 7 n n 
Let T = (@0).5.52 If. We define a homeomorphism h:(T , 1)—~ (T , 1) 
n 
n 
where l ita’short for (1,...,:l)é@T *. ‘by 
= -a -a -a 
= “n gi Zz fd een Ly 
h(z 2Bos Mat “=e (z ’ Ay n , ? ey n ? iil " 


Now h emehs l—>n (tT, 1) is precisely our matrix Q. 


1 


1 n 
We form n™t1 6) = IR x7 2 a by defining a free action of Z on R xT 


k 
MPS 0285 2 r= 16; h Briton Eee) 


-98- 
: : Tic ales : lig ie tee 
The quotient manifold N fibers over the circle R wi ibe 
and structure group generated by h. 
n 3 
The fundamental group tT me) is a semi-direct product Z 9° Z with 
i re 
group law given by (a@,i)(§,j) = (a+@ (8B), it). We may present the group as 


follows: 


= -a 
si a ai neds 
1, (N ee Ete hi hx hb = , be 
n 


{Gest = 2, 3.5 on, [x .=,1= 1, for all k and Ae 


n+l F 
Notice there is an obvious ''standard' action of Z, on N given by 


ei 
sending 
-l -l -1 
(Ez eas’ |, ae ak eect 
It is well defined because 
-l -l -l 
. = nim wg 
ee 
- - - a 
oi ened ay es gt 
(c= 132 A ae vs eda aks Zi )— (r-1;5z2 ,2, 2 Sisvarore PA a) 
n I aa! n-ln n igen al n-l n 


commutes. Notice, also, that the fixed point set is a disjoint collection of circles. 


(8.2) Theorem: Let ntl) Tr oi be constructed as above 


where w) is the companion matrix in GL(n, Z) to any one of the 


irreducible polynomials described in 2,12, Then any non-trivial 


La a ese = beat hl aes gee 2° 
spl 
Furthermore, FG. N" (O)) is a non-empty disjoint collection 


of circles, In particular, for each n+1> 3, N "() can be chosen 


orientable. Consequently, in this case, G must preserve orienta- 


Proof: Each of the polynomials from the list in 2.12 satisfies (2.6), (2.7), 


(2.8), (2.10) and (2.11). As we have seen in 6. 2 the automorphism 


Q: Z— > 2 


guarantees us that 


is a centerless group as well as satisfying (a), (b) and (c) there. Thus the nor- 


malizer of ® is the centralizer of g, c($), and C(O)/ () =z ® Z,. The 


ne 


integer r satisfies r< ry + - 1 where ry is the number of real roots of 


f(x). Since det(I-) = f1 =f(1) we know that Hy (2; 2‘) = 0 and by [2; 4.7] 


Outm (a™*? @), *) x Zz, © z 


By Borel's theorem [2; 3.2] any effective group action (c, N(Q)) implies 
cx Se Zz, if G is non-trivial and finite. Since there exists exactly one embedding 
of Z, in Out(L} Theorem 7. 12 of [2]and the Appendix of [2] imply that 


FG, wor? 


(o)) is homeomorphic to the disjoint collection of circles which form 
the fixed point set of the ''standard" Z, action, 
When n+l =3 or 4 itis possible to choose f(x) so that C(d)=Z@® Z,. 


Thus, Out(L) = Zz, in these cases. 


Of course itis not necessary to choose $ to be the companion matrix for 
f(x)? Any matrix ) whose characteristic polynomial is f(x) will suffice. The 
advantage of choosing a) to be the companion matrix is that No (®) has such an 
explicit and simple form as well as our being able to exhibit an explicit Z,-action 


on ee. 


9. Closed aspherical manifolds without periodic maps 


It just remains to show that we may topologically realize the construction 


of 87. ..Let. a be a6. in» $32 


(9.1) Theorem: If L is the semi-direct product moZ defined by an 
automorphism 7° To! 1m— > 7 then there is a closed connected 
aspherical ((n* +n+2)/2)-dimensional manifold M for which 


7 (M) = igy 


2 , 
Proof; Let Vv =R- so that NecV and A (V)>K. Then on the cartesian 


product G= a“) XV. we may introduce a Lie group operation by 


We use arrows over the symbols to denote vectors in V and Se (V) respectively. 
Then G isa Lie group structure on Re kea(n(ialyy/2, end 7tcCG is a discrete 
subgroup for which G/n is a compact, aspherical quotient manifold. 

Now an element (h, ) « Hom(N, K)° GL(n, Z) = Aut(r) may be regarded as 
an automorphism of G which leaves nm invariant. We simply extend h uniquely 


2 
to a real linear transformation h: V— >A (V) and observe that GL(n, Z)¢GL/(n, R) 


so that the automorphism of G is 


2,2) = (nd@) +nO@), OM) 


This in turn induces a homeomorphism JU: G/1—>G/n which leaves the point 
ee G/n fixed. Of course ™ (G/7, e)¥m and G,: 1 (G/n, e) ~ 7 (G/t, e) is (h, $). 
To finish we need ere take IXG/n and mr the identification 
(0, y)~ Q, Bly). The resulting M then has 7 (M) = L and apa as 
the universal covering space. 
If (x, ) is as in §6.2, then Out(r (mM) has no elements of finite order 
and hence by Borel's theorem [2; 3.2] M has no non-trivial periodic homeo- 
morphisms. If 6.3 is applicable, then Out(n, (M)) is completely trivial, which 


is the case in Examples 1 and 2 of §7. 


10. Homogeneous spaces 


From a small additional consideration it is possible to produce examples 
which are the quotients of a solvable Lie group structure on R! by discrete uni- 
form subgroups, (The theory, of course, is not restricted to x but we have 
found examples only in this dimension. ) 

We introduced the nilpotent Lie group G = ie (V) XV in the last section. 
Let Hom av a“ v)) be the vector space of real linear maps of V into A*vv), 
then, by an obvious ea a left ae aad of SL(3,R) on Hom wc viN *(v)) is in- 
troduced i >: (e)(a = nOCO *(@)). The semi-direct win 
Hom ate A Zsa 3,IR) contains Aut(r) = Hom(N, K)°SL(3,Z) and acts from 
the left on G asa group of automorphisms, 

Suppose now that D« SL(3, Z), det(I - ) =] and that O lies ona 
l-parameter subgroup of SL(3,R), t—> ®,, with ®, = g. We may assert, then, 


> 


that for any homomorphism h:N—>K _ the pair (h,®) lies ona l1-parameter 
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2 
subgroup of Hom aCe A (V))oSL(3, R). We soe note that by 2.3 it follows that 


(Ne > (2) is non-singular on Hom oe A “(vy and thus for a unique 
fe ead ey (V) we have ol (4)-2£=h. Now we set 


Gre)- 4 6) 
in Hom RW A (V) SLO, R). Noting that @ (£)- 2, >, | (£) - £, o, ) 


= >: apenas: AC? (a) - $: theo 


are fae Ye etl) ie 6). 


e (t) 


t ei is we see a co is ee ] -para- 


But, using this e(t), we may introduce the semi-direct product, 
H=GeR, of G withthe reals. Obviously L=1r0Z CH asa discrete sub- 
group and H/L is a compact connected 7-manifold of the preceding section, 


R.J. Koch has pointed out the matrix 


Bay ak 
G=}i & 4 
aes Aaa 


in SL(3,Z). This satisfies (i), (ii), and (iii) of 6.2. In addition, the eigenvalues 
of C0) are real and positive so that @ does lie ona 1-parameter subgroup of 


SL(3,R). In this way we find that, for a suitable selection of h, the solvmanifold 


11. Fundamental matrices in GL(3, Z) 


In this section we shall give two infinite families of distinct irreducible 
polynomials of degree 3 which gives rise to examples having no periodic homeo- 
morphisms and which are also closed orientable 7-dimensional solvmanifolds. In 
fact we partially determine the characteristic polynomials of all the matrices in 
GL(3, Z) which will satisfy conditions of (i), (ii) and (iii) of 6.2. Explicit matrix 
representations in GL(3, Z) can be easily obtained by choosing the companion 
matrix for such a polynomial in the manner of §8. 


It will be readily seen that the difficulty, and this is also true for n> 3, 


lies in checking (2.11). 
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For Oe GL(3, Z) let 
3 2 
— - —i0F 
Ji 6s. o) x Gee ee 


3 


be its characteristic polynomial. Suppose the eigenvalues of wo) are ae 


Now ONO) « GL(3, Z), and its easy to see that its characteristic polynomial is 
5 2 2 
f(x, Pad) = x - 07x MOT Ler aa Je 


Also @'« GL(9, Z) and its characteristic polynomial is 


Ope SA 
2 3 Si eee 2 
f(x, O') = ai\( 6-4) x - iat ican +e, -ts,m-e) 


We require that 


it £(0,0) = 71 

ian 41,0) = 51 

Th ge: fa, PA) = Fi 

pe £(1,') be odd, but not +1 

Wile) ite g) have no cubic factor when k is prime. 


The first two conditions give four cases which may be summarized as: 


o,=1,0,=0,+1 => £(1, Oa) = -1, £01, 6") = -20,-3, and #11 


iff * -=<15-=2, 


deta Cad ==> £(1, Oa) = 1, £(1, 6") = 20, +1 and #11 


iff 7 #0, =i 


g,=-1, 0, s0,-) => £(1, ad) = -20, +1 = 41 iff o, =0,1 


ad (Li Day ead 7, =0 


Sik = 
1 JA il 
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oo = a: So OND Se ae ih Gr ES Ne 2 


= f0,g') =1 if o, =] 


Siri = 2 
| 
Incidently, note that _ is trace (p) and in particular these conditions 
tell which traces must be avoided. 
We consider the first two cases together. Let k be an odd prime and 


suppose 


3 2 
o(<)) =x -b x tb,x-b, 


is a factor of 


3k k 
iirc) Ss Se -o x tox 1 


Suppose the roots of g(x) are By: B,> B3 with B. = Lt Then 


i i) giata 
ar B'B),B (k - 1): 
(@, +8, +85) = @, +6, +B) +k ts an 


The left hand side is bY and the first term on the right hand side is v1: It is 
easy to see that each term in the summation has integer coefficients and so the 


summation is a polynomial in ae bs b. with integral coefficients (fundamental 


theorem on symmetric functions), Hence = oF (mod k). Since k is prime, 


k-1 
b, =i (med kh. sp b, Sy (mod k), A similar argument shows that 
- = 5 (mod k). Since A> 3 i B BB, = 1, hence b3 i ei Decausemt ne 


quotient polynomial has integral coefficients, g(l) divides h(1). Since 


h(1) =f(1,), this means (1 rd +b,-b,) divides +1. Hence byob Ei ‘Bat 
b,-b, oe v (mod k), so in our two cases, 

if 5 tt then b, i?! 

i = ~ ae 

if v, oT 1 then b, 1 


since k> 3, 


(gies 


We now derive a necessary condition for g(x) to divide lawl 64) 


(11.6) Lemma: If g(x) divides h(x) with g and h as above, 


then 


disc (f) 
disc (g) 


is the square of an integer. 


Proof: The discriminants are 


Z 
disc(g)= TT ,-B)) 
P<i<j<3 
disc) = TT (i -B,)° 
1fiaj<3 J 


Hence 


2 
disc (f) k-1 k-2 k-1 

So SS Tp AB: ioe Meee prise el) 

disc (g) ae i i j j 

This expression inside the brackets is a symmetric function of Bye B, and B3 and 


therefore is an integer. 


From [5;p. 83] 


3 3 2 (fe 3 3 a 
disc (x Pees ta,xta.,) PAP ate tae Sgr ee eas 
We shall treat in detail only the case where a = Hl Sten 


3 z 
f(x,@) =x -ax'+(a+1)x-1, with a + -1, -2, 
And 
: 4 3 2» 
disc(£(x)) =a -6a° 47a, ¥6a=31 
: 3 2 
Since g(x) =x -bx +(b+1)x-1, the condition g(-1) divides h(-1) yields 


2b+3 divides 2a+3 


Now suppose 2a+3 =p is prime (positive or negative). The possible 
values of b are a, -l, -2, -a-3, If b=a, then By =; 80) te a, 
For the other three possibilities we use the following table, where 


A (a) = disc(£(x)): 


a -2 -1 0 1 2 3 4 5 
A(a)|49 = -23 -31 -23 -23 -32 -215 49 


All the values of a for which A(a) is less than 0 are given. If b=-1, then 


we must have 


AG) = square => a = -1],1,2 
Eres , , 
If b = -2, we must have 
“| = square, so A(a) = square. 


All such values of a can, in principle, be found. However, we limit ourselves to 


the observations that when we reduce 


mod5: A(a) >= square, if a = 1,2, 3 (mod.5) 


In. 2i5, hy (er (ke alvexel 7/9) 


HT} 


mod7: A(a) # square, at) ha 
If b= -a-3, then we must have k= |2a +3| since b =a (modk). But we show 
that this is impossible. Since 
3 2 
(ja|+2) > jal(Ja| +2) +({a] +1)(ja] +2) +1 
it follows that 
In| < (lal #2) 


/3 


Because k> 3, |b| = |a+3| < 3(|a| gaye which is false for large enough |a|. 


Let us now lookat k=2. Then 
6 4 2 
x -b x +b x-1 divides x -ax +t(at+1)x -1. 


We have 


ll 


2 
(B+ B+ B3) = a +2b, 


Zi 
b, = (6B, +B, B,+B,B3) =f ol! 2B, 


Mow? bx" bt = t 1) o9e 


= atzb, +2 


=a 


which implies 


6 4 2 ee 
In any case, if x= b,x +b x= does divide x -ax +(a+l1)x -1, itis 


i F 
easy to see that the quotient is a +b, x +bo xt 1. These then are the only possi- 


bilities with k = 2. 


In summary we have 


(11.7) Theorem: The irreducible polynomials 


3 je 
f(x, P) =x -ax +(a+1)x-1 
Satisiveaul eondutiomsm (lly 1) eres (lla) een 


2a+3 is prime (positive or negative) , 
a =1,2,3 (mod 5) or a= I yAN Siete iaatoye’ 7/))\ 
and 
ja+3| > 3(ja| By : 
Notice that 4(0))=)— 1 f(T and) (2) = 9 2a Thus 1h a > 5, f(x) has 
three positive roots. Each such ) then would yield examples of closed orientable 
aspherical 7-dimensional solvmanifolds which admit no periodic maps. 


In the other case with a ee 1 another infinite family is obtained simi- 


larly from 
(@ 
(bie. ) = a oie aCe aul roe al 


1 
when aye = 2a+l] is prime. For a>7, \ f(x)dx > 0, and hence f(x, ®) has 
0 


thireeypOsitivermocts smincers 1 (0) ir (p= aby 


12, Appendix: Independent extensions 


The group m of Section 3 was a very special central extension of K by 
oe. Teas very likely possible and perhaps desirable to treat considerably more 
general extensions. To start, one must determine Aut(m) in terms of Aut(N) and 
_K. This problem is examined here for a class of central extensions of z* bya 


Chis Gicie Lew Ci OuUp me INE 


A central extension 


k 
0—>Z —r— N— 1 
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: 2 k 2 
corresponds to an element in H (N;Z ). But H (N; 2‘) is naturally isomorphic 
: a 
to the k-fold direct sum of H (N; Z) with itself, and thus an element of HY (N; 2) 


can be regarded as an ordered k-tuple of elements, a =e rae in HY (N; Zine 


(12.1) Definition: A central extension 0—> 2 tess as 


independent if and only if the corresponding A ...,A, are linearly independent 


2 k 
aver 2 in EH (N; Z). 


Let us consider now an endomorphism M: gh a, This induces a 
: : 2 k 2 k 
corresponding endomorphism M,:H (N;Z )—>H (N;Z ). Under the isomorphism 
2 ey ae 2 
of H (N;Z_) with the k-fold direct sum of H (N; Z) with itself this M, is repre- 


sented as follows. Write M= [m, i! asa kXk integral matrix, then 


k 
St? ees eS > 
«Ay x) te 


2 k 
(12.2) Lemma: Suppose FeH (N;Z ) is an independent extension 


k 


=e meal, yay 
ae) k, j 


je d 


? 


k k 
and suppose M:Z -> Z_ is an endomorphism for which nae (Eis 


then M is the identity automorphism. 


Proof: Since M,(F) = F we must have 


k 
a > m, 
i 

i “= 


for all peoi<k. But so en ela 


m..=6. . and M is the identity matrix . 
1,J 1,J 


os 
ENE 


’ 


are linearly independent over Z, thus 


We shall apply this elementary remark as follows. 


(AZ, 3) Lemma: Le 0—; Vie es Tt —> N— 1 be an independent central 


then the kernel of Aut(r)—~> Aut(N) is naturally isomorphic to 


k 
Hom (N; Z ). 


k 
Proof: We use a,B,y... for elements of Z and u,v,w,... for 


k : 
elements of N. Then t = Z XN with product 


(a,u)* (B, Vv) = (a releber ni (Ui iA)s ul v) 
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where f(u,v) is an extension cocycle. Suppose o « Aut(r) lies in the kernel of 
Aut(t) —~> Aut(N), then since zt is a characteristic subgroup there is a unique 
automorphism M: zk ~z* Such tha tacos ae) a= (Mia), e). Furthermore, there is a 
Fane tlOnes NN ie such that o(0,u) = (h(u), u). Since o is an automorphism 


we have a(a,u) = (M(a) +h(u), u). However, from 


0, a) 0.) 


o((0,u)- (0, v)) 


we also find that 


M(f(u, v)) thu v) = £(u, v) #h(u) +h(v), 
or 


M((u, v)) -f(u,v) = h(v)-h(u v) +h(u). 


2 Key 
This last equation shows us that M_(F) =F, where FeH (N;Z ) is represented 
by f(u,v). Since our extension was independent, however, it follows from (12. 2) 


that M is the identity and thus 
h(v)-h(u v)+h(u) = 0 


k 
So h is a homomorphism. Conversely, givena homomorphism h:N—>Z the 
corresponding element in the kernel of Aut(r)—~>Aut(N) is given by 


CE u) = (a +h(u), u). 
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1. Introduction 


In this note we shall give several applications of the fibering theorem of [3]. Let us 
k 
recall that a toral action (T ,M) is called injective if s sm (TS, 1) —> 7 (M, x) is a mono- 
morphism, where f(t) = tx. The principal geometric fact concerning injective actions is 


the Splitting Theorem (3 KS 1] ~ 


It (Bene)? bo) is the covering space of (M,x) associated to image (int 


then there isa lifting of (T*, m) to cr, B. )= (Tr, tT xw), where 


im(£) 


The covering transformations N = 7 (M, x)/im(f*), operating on the right, 


k 
commute with the action of Tso that the following commutes: 


ket 
ian £0) (WN) 
| N | /N 
k k k 40 k 
(T , M) =(r AF xW)/N) ———_———— > W/N=M/T . 
When cr, M) has locally finite orbit structure then (W,N) is properly discontinuous. 
k : 
We may also start with a properly discontinuous action (W,N) and impose a left T — right 
N action on téxw compatible with the projections and actions on each factor. The collec- 
tion of (t*-n) equivariant classes of (T*-y) actions are in 1:1 correspondence with the 


. k 
elements of H-(N: zy. Those N-actions that yield covering transformations on T XW 


correspond to the elements te Qc H-(N; z') on which the characteristic homomorphism 
* 2 
Wz). (N 5 z') = Hom(N T') 


yields an embedding N oir. for all isotropy groups Ny. xeW. The coefficients are 
% 


Both authors received partial support from the National Science Foundation. 
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trivial N and N. -modules and the set es of [2] then coincides with what we call the 
Bieberbach se in [4]. lieeraleH 20N: eN the central extension 


eS Se, = 1 eee al 


is, of course 


0 —> im(f,) —> 7,(M,x) —> m(M,x)/im(£,) —>1. 


If W isa contractible manifold then M is an aspherical manifold. (A manifold is called 
aspherical if it is K(7, 1).) Then a€ @ if and only if the central extension 7 is torsion free. 
Finally, any action of a connected Lie group on a closed aspherical (cohomology) manifold 
is necessarily an injective toral action. 

Suppose H, (M, x) if finitely generated and let ie HTS, 1) —~> H, (M, x) be a 
monomorphism. Then the Fibering Theorem of [3] states: 


eek 
cv wp is equivariantly homeomorphic to (TT Ke Y) where F is finite. 
That is, M fibers equivariantly over (r" Ty ‘/F) with ne Y and structure 
group the finite abelian subgroup F of rT ‘ 


We also showed that cv, mp fibers equivariantly over Ts, T*/F) for some F, if 
and only if the action cr, M) is injective and the element 7€ QcH-(N: 2‘) is a torsion 
element. 

We shall show in the next section that knowledge of the rank of H-(N: Z) may allow us 
to restrict an injective action (Ts, M) to a suitable toral subgroup 7! so that (T), M) fibers 
equivariantly over T/P, 

One of the features of the fibering theorem for closed smooth manifolds is that the 


tee k +k 
smooth classification of (T /M" ), where i is a monomorphism on the first homology 


group, is reduced to the classification of smooth actions of finite abelian subgroups of rs 
acting smoothly on closed n-manifolds. (The topological classification reduces to the topo- 
logical classification of these groups on those closed cohomology n-manifolds which become 
locally Euclidean when producted with T*) 

The possibility of this reduction for some injective TS mnt’) arising from a given 
(w", N), when W/N is compact, is equivalent to finding a normal subgroup N' of finite in- 
dex in N acting freely in W and with abelian quotient. Unfortunately, as we shall see in §3, 


this possibility does not always exist. The non-existence in general, §4, isa consequence 


of an oriented bordism argument. Our proofs and results have been motivated by calculations 
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and examples we made earlier from the planar case, §3. In §5 we develop the construction 


of $4 a little further. 


ai Fibering Part of an Injective Action 


Let (W,N) be a properly discontinuous action on a simply connected, semi-locally 
1-connected, path connected, locally path connected, locally compact and paracompact space 
W. We shall also assume that N is finitely generated. 


2 - 
To each rE AcH (N, 2 there is associated a central extension 


0——> ee Ne 


age Z k 
and an injective action (r ,M(7) whose splitting action rk téxw,n) is represented by 7. 
Of course ™) (M(z), x) is the above extension of zk = im(£,) by N. 


2 
2.1. Theorem: If k> rank H°(N; Z) then for any 7€ QAcH (N; z') there 
k ie] 
is an integer j > k-rk H>(N; Z) and a direct product decomposition T = Te arg 


so that oe Wa a Z) —> H, (M(x): 7) is a monomorphism, and the image 
of Calan is a finite group. In particular, M(z) fibers over T’ with finite 


abelian structure group. 


Proof: Let us apply the Lyndon spectral sequence in homology to the central exten- 


sion 
ee 1 


which is equivalent to 
k =, 
0 —> 1 (T , e) ———> r(Qutn) x) —> N— 1. 


Thus we have {et v at coca AL Ta 


2 eee 2 k 
= : : = : ANN 
Eat HN; H(Z A) H_(N;Z) @H(Z ; 2) 


In particular d:E5 0 —>r* 1 yields, together with the edge homomorphism, an exact 


sequence 


d 


HN; Z) — 5 H(2% Z) —>H, (7; Z) . 


if 
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ism is just f. :Z) = H.(M(m), Z). Since 
The edge homomorphism is just f, HT ;Z) —> H, (7; Z) = Hy Wa wAe 


2) ; 
k>rk H°(N; Zk H,(N; Z) we see rank(im(€, )) >k-rkH (N; Z). Call the rank of this 


image j. Since HZ", Z) = is is a free abelian group there is a direct sum decomposition 
k 
H(Z ;Z)=A@B 


where B>im(d,) and rk(B) =k-j. Thus f [A is a monomorphism and £, (B) is a finite 
group. Now corresponding to A and B there isa direct product decomposition 

rs = iN eth so that = image of H (1). Z) H(t; Z) is A while the image of 
H(t; 2) —> HT 2) is B. 


We now may apply the fibration theorem to the induced action (7, M(n)) to see that 


i 


M(z) fibers over q! with finite abelian structure group. 
2 2 2 . 
When W is 2-connected then rk H-(N; Z) = dimH (N;Q) = dimH (W/N;Q). This often 


2 
yields an easy way of computing rkH (N; Z). 


2.2. Corollary: Let (rs, mets ) be an effective action of the k-torus on a 
+2 k-1 
closed aspherical (k+2)-manifold. If k>1, then u‘* fibers over T 


with a finite abelian structure group. 


2 
Proof: The associated properly discontinuous action is (R2, N) so that R’/N isa 


2, 2 2 
closed 2-manifold. But H-(R /N;Q) ~H (N;Q) so that rkH (N; Z) <1, hence the corollary. 


We remark that if ue were not assumed closed but rk, i was assumed 
injective then R2/N is an open 2~manifold with finitely generated homology group. Then 
every element ac QcH-(N: 2) has finite order and so cr ee fibers over rk with finite 
structure group and fiber an open 2-manifold. 

We have seen that (rX, M(z) can be written as (7! xT 7) X,Y). This fibers 
equivariantly over (Tr, T/F). Now imf, = = z xz is a central subgroup of 7 _ (a(n) and 
z) is mapped injectively into 7 ACY Ths) with cokernel F. Furthermore, ZK is mapped 
trivially into 7 (v'/®) by our previous ee es _ Thus zk lies in the kernel, ™ (7! vara: 
of 7 ACC) — > F —>1. Consequently, (r! xT Ss 2M) lifts to qr XY. The first ee 
7 acts by left translation and the second factor rX operates injectively on qT XY and 
hence injectively on Y. 


Going back to the Corollary we see that the fiber must be a 3-dimensional closed 


Seifert manifold on which the circle group operates injectively and with finite structure group 


ro Tht, 
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In the particularly interesting case of closed aspherical 4-manifolds on which the 
2-dimensional torus operates effectively, one may impose an analytic structure (via the 
splitting theorem), see [4]. These manifolds are aspherical elliptic surfaces with Z XZ in 
the center of their fundamental groups. Furthermore, any such aspherical elliptic surface 
is diffeomorphic to one of these and it can be shown that any two are diffeomorphic if and 
only if they have isomorphic fundamental groups. This is a consequence of the generalized 
Nielsen theorem and will be pursued elsewhere. 

In another paper [5] the authors show that some of these closed elliptic 
surfaces have the property the fibering is actually trivial (the structure group must be en- 
larged) but not unique. The 4-manifold can be diffeomorphic both to M, X st and M; xs! 
where M are closed Seifert manifolds with different fundamental groups. For example, one 
may construct such a surface by taking the closed Seifert manifolds 


3 
Mm) = {-1;(0,0,0,0);(5,1), (5,1), (5,1), (5,1), (5, D} 


3 
M, = {-2;(0,0,0,0);(5, 2), (5, 2), (5, 2), (5, 2), (5, 2)} 


with distinct fundamental groups. Their products with the circle are diffeomorphic (to an 
elliptic surface). 

We would like to express our appreciation to Peter Orlik who pointed out to us that 
our fibering theorem implied aspherical closed 4-manifolds which admit effective T actions 
fiber over the circle. He calculated this from an explicit presentation of the fundamental 


groups of these manifolds. The present 2.1 is inspired by his observation. 


3. Planar Groups 
2 : . , 
In this section we shall examine (R , N) where N is a properly discontinuous 
effective action of a discrete group of orientation preserving homeomorphisms of the Euclid- 


ean plane with compact quotient R2/ N. 
It is known that 
(i) every finite subgroup of N is cyclic, 
(ii) every non-trivial finite subgroup has exactly one fixed point. 


In fact, N may be presented as follows: 


a a 
N= {ay yee kge Dyed [ay by [a,->,Jay-+-4,) <email : 


ary 
with the conditions that g>0, andif g=0, n>3, andif n= 3, 1/a@,+ 1/@, + 1/@, mt, 


This is a presentation of an infinite crystallographic group or a Fuchsian group. 
Moreover the action aR”, N) can be shown to be topologically equivalent to a holomorphic 
action. 

Any finitely generated discrete group with a faithful matrix representation has a 
torsion free invariant subgroup N' with finite index by a theorem of A. Selberg. Of course 
the planar groups enjoy this property, although we shall not use this particular fact. How- 
ever, we shall show by explicit computation that it is not possible, in general, to find an epi- 


morphism onto a finite abelian group with torsionless kernel. 


In [2; § 9] we obtained the following exact sequence: 


B 


2; 
al 0 —>Z—SH'IN; 2) —> Z, @...0% —>¢. 
1 Tt 


The cyclic groups Za, are isomorphic to Ne ,» Where {x} represent the different orbit 
i i 
2 
types of (R , N) with finite stability groups. 
3.2. Lemma: For each i, 1<i<n, the torsion subgroup of H°(N; Z) is 


mapped monomorphically onto a quotient quotient group of 
A 
Ze ®...@ Ze @®...@ Zs where A denotes deletion. In particular, 


1 i n 
B maps a generator of Z onto a generator of the free part of H-(N; Z) if and 
only if n=0. 


Proof: We use the fact that 


2 
H(N; Z) = Hom(H,(N; Z), 2) ® Ext (H,(N; 2), Z) 
and compute HCN; Ze 


H_(N; Z) = 
ON; 2) aj eed Bal 


Fe Uliwntevere ects = 
Aca 1 0 
oe — @) 


a= 
J° 
iI 
j=) 


Thus, H(N; Z)=Z®... © Z ® Torsion. 
OC 


2g 
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The torsion subgroup of H ZN: Z) is isomorphic to Ext G, (NZ); Z) and therefore to 


a quotient group of Ze ®...0@ Zz ®...@ Ais where Zs ei6 deleted for each i. This 
1 a n i 
group is obtained by dividing out the relation -2.(q, + ae +q Paco wl) =O, Mee erm il, MNS 
i n 


relation is always non-trivial if some a does not divide a, i Fj. 
1 


dod. Coroll Corollary: f a. 
= If some j is relatively prime to the remaining {a, } 
then Torsion H ZN: Z) does not contain Ze 
at 
In fact, if all the a are relatively prime then H(N; Z) is free cyclic. If 
a> a, “ens - are all relatively prime to each other and the remaining a@.'s, then 
J 
2 
Torsion H (N; Z) is a quotient group of Ze ®...@ Zs 
k+1 n 
3.4. Zhsorem: Suppose there is a prime p which divides some oe but no 
other a, then H 2N: Z) has no p-torsion. Furthermore, every ces 
@:N—>F, where F # 1 is finite, abelian, has p-torsion in its kernel. 


2 
Consequently, no Bieberbach class in H (N; Zz‘) can have finite order. 


2 
Proof: The Corollary 3.3 implies that H (N; Z) has no p-torsion and hence 3.2 


implies that HAN; Z) has no p-torsion. Let oe N.. = Zo , and let K be the commutator 
i i 
subgroup. Take géeN, so that order g is p. If g is notin K then gK must have order p 
3 
in H AE Z) Meio a contradiction. Hence the kernel of $, which must contain K, always 
has p-torsion. If H 2(N. zy were to contain a Bieberbach class of finite order for some k, 
then a normal N'¢ N acting freely and with finite abelian quotient would exist. N' would have 


to be torsion free yielding a contradiction. 


Here is an amusing consequence. In [4] it is shown that every Bieberbach class 
aceéH ZN: Z, - gives rise to a family of holomorphic toral actions (Tk, Moo: The ques- 
tion as to whether the smooth closed uw te admits a structure of a projective algebraic 
variety is equivalent to whether or not a has finite order (4; 810 and 12), Thus, if N is as 
in the theorem, the complex manifolds a must not even pay a Kahler structure. 

The situation is a different when the quotient space R 2 IN is not os Turning 
again to 3.1 we see that H 2W/N; Z) is 0, and vy is bijective. Hence every acH ZN. 7, )) 
fibers equivariantly over T*/r, by (3). In particular all Bieberbach classes have finite 


order. Consequently, there exists a normal torsion free subgroup N' of N with finite cyclic 
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quotient, if the finite subgroups have bounded finite orders. Note here it is not necessary that 


N be finitely generated. 

In the non-orientable case, the quotient R2/N has either Zo or 0 for 2nd integral 
cohomology and once again each element of H-(N: 2’) fibers over T and we may find a tor- 
sion free normal subgroup with finite cyclic quotient. Actually it appears that the most com- 
plicated algebraic structure for N occurs when (R2,N) is orientation preserving and the 


quotient R2/N is compact. 


3.5. For any given properly discontinuous and effective (W,N) with W diffeomorphic 
to the Euclidean plane and W/N compact we may, with the aid of an element acQcH-(N; zy, 
construct a new (W,N ) with Ny satisfying the hypothesis of 3.4. Let us choose a ee 
Xo € W where N acts ne and na the injective rs action (r*, CE ‘ w)/N) = rk mM ey 
determined by a. Ata point y€M whose orbit is u(x) we may take a disk slice eS and 
remove a tubular neighborhood ayne of this orbit. Now sew in equivariantly 
cue aX Ke oy by an equivariant homeomorphism of the boundaries. This introduces a 
stability ante Z bare y''. (The action of = on the cell a we choose is et a linear action 
with exactly one ee point eh y, and we eee any embedding of ts in T .) This changes 
the space a M) to say (rs, M »: This new space and action is ijadtive with splitting 
action rk, tT yw, N D: If we ie, chosen p a prime which does not divide the order of any 
stability ad NT tat then this new action (W,N ) has p satisfying the hypothesis of 
3.4 and (rk, M " is injective. As a Bieberbach os. it has infinite order. Furthermore, 


the fixed point set, F(Z, M)) <M, is exactly one orbit of the T action. 


4, Examples of Injective a nets 


In this section we wish to construct a smooth, injective action (sh, ies ona 


ae oriented manifold, n>2, which has exactly one non-trivial isotropy subgroup, 

a cs}, Re an odd prime, and for which the fixed point set F(Z )C Tue is exactly one orbit 
ee the 3! -action. For n= 1 it follows from the ioe at ennai the previous section that 
such actions of s! on closed aspherical 3-manifolds can be constructed. Our initial thought 
was that with a minor adjustment to the procedure in section 3. 5 we could produce examples 
for all values of n and p. This proved to be quite wrong and, as will be seen, we do not have 
a clear picture on the existence problem for such a when n> 2. Since the action is in- 
jective we sae N=q7 (m/im( (f)) and we know (s, M) may be constructed from a Bieberbach 
peck in H “(N: Z). It will follow, from a bordism argument, that for no value of k>0 does 


H ZN. z ‘) contain a Bieberbach class of finite order. 
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Let us discuss our approach. Take an oriented lens space ta whose fundamental 
group is Bus p an odd prime. We ask if there is a compact oriented manifold goo for 


which 0B = L and for which the composite homomorphism 


0 > u(x, (B); Z) —>17(B; 2) —> n°(L: 2) 


is an epimorphism. Recall that Hr, (B); Z)—>H‘(B; Z) is the edge homomorphism of 
the spectral sequence associated to the universal covering of B. We may interpret this 
situation as follows. With x€L = 9B we obtain an isomorphic embedding m(L, x) —=> 
7 (B, x) = N. Thus we have te N. Now there is a unitary action oo on the closed 
2n-cell for which 7 acts freely on OD and eD/ Za = L. Thus we may form the properly 


discontinuous action (D x N, N). On the other hand there is the universal covering action 


p 
x 
(B ,N). Witha suitable choice of orientation 


AaB, N) = (aD X,, N:N) = -(.DX, N,N) . 
p p 


Thus we have W = B U(D x z N), together with a properly discontinuous action (W,N). 
p 


Since n>2 it also follows that W is simply connected. Now there is a cohomology class 


2 eZ. 
a eH-(N: Z) whose image under H (N; Z) —>n(B: Z) —>H (L; Z) x ip is a generator. 
Then clearly aeG@c H-(N: Z) is a Bieberbach class. The action (st, coe ) associated to 


this Bieberbach class is a smooth injective action on a closed oriented manifold. The only 
isotropy subgroup is Z_ and its fixed point set is exactly one orbit. The quotient 


on 
W/N= Tog tig! is the union of B with the cone over 0B = L. 


(4.1) Theorem: Thereis no Bieberbach class of finite order in H 2(N; 25, 


for any k > 0. 


Proof: The oriented lens space L is canonically equipped with a map f:L —~> 


me 1) and thus an oriented bordism class ve fle ee MK(Z,, ‘ ay is defined. The class 
is ea zero and its order was computed in i, (36. 1)) . ‘ii be 5 bes Zz P, be the modp 
cohomology class determined by f. Then the integral Bookstein 6(b) os ae Z)= Zi is the 
generator. 

Suppose now there is a Bieberbach class of finite order a€ H(N; Z). Without loss of 
generality we can assume a has order p and that under H-(N; Z) may 1 Z) the image of 


1 ; 1 
a is 6(b). Thus we can choose c€H (N;Z 2 with 6(c) = a. Then under H (N;Z a 
1 P 1 lee 
H (L;Z _) the image of c agrees with the image of b under H (L; Z) “H (L;Z aE This 
r 


p p 
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1 : 
implies that the map g:B —>K(Z bs 1) corresponding to c€H (B;Z » is an extension of the 
p p 

composition L wines K(Z_, 1) —~>K(Z Py Dee nett ise fra lies in the kernel of 

: (K(z | 1) or K( Ze) ee HOWweVvex sin fi, (37. 2)] it was shown that the bord- 

n=l p n-1 r 
ism homomorphism induced by a 1) —> K(Z me 1) is a monomorphism. This contra- 
diction then proves the theorem for k = 1. Since up to conjugacy there is only the one iso- 

D, : E ae 

tropy subgroup in (W,N) it also follows that H (N; 2) contains no Bieberbach class of finite 


order. 


Obviously we must still produce the manifold B with the required properties. 
SUBDaEE Le G is an embedding of . into some (discrete) group such that H (G; pe 
H (Z ;Z) is an epimorphism. There is induced a map K(Z_,1) —>K(G,1) andan Q - 
cans homomorphism (Kz, 1)) as PKG, 1) mpl bea lies in the kernel of this 
homomorphism, then there will exist a compact oriented B with 9B = L anda map 
F:B —>K(G,1) which extends the composition of f with eases 1) ——>K(G, 1). But then we 


have 


gear) ar, (8); 7) => Fb 2 


H (7, (); 2 > (1, 2) 


and since the first vertical arrow is an epimorphism, so is the second. 
So that problem becomes that of finding some suitable choices for G. We shall give 


some possibilities, but these are rather adhoc. For each k >1 we regard a (i Z) as 


an exterior algebra on 1-dimensional generators e athe Co. Let ae e.Aae, = 
< ce j 
Qk ; ; 1S) 
GEIR, (( ;Z). With p a fixed odd prime we introduce the central group extension 
2k 


Chama te i lena: ——> 0 


> 


given by the modp reduction of ¢ into yi Ae 
p 


4,2. Definition’ For each integer k>1 a set P(k) of odd primes is defined by 
p€ P(k) if and only if 


for all O<i<k. 
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We wish to prove then 


4.3. Lemma: If pe P(k) then H "Gud; 7) eS es ae Z) is an epimorphism 
and H. Gw;2) Z) contains no p-torsion for 0 Sass |e. 


The group G(k) can also be evades as follows. Let xeH * (cP(@); Z) generate 
z[x] = H “(CP(w); ze Take the principal s! -bundle u:K —> 77* x Cp (oo) with character - 
istic class c @1-1@px. We assert that K =K ((k), 1) - Indeed, the composition 


2k 
Roe LON 


is a fiber space over 7k with fiber K(Z_, 1). We merely observe that the principal Se 
bundle over {pt} % 'CP(o) < 7k, CP(a) induced by the inclusion from u:K Stk CP(oo) 
has characteristic class -px, and thus te 1) is the total space of this induced bundle. 
Furthermore, if u(x) = ae HK: Z) then under the homomorphism oy HK; Z)— 
(Kz, 1): Zz), which is induced by the inclusion of a fiber, the image i "(a) generates 


H(z a 


We may now consider the Gysin sequence of u:K Sy CP(o). We immediately 
observe, however, that cupping with the characteristic class c ®1-1®px in 
H (17 x cP(a); Z) = Ele, 5,-2.8 
collapses and ra: a (72s XCP(o); 2) (K; Z) ——>0 is an epimorphism. We may 


“w~ 
)}@zZ [x] is a monomorphism. Thus the Gysin sequence 


therefore write 
> nN 
H (GW; Zz) = E(e,,. +585) @ Z[x]/(e @1-1@px). 
: ; 5 2k 
We may also consider the modp Gysin sequence associated with u:K —>T XCP(o). But 
modulo p, the characteristic class is just c®1. Recall that since pe P(k), 


a See a 21 
Uc aa Hrs, z ) xy?k ip?k 7 »” 0<i<k sothat surely Ve: HT - 3;Z)—S> 


p 
a7. 2 ) 192 monomorphism if Oia ke From the modp Gysin sequence, then we 
conclude that ue “SH 2p? K < CP(@): Z)—H lx, Z_) is an epimorphism if 0<i<ktl. 
i i : : 
Obviously we then have H (aw); Z) —> H (a(k); le ae an epimorphism for all 


0<i<k+1 also. Translating this into homology we have the proof of 4. 2. 


To put this into a statement about a "ia (k), 1) )) we localize the oriented bordism 
functor at the odd prime p. That is, we use 0 Yes )® 7X ) where Q 5) is the ring of 


rational numbers with denominator prime to p. Associated with this localized homology 
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oa ith 
theory is the spectral sequence JED : => PU: ‘) @ Q ms wi 


Ve Pak, it fol- 
E2 ese d(e )® ie Since H. ce 15 Q s is torsion free for i 


2 Ga ae p) 
lows BSAKGUW, ») ® Q ) is also torsion free for 0<i<k. Hence we have 
i P 


VS ; 
4.4. Lemma: The reduced oriented bordism groups 2 %« (G0, 1) contain 


————_—— 
—— 


no p-torsion if 0<i<k. 


On the other hand, a (02 ao) consists entirely of c -torsion, so if pe P(k) and 
2n-1<k then our element ida ‘ , f| lies in the kernel of ae 5K Z yp 1) —_ 
cee _(«Gos, i). 

Since Uc” SH Ngee ;Q)~ ne Q) for all 0 <i <k it follows that each set P(k) 
contains almost all primes. However, if pe P(k) then p>k. So, fora fixed prime, we are 
restricted to lens spaces of dimension 2n-1<k<p. We would like to know some alterna- 


tives to the groups G(k) used here. 


5. An Application of 4.1. 


5.1. The purpose of this section is to show how one may begin with a smooth toral 
action on a manifold and alter the action and the manifold by a controlled introduction of new 
orbit types. The alteration will be done by removing the interior of an invariant tubular 
neighborhood of a principal orbit and sewing in, equivariantly, a manifold whose toral action 
is free except for one orbit where the stability group is precisely a The manifolds and 
the properly discontinuous actions (W,N) constructed in section 4 will form our basic build- 
ing blocks. The control we desire is that when we begin with an injective action we must 
end with an injective action. The action is to remain unchanged on the original manifold away 
from tubular neighborhood of the chosen principal orbit. We also wish to be able to construct 
the new splitting action from the old one and our basic building blocks. Finally, the end 


result of the construction should eliminate all Bieberbach classes of finite order. 


5.2. The construction is straightforward. Let cr . eee be a smooth effective 
: 2n+é 2n+2 .. : : 
toral action on M, ; let xe M, lie on a principal orbit. Choose a smooth 2n-cell 


? n 
slice D,. at x. We obtain an invariant tubular neighborhood 


0 2 
(TT ra ao 
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The orbit map, viiM, 


map equivalent to projection onto the second factor. 


2 Q 2 
= MTT = V\,. restricted to T CD is just a principal bundle 


In section 4, we constructed for each prime pe P(k), a smooth simply connected 
2n-dimensional manifold W and an effective properly discontinuous group N of orientation 
preserving diffeomorphisms of W with compact quotient W/N=V. The action is free every - 
where except for a single orbit at which the stability group is isomorphic to Z . The orbit 
space V is the cone over a lens space attached to the boundary 9B of the manifold B found 
in section 4. The vertex of the cone is the single orbit with non-trivial isotropy subgroup. 

Recall that by choosing a Bieberbach class in H(N: Z) we found an orientable mani- 
fold aie with an effective injective e Sgctton! és? eae = (s}, (six W)/N) and so the 
action is free everywhere except for a single orbit over the vertex of the cone in the orbit 

rte oi ae | 


2 £ 
space M /S =W/N=V. Clearly, we could have as well chosen an element of H (N; Z ) 


+20 g- 2n+ i) 
“0 =T MoM P * with the obvious T -action. 


with a similar property; for example, M 
Let us choose ye aula on a principal orbit and remove the interior of an invariant tubular 
neighborhood rv : r XD_) as above. The boundaries of the deleted orbit spaces V 20S and 
V-D_ are (2n-1) ps ee The actions over these boundaries are smooth product actions 
and “a choosing cross-sections we may attach M - X De) equivariantly to M-(T’x Dagl 


We let 
2n. 
h:S ——S AV- L ) 


¥ 2 
bs <i fictir dn iE av -D.") 


be orientation preserving and orientation reversing diffeomorphisms respectively and attach 
= ; 2 2n 
by bo oh. We use the cross-sections to y and y, to equivariantly attach M-(T x D, ) to 


2nt+é P : 
M ~(7" x p24), There results a new (oriented, if M was assumed oriented) manifold 


2n 2n 

™ mrs with an effective r toral action. The orbit space is 'V = (V- , )U (V-D, ) and 
£ Eee pile feo 

the action cr", 'M) agrees with (r : M,(T xD.") on the restriction to M(t X dD, Ve 

Only one orbit type different from principal orbits is introduced. Of course it is the orbit 


3 n 
which lies over the vertex of the cone over L in V Pte c'v. 


5.3. Let us now suppose cr my is a smooth injective action. From 4.1, 
cr" x Moot) is also injective. Several applications of Van Kampen's theorem yield that the 


+0 eee : 
7 ) is also injective, since n > 2. 


0 
new action (T , 'M 
We are interested in determining the new properly discontinuous action ('W, 'N) 


arising from the splitting diagram: 
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¢ 
T 
(tt vt «ow, ‘ny ——/2 >> cw, 'n) 


| | rs 
f 


p 
(r’, "M) — 'M/T 


iy 


Let (W,N) and (W_,N.) denote the properly discontinuous actions arising from the splitting 


bn t 2nt+é 


ay and (TM Ve 


£ 
actions for (T , M ; 


5.4. Proposition: The group 'N is isomorphic we ihe ae product N * N,- 
For the action ('W,'N), all Bieberbach classes in H (CIN Z ), for any k > 


are of infinite order. 


Proof: In 5.2 we have already described the sewing that must be done on the deleted 
orbit spaces susie: and Ne oo We shall consider a number of disjoint copies of 
y x 
=all 


Do yew. 
1 x 


W- oe (De) =U and Meet 1 The boundary of U and UL consists of a number 
iv 


of copies of the sphere gaat one for each element of N and N, respectively. Thinking of 
U and U, as simply press alee covering spaces of vp and ii De we choose a 
base point v in the sphere S and then base points h(v) and h, (v) in the boundaries of 
vo and Vie ae We may then choose u and u, in U and U, so that yu) = h(v) and 

v (a) = h, (v) and so that u and uw, correspond to the constant paths issuing from h(v) and 
h,(v) when U and U, are thought of as branched covering spaces. We lift the diffeomorph- 
isms h and hy to the boundary component of U and U, containing u and u, respectively. 


Thus we attach our first copies of U to UL. 
Ces es 1 


i tl i 
Let y= e By Rete gies cc be an arbitrary word in N * N); with @. *e€N and 
: i 
i = 
B. EN, . The sphere S ©U containing u is transformed by the automorphism 
si mt 
a :U ——~>U into the sphere containing Yo . We attach a new copy of U, to U at 


NS meee 24 9 r 
S : er by means of i oh= hy: Now on the copy of U,, attached to U at § nh “a, 
s i 


3 : 1 = 
we have the automorphism induced by B, . This sends " : a, to a boundary component 
mis 

2n-1 ila il 

iS) cae B, of the attached copy of U,. In terms of the original copy of U, this coincides 
s 
ie F 1 Sie 
L° We now attach another copy of U to (U vu) along S a8 B by 
1 


2n=— 
with S-" 


Yr 
tl 1 2n-1 
a °h(w) = B cc) h (w), wes . We may obviously continue this construction for each 


word yeN* Ni = 'N. Any point in 'W may be thought of as a point in either of the original 
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copies of U or U, transformed by a word on 'N. The action ('W,'N) is now clear: If 
'w = uyY, where u€U or U,, then WY, = uvy,- We have left out the details that two equi- 
valent words give rise to the same attachings and the same transformation. It should also be 


clear that the construction given describes the properly discontinuous action associated to the 


splitting action for cre Tate 


It only remains to show that no Bieberbach class in HN: 2) is of finite order. 
Since H( 'N; 2‘) = H-(N: 2‘) ® H-(N 2 zy, any Bieberbach class beH-(N: 2’) will neces- 
laa have to restrict to Bieberbach hues (fe for the actions (U,N) and (U,, N ): But by 4.1 
H 2N: 2, for (W,N) and hence also for (U,N), has no Bieberbach Fie a finite order. 

One novel feature of the preceding is that we do not need to require that 'W/'N be 
compact to obtain no Bieberbach classes of finite order. Thus it is impossible to find a 
homomorphism of N *N, onto a finite abelian group with a kernel K which acts freely on 'W 
whenever we choose a prime pe P(k). Furthermore, the construction may be iterated any 
number of times by either "adding on building blocks" of the form arising from 4.1 or just by 


g 2nt+2 
combining in the manner described a different toral action with (T , M 7 Ne 
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1. Introduction 


In our previous paper, fi3, (8. | , we considered the construction of a toral group 
acting effectively as a group of diffeomorphisms on a closed aspherical manifold. We began 
with a properly discontinuous group of diffeomorphisms on a contractible manifold, (W,N), 
for which the quotient space W/N = V is compact; then to each torsionless central extension 
0—> zk —>1—>N— 1 we associated a smooth action (T,M) of a k-torus on a closed a- 
spherical manifold with fundamental group 7 and M/T = V. It was shown that every effec- 
tive toral group action on a closed aspherical manifold can be constructed in this way. We 
might now ask about the geometric significance of a torsionless, but non-central extension of 
zs by N. Thus we fix a homomorphism @:N —>GL(k, Z) and consider it to be an abstract 
kernel. Then to each torsionless group extension realizing this kernel, 0 —~> 2g —>N 
—> 1 we associate a smooth Seifert fibering of a closed aspherical manifold with fundamental 


group 7 


M 


1 


WV 


The generic fibre is the k-torus T. Each singular fibre v ‘dww) is a locally flat Rieman- 
nian manifold whose fundamental group is the induced extension 0 —> zs — >r —>N —il1, 
where Ny is the (non-trivial) isotropy subgroup of W. sa 

We are attempting in this paper to generalize in two directions simultaneously. We 
have just indicated the first direction. We are also interested in the construction of a holo- 
morphie action of a complex toral group on a complex analytic manifold. Such an action can 
have at most finite isotropy groups. In this paper we often assume Tx M —>M is holomor- 


phic. For this type of action, H. Holmann, in [20], has demonstrated the existence of 


Both authors received partial support from the National Science Foundation. 
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holomorphic slices. Thus, with dim ,T =k, dim M =n, for each x€M there is a complex 
linear representation on ia) of the isotropy subgroup T_ and an open invariant neighbor - 
hood of the origin 0O€ Kc eae such that there is an mht me holomorphic equivalence be- 


tween (T, T x K) and an open invariant neighborhood of the orbit of x taking ((e, 0)) COM 
x 


Bye Xn K we mean the quotient of TxK with respect to the action of T given by 
De 
mS 


=] 
o(t,v) = (to , ov) for all oe TY. 
We shall construct such actions from a properly discontinuous group of holomorphic 


transformations (W,N) ona complex analytic manifold. To accomplish this we introduce 


a short exact sequence of sheaves 


03°“ ow*— 9-0 


over W. On each sheaf is a left action of N asa group of sheaf cohomomorphisms so that 
we are presented with a short exact sequence of sheaves with operators. We use 3 ——>W 
to denote the constant sheaf 27k xw —>W together with the action of N. By oCw)s —>wW we 
denote the sheaf of germs of holomorphic maps into cK and by J—W the sheaf of germs of 
holomorphic maps into the complex toral group T. 

In section 2 we introduce the cohomology of the group N with coefficients in a sheaf 
with operators ;§ —>W. We denote these by H'(N;.3). These groups were introduced by 
Kodaira in es sec. 13] as playing a role in his construction of analytic surfaces. We give 
an expanded treatment of this topic, and by the end of section 2 we have at least determined 
H’ (n; ow). In section 3 we take up H (N: aap and especially H-(N: Be ii Although 
there are formidable obstacles to a complete determination, it is possible by a combination of 
algebraic and topological considerations, to study this group. (The spectral sequences, in- 
troduced in $2 (cf. also 2) associated with H (N; 3) are due to H. Cartan and J. Leray. 
The groups, themselves, are a more abstract setting of the cohomology associated with a 
covering and topologically can be realized as the cohomology of the Borel space associated 
with an action. A. Grothendiek introduced these groups in (1s, chap. v| and studied the 
spectral sequences associated with them. Although Grothendiek's definition of H (N:8) is 
not the same as the one adopted here, which is modelled after Kodaira's, it is easily seen to 


2 


2) . er 
be equivalent.) We introduce the subset Bc (N; 3 ss of Bieberbach classes. This is the 


appropriate generalization of the torsionless group extensions as they were used in [13, 


sec. 8| . 
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Cm, one 
In section 4 we make use of —>u'(; @ww)*) — HN; 9) oon: ) ——> 
H°(N; eww) ) —>.... Toeach TE HN: y) we associate a holomorphic left principal T- 
bundle with operators (T, B_,N) —>(W,N). The group N acts freely on ease a properly 
discontinuous group of covering transformations if and only if 6(7)€H (N; 3 ) is a Bieber- 
bach class. In such cases we put M_ = B_/N and when vi) is trivial T acts on M_ asa 
holomorphic transformation group with M_/T = V. Rather obviously M_ is closed if and 
only if V is compact and M_ is aspherical if and only if W is. We may replace 7 by 
T+ e,.(v). Then 6(r+e,(v) =6(7) is still a Bieberbach class and we regard (T, M exw). 
as an equivariant deformation of (T,M_). ike Bue exe H-(N: 3°) is 2 Behenee? class then 
it has a holomorphic realization if and only if it lies in the kernel of H (N; 2 )—=> 
ae Qs; auw)*). Every Bieberbach class of finite order has a holomorphic realization. 
Our interest in the holomorphic case was developed from a desire to find examples 
of closed aspherical complex manifolds. At the same time we realize that there is an in- 
terest in holomorphic actions in general. We hope that by discussion of this method of con- 
struction and treating it from the viewpoint of Kodaira's groups H (N:8) we might stimulate 
a little further interest. In (7.2) we characterize those holomorphic actions which can be 
constructed by the present device. In sections 8 and 10 we study a holomorphic analogue of 
the fibration results of [i4]. Sections 7 and 12 describe the changes needed for the smooth 
and continuous cases while section 13 discusses replacing the toral group by a non-compact 
abelian Lie group. Other applications of the fibering theorems are also treated in section 12. 
Much of our work was accomplished without knowledge of Holmann's results, [20] and 
[21] . In fact, we originally found it necessary to assume the existence of local holomorphic 
slices. P. Wagreich called our attention to Holmann's theorem on slices as well as his paper 
on Seifert-fibre spaces. Of course, our definition of Seifert fibering is also a fibering in the 
sense of Holmann, however the respective approaches are different and almost complemen= 
tary. What we may have lost in utmost generality is compensated by our gain in effective 
computability. Since our paper is partly expository, we have tried to make certain aspects 
of it self-contained. Our need for references to cohomology of complex manifolds is quite 
modest and would be met by section 15, p. 114 of [io]. The reader does not need to know 
the contents of [33] and fis], although our title indicates this paper is a generalization of 
the structure in [33] while the construction introduced in fis] is pushed to its limit. 
There is no shortage of special examples. A completely comprehensive treatment is 
presently available for dim,,W = 2, which is treated at various points in the text. In section 


9 we consider a restricted, but not uncommon, class of examples with dim_W = 4, using 
R , 


the commutator subgroup, (N, N] , to detect Bieberbach classes. We also wish to point out 
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that a fairly broad class of mathematical objects falls within the province of Seifert fiberings. 
For example, by choosing W to be a point and N a finite group, with p non-trivial, the con- 
struction of Seifert fiberings over a point leads to the class of flat manifolds. Or, if W is 
complex projective n-space, CP» and N has a free unitary representation in U(n+1), the 
smooth construction yields the manifolds of constant positive curvature. Classification of 
these structures often can be reduced to an appropriate classification of Seifert fiberings. 
We illustrate this in §7, 9, 11, 12 and 13. As an illustration at the end of $12 we 
point out how, in particular, one may topologically classify, by their fundamental groups, 
almost all of the elliptic surfaces of Kodaira having only multiple fibers. These applications 
are another aspect of Seifert fiberings which we hope will stimulate further investigations. 


Finally, we wish to thank T. Suwa for several very helpful conversations. 
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2. Sheaves with Operators 


k 
A complex torus is determined by the choice of a real basis for C_ so that to each 


complex torus there is associated a short exact sequence 


(ae te a> Dees 


By Aut(T)C GL(k,C) we denote the subgroup of elements which preserve the image of 


Ze —_> oe An element of Aut(T) may be regarded as an automorphism of any one of the 


k 
three groups hae Cuore is 


Let (W,N) denote a properly discontinuous group of holomorphic transformations 
on a complex analytic manifold W with quotient the analytic space V = W/N, [9, sec. 4| : 
Let us fix a homomorphism @:N—> Aut(T). We shall write a, = O(a). The symbol S 
will denote any one of the three groups in the short exact sequence. To each open set 

UcCW we associate the abelian group map(U, S) of all holomorphic maps of U into S. 
In case S = ae this is simply the abelian group of all functions on U into act which 
are constant on the components of U. In each case we receive a sheaf of germs .§ —~>W. 
There is a natural left action of N on .§ as a group of sheaf cohomomorphisms, [12] 4 
To each open UCW andeach @EN we associate 


U 
map(Ua, S) ELAS map(U, S) 


where oat) =a, _ (lwo) . Thus > W becomes a sheaf with operators N. 

We shall be coocearied with H “(N; 38), the cohomology of the group N with coeffi- 
cients in this sheaf with operators. This will be the cohomology of a double complex arising 
from a differential sheaf, [s, p. 128], on the quotient space V. Let {B, (N), 9 ‘Li denote 
the un-normalized bar resolution of Z by free left Z(N)-modules, 25, p. 4]. For each 
open set UCV, map(y (ave s) is a left Z(N)-module with 


a, (£)(w) = a, (8(wa) 
Thus we may introduce a differential sheaf 


ta 5 5 es 


over V by assigning to each open UCV the abelian group 


Hom yy) @0%, map(v(u), s)) 


There is then the d re i,j Yj i 
e double complex = L => 1 ) where L!) = c'(v;.£/), which is 
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itl, j . . . . 
th) Godden eae, Winitl 


ste osle 
ys tS 


equipped with two coboundary operators d':t >L satis- 
d = d'+d", 
The first spectral sequence (6, p. 128] , is described in terms of sheaves h'—>V 
which are defined by assigning to each open UCV the cohomology group 
j -l ij ot 
we; map(v (U), s)) . Thus we have a spectral sequence fees ar b> H (N; 8) with 
se ~ a'(v; bh’) 
Let ree V be the direct image of .8 —>W under the quotient map v:W—->V. 
Applying the Leray spectral sequence of a map to y [s. p. 140] , we immediately conclude 
* ae x 
that H (W:3) “H (V;_f). Both of these cohomology groups have a natural Z(N)-module 
structure and the isomorphism is a Z(N)-module isomorphism. 


Ps . ™ i j 1 i ? oe 
Now with j fixed the cohomology of {c (Vd), av} is Hom yay (B,(N), H(V;3 ) 


= Hom 7 (yy) Gov, H (W; 3)). Hence we may also say that there is a second spectral 


sequence {ngt), a} => H (N:S) for which 
‘zo. = u(y, H'(W;:8)) 


Let us proceed now to determine the stalks of the sheaves h! —> V. Todo this we 
shall study the Z(N)-module on each stalk of the direct image sheaf ve We select a 
point Wo€ W. Since (W,N) is properly discontinuous, the isotropy subgroup of Wo: 
denoted for now by HCN, is finite. Furthermore, there are arbitrarily small open neigh- 


borhoods, K, of Wo for which 


KH =K 


KN ka? ifand only if we H. 


For each such K we define a Z(H)-module structure on map(K,§S) by 


h.(g)(w) = h,, (g(wh)) 


In this way the stalk oy, becomes a Z(H)-module. We introduce Hom, 44) (ow), 4) 


on which the left Z(N)-module structure is defined as follows. Let ¢: Z(N) => 4, bea 


Z(H)-module homomorphism. Then, for @€N, let 


&,(€)(B) = 8(Ba) . 
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(2.1) Lemma: If na is the stalk of § —>V at v(w,) then there 
ae eS ea) Me en a Oia oan 


isa canonical Z(N)-module isomorphism 


Suiw,) ~ Hom (41) (zn), $y) : 


Proof: Let us put U=v(K) so that a eh =K‘N may be identified with K KN, 


where (wh, hp) = (w, 8) for all weK, heH and BeN. We use (a, p)) to denote 
1 
( 


a pointin vy (V) =K X,,N- 


We must show that there is an isomorphism 


map(v(U), s) BEE (z(N), map(K, S)) f 


™7.(H) 


We regard Ce Hom, (1) (20), map(K, s)) as an indexed family of maps ti K —>S which 
satisfy Cup™ = Ag Gly for all he H. Suppose first that we are given 


£:K x => 
Kx N Ses 


then let 
catw) = B, (¢(w.8) 
Thus, 


hg awh) , 


Conversely, if the {te} are all given we put £(w, 8) = By tw) and then 


1 


t(wh', kB) = Ai Na (wh) 


hp 
= B. ; k. ‘@, ¢ (wh : h)) 


~ elt 
=v B. Caw) . 


This shows that f is well defined. The Z(N)-module structure on map(K X_N, S) is given 
nN: 


by 


45) = 


ali) (w.B) = 0, @w, Ba) 


Thus 
B. [e,.(f) w, 8) = Ba. ( ((w,, Ba))) = Bat ®) ; 


So we have exhibited a natural Z(N)-module isomorphism 
Hom (zin) map(K 8) = map(y"(U) s) 
Z(H) ’ ? ’ O 


The isomorphisms are natural and K may be taken arbitrarily small so the lemma follows. 


Returning to the notation Be for the isotropy subgroup at we€W we now have 


(2.2) Theorem: At each point weW there is a canonical isomorphism 


HIN > £7 
WwW WwW 


Cte) a 


Proof: In view of (2.1) we need only apply Cartan-Eilenberg [10, prop. (7. 4), p. 196] 
j ~ wi ) ; 
t de that = : 
o conclude that H (N J.) H Gs; FomzN (zn), 3) for all j>0. 


k k 
For the group C_ the sheaf J —W is OW) ->V, the sheaf of germs of nolo- 


k 
morphic maps on W into C . 


(2.3) Corollary: The edge homomorphism H Qs; ow) *) => H (V; ny) 
in the 'E-spectral sequence is an isomorphism. 


Proof: In this case each stalk of aw) is a complex vector space on which the 
finite group Ny acts as a group of complex linear automorphisms. Thus from (2.2) we 
see that hy —>V is the trivial sheaf if j>0. 

As a sheaf be —>V isa module over ((V), the sheaf of germs of holomorphic 
functions g: vu) +>C which satisfy g(wa) = g(w), and on the other hand he a 
arises by assigning to each open UcV those holomorphic functions f: vy lw) +c which 


satisfy f(w) =a, (wa) . Since @, is complex linear the @(V)-module structure on 


bh —>vV is defined. 


(2.4) Lemma: If for every isotropy subgroup N| CN the restriction of 


@ to N. is trivial then he —>V isa locally free of rank k as a module 


over M(V). 


ie 


-l] 
Proof: We select KcW as before so that y (U) =K XN: We denote by 


Ec map(K,C) the subalgebra of all holomorphic maps g:K —>C with g(wh) = g(w). We 
wish to identify ES with the submodule over E of all elements in map(y(u), c*) which 
satisfy a,,(f) =f forall a€N. Remember that hy, is the identity for all heH. If 

isk XN so satisfies a,(f) =f then in particular a. f ((w, @)) = tw e)) and if heH, 
hf (wv, h)) = £ (wh, e)) = t(w, e)) . Thus to each such f we may canonically associate 
tw, e)) € a Conversely every element in z uniquely determines a map flip “(v) some 


satisfying %,(f) =f. Thus locally ho >V is free of rank k over O(V). 


2k 
If ne is the group S, then .§ —>W is the constant sheaf WX¥Z —>W acted on 


2k 
from the left by (w,n) > (we a a, (n) . We denote this sheaf with operators by = >wW. 
Let us denote by Jf —>W the sheaf of germs of holomorphic maps on W into T. From 


the short exact sequence 


re eee ere a 


of Z(N)-modules we may deduce an exact cohomology triangle 


8 2k. Ae k 
H (N; 3 ) SH (60) 
3 ef 
H (N;¥). 
First we observe that K may be selected so that 


2 k 
0 +> map(K, Z RK —> map(K,C ) > map(K, T) 0 


is a short exact sequence of Z(H)-modules. Since Z(N) isa free left Z(H)-module it will 


follow from the proof of (2.1) that with U =v(K), the sequence 
-1 2k -1 k = 
0 > map (v (UO) ) > map(v C(O). 26 => map(v (U),T) 0 


is also a short exact sequence of left Z(N)-modules. Then clearly for each integer j>0 


0 Hom yoy) (8,00), map(v'(U), z°*) => Hom aay) (B,(N), map(v(u),c)) 


=> Hom (BN), map(» (uv), 7) > 0 


is exact. Exactness is preserved by direct limits, thus over V we obtain a short exact 


sequence of the differential sheaves 


> f 
ge te ees 
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P i 
The cochains functor C (V.) preserves exactness so that we finally arrive at a short exact 


sequence of double complexes 


to which we may apply the Kelly-Pitcher theorem to obtain the exact cohomology triangle. 


In view of (2.3) we shall write this as 


uf 


H (N; 35 Big My, hy) 


\ 


H (N: 9) 


* 
3. The Groups H (N; 35 


2k 
We shall restrict our attention to the sheaf with operators a —>W in this section. 


From (2.2) we immediately see in this case that for every we W 


* 2 Sa 
HG, 2 Samy 


Z 
where the cohomology of Ny is formed from the ZN.) -module structure on Z k which is 
2k k 
defined by the restricted homomorphism ON — Aut(T). Regarding 0>Z —-C >T 
—>0 as an exact sequence of ZN) -modules and using the fact that N_ is finite we find that 
: : 1 Se 7 2 
6:2 (N_;T) = wi toy ey for allj>0O. In particular, H,(N ;T)“H,(N ;Z see An 
ee ot oe ow HON 
element of HN Z K) is the Baer class of a group extension 


es ee — he i 
W Ww 


which is compatible with ON —>Aut(T). On the other hand, a 1-cocycle x€ ZN T) 
is a crossed homomorphism; that is a function XN —>T which satisfies 

x(a) = x(a)a, (x(9)) . We may use x to define a right action (T, Ny) by t*¥a= a XOx(o"') 
To see that this is a right action we write (t*a) «PB = Bytes (HB, (x(a) mel, Since T 


is abelian 
x (e8)7!) = (Bla) = (8B, Qa) = BY la) xB 


Thus (t* a)*B =t*(eB). The next lemma is a known result about Bieberbach groups 


[2, Th. a]. 


<T44- 


a) Lemma: The The right action (T,N val = ca if and only if the group 
extension i corresponding to slot) € HAN, z2 4 is torsionless. 


Proof: Suppose first that there is a non-trivial subgroup HC Ny which leaves a point 
toé T fixed. For all a@€H wehave a, (t)x(@) = to» or x(@) = ty@ulty ) for - @eH. This 
is a principal crossed homomorphism and thus cé(x) lies in the kernel of Ba ;T) > 

H g(t T). Since 6 is natural it follows that 0 ~ Zam ana — > 1 splits over the sub- 

group H; that is, le contains a subgroup isomorphic to aa semi-direct product Z ‘OH. 
It follows that ™, contains torsion if (T,N) is not a principal action. Conversely, if 
(T,N sa is principal then mi is the fundamental group of the quotient DN so of course 
m is torsionless. Pie m is torsionless it is by definition a Bieberbach group [11] , 
but the image of Z  ~ ™, may not be the maximal normal abelian subgroup so that in gen- 
eral Ne need not be the holonomy group. 

Let us Be Sa the edge homomorphism of the aed -spectral rope 
H-( (N; 3) —>H Ov. h “ together with the isomorphisms, Hg (N oD, 2k by To any 
element in H-(N: 3 2h then there is associated a whole ee uy group air 
0 ee Sere Nyt one for each point of W. If w is replaced by wa then N., is 

it 


E -1 -1 
d = d = é 
replaced by @ No Ne an be he) Ma 1d, (n) Ga) for all he N\: Thus aa 


is Caiionicaily isomorphic to cae 

(3.2) Definition : An element of H°(N; 3 7 is a Bieberbach class if and only if at 
every point we€W the induced group extension ue is torsionless. The subset of Bierberbach 
classes is denoted by Be H°(N; ii 

The set Bo may of course be empty, however if it contains at least one Bieberbach 
class then it contains more elements than might at first be apparent. Consider the other 


edge homomorphism of the 'E-spectral sequence, 


H Bei "ha )=> He Ng - : 
By definition, the composition of the two edge homomorphisms 


2 0 


H-(V; 2”) —>H (N; 379 —>H (V; hb?) 


is trivial, thus we have 


(3.3) Lemma: The sum of any Bieberbach class with an element in the image 


COO oe 
— 


of the edge homomorphism 


=)35- 
2k 


Ho(V: a => H-(N: 2 ) 


Thus we can translate a Bieberbach class by an element from H-(V: ays By 


analogy with (2.4) we can state 


(3.4) Lemma : If for each isotropy subgroup the restriction oly, —> Aut(T)’ 
0 
is trivial, then h —>V is a locally constant coefficient system, locally iso- 
2k Pe 
morphic to Z . If b itself is trivial then H (V;h ) ~H (V;Z a 


Related to (3.3) and (3. 4) we have 
(3.5) Lemma: If at each weW the restriction DIN, > Aat(T) is trivial then 
d 
3 3 2k 
0 > H(V; n°) >H"(N; 35 SH h’) ne n°) —H (N33) 


is exact. Furthermore, if Be is non-empty then every isotropy subgroup Ny 
is isomorphic to a subgroup of T. 


Proof: Since O :N > Aut(T) is trivial we have from (2. 2) 


2 2, 
a es ue = BomiN. 9) 0 
v(w) w w 


because N __ is finite and the exactness follows by the usual spectral sequence considerations. 
Ww 


If @, is not empty then for each Bl there is a homomorphism ow 2 Stor 
which t*@= ty(a) defines a principal action (T,N). Clearly such a y must be a mono- 


morphism. 
We should also indicate 


(3.6) Lemma: If W is simply connected then there is a 1-1 correspondence 
between the elements of Hom(z (V), Aut(T)) and the subset of Hom(N, Aut(T)) 
consisting of those homomorphisms which annihilate all of the isotropy sub- 


groups. 


Proof: The quotient of N by the least normal subgroup containing all the isotropy 


groups is isomorphic to m (v),[ 1 iv 


: 2k ns 
Now we turn briefly to the ''E-spectral sequence. Since 3% -—W is just 


wx 2“ —> acted on by a(w,n) = (wa, @,(n)), HOW; 37) is HW; 2°) with the induced 
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Ap eee eee 2 Li 
Z(N)-module structure. Thus "Eo ED | (s; H (W; Z 5), and in particular "Ey 
i 2 
Hg (Ns Z . 


(3.7) Definition ; Let Ags Hg (Ns 27K) oe the set of group extensions 


0 ee a 


2k F r 
for which every induced extension 0 >Z sa eee —> 1 is torsionless. 


The set Ag is carried into Be by the edge homomorphism 


HAN 27%) > H°(N; 3°) ; 


By analogy with (3.5) we state 
(3.8) Lemma: If W is simply connected then Hl; 274 ~y ly; 3° ‘)and 
0 > Hg; ay > H7(N: 3° >n°(s; HCW: 2°) 23, Hg (Ns a head 
Sey; 34), 
is exact. 


2 2k, ~ 2k 
oe Lemma: If W is 2-connected then Hains 2 )=H 2(N; 3 K) and 


If W v contractible then Ha (N: Z 2k) =H (N; 3 ae and the set os i By 
2k 
consists of all group extensions 0->Z -—>2->N— 1 for which 7 is 


torsionless. 


Proof: The cohomological part of the assertion follows immediately from the 'E- 


spectral sequence. Suppose now that W is contractible and in 7 there is an element of 
prime order. We must show that this element of prime order is contained in ™, for some 
weW. The image of this element in N also has prime order. Since W is contractible it 
follows from Smith theory that this image element has a fixed point and hence lies in some 
N_. Of course the original element is contained in Tas We have thus shown that 


0 >Z —-+>71—->N—1 is an element of Ad if and only if 7 is torsionless. 


We shall discuss an alternate description of H (N: 3°) in terms of the Borel’ space. 
Thus we take (N,X) to be a left principal action of N on a contractible complex so that 


X/N = K(N, 1). The Borel space then is Y = W XX where ((w, x) = (wa, ox) for all 
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@eéEN. We use (w, ») to denote a point in Y. Over Y we introduce a local coefficient 
2k 
bundle 3 —>Y by letting N act from the left on Wx X * rik where a(w,x,n) = 


=i \ . 
(wa Oe a, (n)) and setting ec = (W*X x zn a 


)/N. It is intuitively clear that H (N; 3 ) 


papacy 2l 
=~ GY: 3 he thus we omit the proof which is quite tedious. There are maps 


Vailas 
W/N=V X/N =K(N, 1) 


the second of which is a fibration with fibre W and structure group N. If, with respect to 


2k 
— Y, the Leray spectral sequences of these two maps are introduced, then we obtain 


'E and "E asin § 2. 
; i 3k 2 
We shall use this representation of H (N; 3 . to study the following situation. 


Suppose that LCN is anormal subgroup for which 


(i) L acts freely on W 


We denote by q:N —>N/L = G the quotient homomorphism and by p»:W — W/L = B the 
quotient map with respect to the action of L. Since (W,L) is a properly discontinuous group 
of covering transformations, the quotient space B is also a complex analytic manifold. 
There is induced a properly discontinuous holomorphic action (B,G) such that 

p(we) = u(w)q(a). Since LN Ny = {e} the restriction q/N, —>G is an isomorphism onto 
Since L lies in the kernel of there is induced a homomorphism w:G —> Aut(T). 


G é 
Btw) 2k x 2k 
Now with respect to 3 —>B we may also consider H (G; 3 Ne, 


(3.10) Theorem: If LCN is a normal subgroup satisfying (i) and (ii) then 
ok 2 bas Fe 4 2} 
H(G; 3°) <H(N;3). 


Proof: Let (G,X') be a left principal action on a contractible complex so that 
X'/G = K(G, 1). Consider then the Borel space of (W,L); thatis, W xx. A right action 


(W x, X.G) is defined as follows. If @€N then 


[w, x} q(2) = [wa, ax] A 
If BEL then [we Bx| = [w, x], but [w8*e, a "Bx| = [wa(a”"B'a), (a ‘Baya” ‘w] 


= [wa, aw]. The subgroup LCN acts trivially so that (W x, XG) is well defined. Next 
we form the Borel space of (W x, % G); thatis, (W x X) Xa X!'. A point in this space is 
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denoted by ((w. x], x')) . There are maps 


1 
ih xX) in 
K ir 
Wx X B aX 


given by 
(wx). x') —> (w, x) 
wx], x') => (uw), x’) 


The first map is a fibration with structure group G and fibre the contractible compiex X! 
Because L acted freely on W, the second map is also a fibration with structure group N 
and fibre the contractible complex X. Thus the Borel spaces of (B,G) and of (W,N) are of 
the same homotopy type. Since L lies in the kernel of @ we may define a local coefficient 


2, - 
bundle ge => (W Xd) XQ! by allowing G to act on (W x») XQX' XZ : with 


g(a) (Ww. x], x!) n) = ((ra"?, ox] : g(a)x"), o.,(n)) 


2\ 
and setting 4 <= (w my YR x'/G). There are the bundle maps 


2k A 2k 2k 


| | | 


W *X¥__X <—————  (W X_ X)X_X'! sa 
N ( i» ee Be 


wherein the maps on the base spaces are homotopy equivalences. Thus 
Ht (N; 3") au (We X) XK oS) 
ar Ga Ga 
a, H (G: chee : 
This concludes the proof of (3. 10). 


We shall apply this to the universal covering action (we, N’) associated to (W,N). 


There is a canonical group extension 


17 (W) S>N* 3N>1 
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and a properly pisgormnuous holomorphic action action on the universal covering space we so that 


we covering map w ey is equivariant with respect to to the quotient homomorphisms 


N SW. The construction of N- and its action on Ww is fully discussed in f 17 | so we 
shall only give a orief summary here. Choose a base point we W and let P(w,W) be the 
space of paths in W issuing from w. For each @€N choose a path Pn) € P(w,W) with 
PL = wa, agreeing that Pit) is the trivial path at w. To each @EN we associate an 
automorphism of 7 (W,w), denoted as usual vy a. Ibi fey ™ (W, w) is represented by the 


closed loop ¢(r) at w then a,(o) is represented by 
P (37), 0 a7 S175 
ASr= De, 1/37. <2/3 
P (3-37), 2 or He ys 


Next we define the non-abelian extension cocycle f:NxN > 7 (Ww). For any pair (qa, f) 


we take f(a@,8) to be the element of the fundamental group represented py 
PAls7), Des = 1/3 
P (37 - Dp; aja See 2/3 


When the product in (Ww) is defined as in ~ ; ei that is, for two closed loops 
t (7), £4(7) at w 


As), 0<7 < 1/2 


2 
O49 a= 
(£ i 9) ) 
£ Qr-1), Ly 2s get 
then a group structure on N’ = ero AW w) is given py 


(2.0, )(B.0,) = @B, a, AB,(o,)0,) . 


Now N° must act on the universal covering manifold Ww. Suppose bew , (a,o)EN , then 
let p(7)«€ a W) be a path representing b. The effect of acting on b with (@,0) is the 


point of Ww represented by the path in P(w,W): 
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&(37), O< 7 < 1/3 


P 87-0), 1/3.< 7 <.2/3 


p(37-2)a, 2/3<7<1. 


(W r N) covering (W,N). A special case worth noting is a finite group N acting on W with 
a fixed point we W chosen as the base point. We then may take all paths Pi) to be trivial 


and N- is a semi-direct product Nez (W,w) with product (2,0 )(B,0,) = (a8, B,(o,)o, ‘ 


In any case b:N —> Aut(T) induces a homomorphism also denoted by O:N —>Aut(T). 


As an immediate corollary of (3. 10) we obtain 


* Hes 4 oe 2k 
(3.11) Corollary: There is an isomorphism H (N; a “H (N ; 5 is 


This implies that there is no real loss of generality in assuming that W is simply 


connected. 


(3.12) Corollary: If W is aspherical then 
38 2k. eae tee } 2 
H (N; 3 Senge sh, | 5 


Since W is aspherical W must be contractible so we apply (3.11) and (3.9). 
We shall close the section now with one remark. 


(3.13) Lemma: If (W,N) is a finite group acting with at least one fixed 


‘ 2 PAS ae 
point then Be eH (N; 3 . is non-empty if and only if there is a torsion- 


less extension 0 —~> ite = N => lin HG (Ni a 1. 


_The proof is left to the reader, but we remember from (3.3) that we may be able to 


expand on an element in Bo: 
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4. The group H'(N;Y) 


Let us now discuss the geometric significance of 


e, i 
l 0 v 1 6 2 Kx « 
—>H (V,hO) ——> H (N;J) ——>H (N; ia) —> H ay. h ) > 
: nN 
For each element in H (N;Y) we shall construct a (T,B,N) —>(W,N); that is, a left princi- 
pal holomorphic T-bundle with right operators N. The actions of T and N will be related 
by the formula 


(tb) a = a7 "(t)(ba) . 


We shall see that N acts freely on B as a properly discontinuous group of holomorphic 
covering transformations if and only if 6(r)«€ H*(N; 3° is a Bieberbach class. 


In such cases we shall of course form the quotient M = B/N and obtain a diagram 
dis ats 
M WwW 
T 
™ wa 
Vv 


so that M_. is a non-singular complex analytic manifold and J: M_ =) Vi cI ey novomorphie 


Seifert cute: The generic fibre is T. If Ny is non-trivial, Bie sey v “(uw) is the 
non-singular manifold T/N., where the so extension 0 Sut en T/N, dora. >0 


is given by the element of HG, cin gk) x xh? J) which is determined by 6(7). 


If O:N —> Aut(T) annihilates all the isotropy subgroups of (W,N) then iM —>V is 
a "holomorphic local action" of T on m_[ 27 | . Finally if ) is trivial then the actions 
of T and N on B will comute so that we receive a holomorphic action (T,M_) with 
M_/T =V. If V is compact then M_ is closed; if W is aspherical then so is M_. 

Suppose a€é By is some Bieberbach class. It has a holomorphic realization (lies in 
the image of 6) if and only if i, (a) = Oe HV; hi). If ® annihilates all the isotropy sub- 
groups then by (2. 4) he —>V is locally free so it may be regarded as the sheaf of germs of 
holomorphic sections of a complex vector bundle over V. The bundle is found as follows. 
Let O:N —>Aut(T) induce b :N > Aut(T) and then appeal to (3.6) for the homomorphism 
7 i”) — Aut(T) ¢ GL(k, C). ir bundle over V is then constructed as usual. When V isa 
compact analytic space H “y; h % will then be finite dimensi onal. 

On the other hand, a pfabaroadt class need not have a unique holomorphic represen- 


1 oO. ; 
tation for if veHv: by) then 6é(7+ e, (v)) = 6(7). Since H (V; ho) is a linear space we can 


s142- 


regard v:M_ —>V as a deformation of the holomorphic Seifert fibration U: M_ SEW 


we oo) 
No topological change is involved. ' 
Let 2= fu. } be a locally finite indexed open covering of V and put W. =v (U.) 
i 
so that the {w.} form an open cover of W by N-invariant open sets. A holomorphic co- 
i 
ordinate system with operators {m, wo} is the assignment to each ordered pair (Gea) = 


with U.NU, #%, of a holomorphic map 
1 J 


m, 3>(W.OW_)x*N—=>T 
Lee i 0) 


2 


which for every ordered triple (i,j,k), with its 4 Vy) satisfies on a a ll N 


the cocycle condition 
(4. 1) mi iW 2B) = m, waa, (m, we B) : 


In particular 


m, ,(w,e) =m, (w,e}m, , (w,é) 
i,k Let as 


so that the {m, iow ed} form as usual a holomorphic co-ordinate system for a principal 


T-bundle over W. An important consequence of the cocycle condition is the identity 
-1 Sl al =i 
(4. 2) m, _(we8, (af) ) =m, ere VBS (m, jhe, & )) : 


This equation will define the right action of N on B. 

Let us first form in the standard fashion [ 34; sec. 3] , @ principal holomorphic co- 
ordinate T-bundle over W. We take the disjoint union U(T xw x {ig) and introduce the 
equivalence relation (t,w,i)~(t',w',j) if and only if w = w' and t'm,. (w,e) =t. The re- 
sulting bundle space is denoted by B anda point by b = (tw, i)) : The projection p:B ~+W 
is p(t, w, i)) =w. The left action (T,B) is given by t ((t,w, id) 7 (,t.w, i) : 


Now we shall define the right action (B,N). We put 


(tw, i) (or — (Gar ms {we a 2 Wa, iy) ‘ 


We must show that this is well defined and does yield a right action of N. Suppose then that 
(t, w, i) = ((t', w, 3) , so that t'm. j(w.e) =t. First we apply (4. 2) to the triple (i,j, j) with 
B = e to obtain the equation 


=i rs 
m, (wa,@ )=m, ,wa,e)m. (wa,@ a 
1,) 1,J Js] 


’ 


aies= 
Then, with the roles of @ and 8 interchanged, we apply (4. 2) to (i, i,j), yielding 


m, 
1 


one) = m, Ovaa™ a (mw. e)) ; 


Finally then Wwe arrive at the identity 


’ 


=I -l, -1 
4, = 
(4, 3) cant Gnu rae ) m, (wa, @ Ja, (m,_ 6, ¢) 


Now we can write 
=: -1 = = = 
oo (fm. (wea) ) = a (ta (m, (w,e)) m, (wa,a@ > 
= 1,1 “ ay ee neg! 
- =1 
= (@-(t)m, (wa, @ )) m. (wa, e) 
‘5 Hon 1,) 


Thus we have shown that our action is well defined, so next we must use (4. 2) to prove that 


the composition rule is satisfied. Let us write 


@ , (om, Awe,a™), wa, i) B 
& 20, (OB, (@™m; (we, a”) m, was, a) Ree. i) 
(Cao mi, (woe, (a) 7 wo, i) 


(t, w, i) ap 


Therefore we have defined (B,N). Obviously (B,N) —>(W,N) is equivariant and 
-1 
(tb)a = a, (t)(ba). 


Let us turn now to the matter of equivalence of co-ordinate systems with operators. 
We shall say that iM. (w,a)t is equivalent to {m, (vf if and only if there is for each 
Bai : 
index i a holomorphic map ca 1 which for each (i,j), with U,AU, 4, satisfies 


=i 
M, {wa = anew, (¢,(we)) ¢ tw) ; 


Suppose that (T,B',N) was formed from {m, iv) } . If we note that 


M. (wa, a ")€.(wa) =i: (waa ‘ya. (¢.(w)) 
it i i,i gS) 


then we may define a T-N equivariant holomorphic equivalence 
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(T, B', N) —>(T,B,N) 


(W, N) 


by 


((t, w, i)! > ( ¢(w), W, i)) : 


Since M. rae eye. ww) = m. (w,e)¢€.(w) this is well defined an obviously T-equivariant. Itis 
ileal 


also N A ees because 


@! (t)M, (we, bewae i)) > © f (we, ar ‘VE (wa), we, i) 


= @} (t¢.(w)) mi, (wa, ay: wa, K 
Gw.w. je 


We may conclude, thus, that (T,B,N) only depends on the equivalence class of \m, wa} 4 


Let us relate the introductory considerations in section 3 to the co-ordinate systems 
with operators. To each equivalence class we can canonically associate a characteristic 


family of elements Xy € HAWN yi ete wew. we define 


tata 


by ae, 4) =m, iw, a). If w8 = w also then Xw. i (eB) = m, (w, a6) = 
wm, moa, (o, (.8) = Me ie &, . Thus each Xwei is a crossed homomorphism. 


If pew, also, then since w@ = w we have from (4. 1) 


are Ae Qa) = m, i VX (Q) 


sg ial a) = ee (Q)a Am, , (w, e)) 


so that putting ie =m, i” e) we have 


z = 
ey, fo = Ky, EM tomalty  - 


1 
Thus ck(x ) uae T) is independent of the neighborhood containing w. If m. (w,@) is 
ily 
-1 
l i : -1 
replaced by m,_ lw. adar, (6 (wa))e.(w) then Xw, i is replaced by Xy, lO (8 Cw) 8 Cw) . 


: . -1 
but with w fixed a—>a.(e (w)) § tw) is a principal crossed homomorphism of N_ into T. 
Ww 
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5 L 
Thus we finally conclude that ef(x ) € AgiNy T) depends on the equivalence class of the 


holomorphic co-ordinate system with operators. 


We are really concerned with the cases in which (B,N) acts freely. Clearly the 
necessary me ao condition is that for each isotropy subgroup the action (T, N) given 


by t*a= a, OX, 5 (a 4) be a principal action. Hence, following (3.1), we may state 


(4.4) Lemma: The action (B,N) is free if and only if at each we W the 
: 2k 
sroup extension 0>Z -—>7 ->N_—1 associated with (x,.) € Hig 27K) 
Sroup extension w >? Ny} associated with Nw 


is torsionless. 


In this case we Put M = B/N so that M is a non-singular complex analytic manifold. 
A point in M is denoted by [t,w, i] . The holomorphic Seifert fibration ~:M—>V is given 
: ek 
Uv (ftw, iJ) = v(w)€V and 7 (viw)) = T/N. 


Actually we are discussing a Cech Theory definition of H(N; 9). Let us take up this 
point in detail. Associated to each locally finite open covering 7?Z of F there is the nerve 
N(7z) which may be regarded as a category. An object (simplex) is a finite set of elements 
in 22 with non-empty intersection. The morphisms are the inclusions. If o is a simplex 
then 1+dim(o) is the cardinality of the set o. If o = ww, ae uP) then Sup(o) is 

hy 4 Pohl v tw) CW. Thus o—Sup(o) is a contravariant functor from N(2) to the 
category of open non-empty subsets of W, with morphisms the inclusions. Using Sup(-) 
we have a covariant functor o —> map (Sup(o), T) into the category of left Z(N)-modules. We 
wish to define the cohomology of N with coefficients in this covariant stack with operators. 

To each simplex o€N(1x) there is associated the simplicial chain group 
{clo, ae 5} =C(o). Thus Ae is the free abelian group generated by all the ordered 
(p+ 1) -tuples of vertices of o. The face and degeneracy operators are defined as usual. At 
the same time there are defined face and degeneracy operators in the bar resolution so that 
B(N) = { BAN), a, s} } is a simplicial Z(N)-module, [25, ih 233-238] . Define a covariant 
functor on N(1) to the category of simplicial Z(N)-modules by forming the cartesian product 
B(N) * C(a) = fame Co), d'@d,, s1@s,f ; 

A p-cochain is a natural transformation from the functor o —>B (N) eC to the 


functor o > map (Sup(o), T) . The p-cochains form an abelian group Cy(N;¥Y). Since the 

boundary operator is a natural transformation of B ine oe to B (N) ®C no we im- 
if 

mediately obtain a coboundary operator 6:C TALE J) “ct (N; 9). In i way “it (N; J) is 


defined. 
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We assert that fo aN; J) is the group of e equivalence classes of co-ordinate systems 
with operators. ee to naturality a 1-cochain in ce SE 7) is uniquely determined by 


a function which to each ordered triple (@; U., U)), aeN, lee 49, assigns an element 


c(a;U.,U,) € map(W.NW., T). Following this view, 6c is evaluated on each (a, B; U. »U; U), 
Gala! ij 
-L 
where or aoe 4%, and éc(a,P; U,» U,, Os a,(c(B; U,, u,)) (clap; U,-U,)) Cla; u,U,) 


in map(W, AW. We AD. bvewiey wiht ee Me ,@) is the value of the map c(Q; U; ,U)) at a point 
weW, Le then we see that Im (w a) f is a co-ordinate system with ad ee if and only 
if eat is a l-cocycle. "| JeB, (N) is the generator of Bu = Z(N), thena O- 
cochain assigns to each : ]; 5 a Tee } U,) € map(W , T). Of course (6d)(a@; U., u; 


-1 , 
Sidi, a({ :U » (ac } u)) in map(W. aN a Putting ¢(w) equal to the value of 
a{ }u) at wew, we see that @ nee (we) (w) ‘eoredavande to 6d. Thus, as asserted, 


1 (ND) is the group of equivalence classes of holomorphic co-ordinate systems with 
operators. 

It is not difficult to introduce H (N:Y) = dirlim HN; 9) taken over open coverings 
of V. The usual considerations apply here; that is, if 1 refines WU then each refining 
function r:d' —>2e with U'cr(U) defines a covariant functor (simplicial map) N(1') > 
N(2%). All refining functions define simplicial maps of the same simplicial homotopy type, 
thus if 4 <U then H (N37) > HON; Y) is well defined. | 

The reader may feel that there is some difference between the definition of Hy (N; a) 
above and what he might expect in the light of the definition of H (N:J) given in section 2. 
The difference is that of forming a cartesian product of simplicial complexes versus the 
formation of the tensor product of two chain complexes. Thus, following Kodaira [ 23 | » we 


might have used the functor 


o —> B(N) ® C(o) 


where (Gu) ©C(0)) = a: BN) ®C (0). This would yield Cy (NZ) as the double com- 
jtl=p 


plex dich & (N; J) equipped with a coboundary operator of the form 6 = o 6. Brom the 
Eilenberg-Zilber theorem [25, p. 238] we can see that these two definitions of (NSS) 
agree. Indeed, if for each o€N(Lk), hs :B(N) ® C(c) > B(N) X C(c) is the Alexander -Whitney 
map, and 85 : B(N) X C(o) > B(N) ® Clo) is the map defined using shuffles then both ts f 

and {g. t are natural transformations between functors. Further {tg wt and fg. f ut are 
chain homotopic to the identity and in each case the chain homotopy is given by a pair of 


natural transformations of the functor into itself. 


= Vee 
We shall mention briefly the role of e,:H ‘Cy; O(w) at (N;J). Suppose 
TEH lin: y) is an element for which 6(7) € Be, Let {m, Ae a} bea eee cs co- 
ordinate system with operators representing rT. einposel = Gy; G(W) i) ~H iy. h a then 
for the same covering Uof V we may suppose that {m, ANE ay} is a holomorphic co- 
ordinate system with operators with values in c* which ash esents v. For every complex 


STEP {, (wf represents Av. Let us then define a parameterized holomorphic co- 
ordinate system with operators with values in T 


oo LOW) expQM, | (w, 2) ere) ; 
When 2X = 0 this represents 7 and when X = 1 it represents T+ ev). We form (T,D,N) ~> 
(CxW, N) by introducing into the disjoint union U(T XC nae \% {i}) the equivalence relation 
(t',A', w', j) ~(t,A, w,i) if and only if A'=2A, w =w' and Ee) =t. The projection 
map is ((t,2, w, i)) —>(i,w). The action of N onthe C factor is taken to be trivial, thus, 
if (D,N) is defined by 


(t,x, w, ia = @om, .wa,a™), A, We, i) 


the projection map is N-equivariant. Now 6 (7+ e, (rv) = 6(7) € @ so that N acts freely on 
D. We introduce the holomorphic Seifert fibration D/N —C xV by eae il >(, v(w)) ; 


This is what we refer to in saying M_ —>vV can be deformed into M te (hoe 


Be dim .W =1. 

To illustrate all the preceding general considerations let us pause now to consider 
this case. We may regard (W,N) as a ramified covering of the non-singular Riemann 
surface V = W/N. In this section we shall also assume that the restriction of @: N— Aut(T) 

‘to each isotropy subgroup is trivial so that by (3.6) i) is a homomorphism of m (Vv) into 


Aut(T). According to (2. 4), mee is then a locally free sheaf of rank k. 
c 


i 2 Qk 
(5.1) Theorem: If dim ,W = 1 then H (N;¥Y) —H (N; oa ) is an 


epimorphism and 
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0 2 
0 suv: 0h SH UN: 3 —>H (V;h) 0 


H(N:y) ~H (N33 oe If W te open and simply connected then 
2 2k, 
giNad )“H (N; 33 Ne 
0 fe ae 
Proof: Since h —>V is coherent and dim ,V = 1 it follows that H (V,h) = 0, thus 
===55 Cc 


every Bieberbach class has a holomorphic realization. Referring to (3.5) and the fact that 


dim_V = 2 we also have the short exact sequence 


2 Z 0 2 
OSH (yb (N33) SH iv hla 


L 0 
Any open Riemann surface is a Stein manifold so that if V is also open then H (V; h) = 0. 


Finally, an open simply connected Riemann surface is of course contractible so that by (3. 9} 
2 2 . 2 
Hg Z \ <H"(n; 3°. 
(2) Corollary: If (W,N) is a properly discontinuous group of holomorphic 
transformations on an open simply connected Riemann surface then to every 
= : 
torsionless extension 0 > Z —+>7—>N—>1 compatible with @ there is 
associated an aspherical complex manifold M, with fundamental group 7, 


together with a holomorphic local action oT, viM =v. 


If V is compact, then M is also closed. The properly discontinuous transformation 
groups on open simply connected Riemann surfaces have long been known,of course. Using 
(3.11) we can always replace (W,N) by (w'N’) so that unless W is already closed and 
simply connected we can always apply (5. 2). 

Let us recall from|13, sec. 10] how N acts on an open simply connected W. Every 
non-trivial finite subgroup of N is cyclic and has a unique fixed point. Every non-trivial 
finite subgroup lies in a unique maximal finite subgroup, the isotropy group of its fixed point. 
Every non-trivial isotropy subgroup is its own normalizer. Let SCW be the set of ele- 
ments with non-trivial isotropy subgroup. Then § is an N-invariant subset and S/NcV is 
a discrete closed subset in natural 1-1 correspondence with the conjugacy classes of the 
non-trivial agree peweee The sheaf h°—sv is trivial on the as te of S/N. 
Since hwy H “N, ; on" ') SHom(N, T) we see that a section of ne +> V is given by choos- 
ing a IN Rl into T for a representative from each conjugacy class of the non- 


ee j 2 
trivial isotropy subgroups. Since Hain: Z )—>H (V;h’) is an epimorphism we can state 


BS V2 
(5.3) Theorem: Let (W,N) be a properly discontinuous group of holo- 
morphic transformations on an open simply connected Riemann surface. 


Modulo the sum with an element in the image of 0 Hv: i) > Hg IN 27k) 
Soon a: c 


a Bieberbach class is uniquely determined by choosing an isomorphic embed- 
ding into T for a representative from each conjugacy class of the non-trivial 


isotropy subgroups. 


6. The subset A6 

Under the quite rigid hypothesis that W be 2-connected we observed in (3.9) that 
A6 may be identified with By: Under a weaker hypothesis a geometric interpretation can 
be given separately for AG: To map(W, ayy the linear space of all holomorphic maps of 


W into ck we assign the Z(N)-module structure given by a,,(f)(w) Fh, (£(wa)) , 


K cd 0 
(6.1) Lemma: If W is a Stein manifold, then Hg Ws map(W, C))~H (V; h) 


3 0) 5G ste le 
Proof: This is an analogue to (3.9). In (2.3) we showed that H (V; h) ~H (N; aww) *). 
x ‘k 4 i, . re . : k ; 
There is also the "E-spectral for H (n; 6(w) ) with "ES bay Qs; al(w, aw’) Since 
; ¥ 
W is a Stein manifold, however, H! (w; Ow) ) = 0 forall j>0. Thus we have 


Haw; map(W, c) = H (N ; O(W) : HUY; hy) 


Now let us add the assumption that W is simply connected. Then we have a short 
2k I fase 
exact sequence of Z(W)-modules 0->Z -—>map(W, c’) —>map(W,T) 0. This yields 


another exact cohomology exact triangle and a commutative diagram 


Hg ls; 27) Hg map(W , T)——> HN; a) 


ne 


pe a0 8 
2 H (V;h)) n H'(V; hb) 


at ee 


L 2 2k 
> H'(N;3 H'(N;9) ———> H(N;3) 
Appeal to (3.8). Using that, and the above commutative diagram, we may infer 


(6.2) Theorem: If W is a simply connected Stein manifold then 
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Hg map(W, T)) > H’(N; J) 


is a monomorphism. If 7€H (N39) then 7 lies in the image of this mono- 


H (N; a > Hs; HOW; ay) 


The result is interpreted as follows. To 7 €H (N; 9) there is associated a holo- 
morphic left principal T-bundle with operators (T,B,N) —(W,N). As a topological T- 
bundle it has a characteristic class in Hw: zo Because the bundle has operators cover- 
ing (W,N) this characteristic class lies in the subgroup of elements of Ho(W: at which 
are fixed under the action of N; thatis, in HS; H-(w:z74). Thus the assumption that 6(7) 
lies in the kernel of HN; 37) HG; HUW: 2°) means that the T-bundle is topologi- 
cally trivial. The assertion of (6.2) is that it is also holomorphically trivial, which would 


be expected since W is a Stein manifold. 


There is a simplification associated to the construction of Seifert fibrations from the 
elements of HAs map(W, T)) for which 6(7) Po: A 1-cocycle in z. (; map(W, T)) may be 
regarded as a holomorphic m:WxX N ->T satisfying m(w,@,) = m(w, a)@,(m(wa, B)) >) he 
action (TXW,N) is (t,w)a@ = (@7'()m(wa,e”'), we), Since 6(7)€ AG we put M = (TXW)/N 
and D((t, w) = p(w). The fundamental group of M_ is given by the extension : 


2k ; 2 2k. 
0>Z —->1—->N-— 1 corresponding to S(r)EA gC HEIN; Z Ne 


——_.. 


(6.3) Lemma: If Ay 79, N finitely generated, there is a normal subgroup 


LCN, of finite index, such that for every isotropy subgroup 
(i) NAL is isomorphic to a subgroup OLD 


(ii) d\n aL —> Aut(T) is trivial. 


Proof: Let KEN denote the kernel of d and let 


2k 
0SsZ Sr SNS! 


2 2k 
represent an element of Ags HalN: Z). There is induced a central extension 


2k 
OS>Z —-GoK—>}1 


é 2 2k 
which represents an element of ACH*(K; Z . Now the isotropy subgroups of (W,K) are 


Se 
Ky = KAN. We can apply (3.5) to (W,K) so that each KY is isomorphic to a subgroup of 
WR. TeyUte Q:N/K —> Aut(T) CGL(k, C) surely embeds N/K into GL(k,C) asa finitely gener- 
ated discrete subgroup. According to a theorem of E. Cartan [ +) | , there must be a 
normal subgroup HCN/K which is torsionless and has finite index. Then we take KCLCN 
so that L/K =H. Since L/K is torsionless it must follow that NOL =N OK=K_ for 
each one of the isotropy subgroups. This establishes the lemma. ‘ i 

We point this out frankly because we are not clear on the interpretation of the 
Seifert fiberings which arise when the restrictions bly, — Aut(T) are not all trivial. We 
have said the following. Suppose Te Hg Ws ian has 6(7) <Ao then M_ —+>V is con- 


structed. There is a holomorphic local action of T, 


SW 
oe aa a W/N 
which is a finite covering of the original Seifert fibration. We simply observe that in 
(TXW,N) the normal subgroup L of (6.5) is also operating freely so we put 
M! = (TxW)/L,V'=W/L, and the finite N/L still acts freely on M' with quotient M_. 
T 


The Seifert fibration M! —V' is a local holomorphic action of T since every restriction 


O|L. — Aut(T) is trivial. An immediate corollary of (6.3) is 


(6.4) Lemma: Suppose N is finitely generated and that é|Nn, —> Aut(T) 


We cannot assert in general that L lies in the kernel of @, so we may not be able 
to apply (3.10). It is only under the hypothesis of (6.4) that we can assert that each non- 
trivial isotropy subgroup Ny is exactly the holonomy group of the singular fibre T/N, of 
a Seifert fibration constructd from an element in Hg Qs map(W, T)) . In this case, however, 
the Seifert fibration will be finitely covered by a local holomorphic action M” —>V' without 


singular fibres and with local holomorphic sections. 


if {) F 
The lemma 6.3 may be formulated also in terms of H GSI NYO Ihe GE TEU, o/)) TE 
such that 6(7) € Bo: then we may obtain the same conclusion as in 6.3 by essentially the 


same arguments. In particular, we have the 
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y: i then M_ has a(not 
(6.5) Corollary: If 7 represents a local action, then a (not 
necessarily finite) covering M, ee with covering transformations N/K, 
where K denotes the kernel of a The holomorphic Seifert fibre space 


M, arises from a ee action and each of its orbits projects homeo- 
! ee Eee ese fae ee 
T 


morphically onto p- Wwe M for some veW/N. Furthermore, the holo- 
ga. a ate ee ae 
morphic covering W/K —>W/N is unbranched. 


Our experience suggests that working with 


i 0 
Hg(N; 7 H (V; hn?) 


\ 


Hg: map(W, T) 


is preferable to the general exact cohomology triangle which we studied prior to this section. 


7. The Smooth Case 

We may also consider a properly discontinuous group of diffeomorphisms (W,N). We 
would then consider a real k-torus 0 —~> ee a —> T — 0 and a homomorphism 
O:N —> GL(k, Z). Using smooth maps we can define the sheaf with operators My >W, 


| 
and of course 3 Ww is defined as before. The basic change is 
(7.1) Theorem: For j>0 in the smooth case 
j eal k 
N: sa . 
H( i Tp) H’ (N33 ) 


Proof: By analogy with ctw) S—sw there is the sheaf with operators Rw)<sw, 
the sheaf of germs of smooth maps on ¥ into ae Just as in (2.3) we show that the edge 
be cae H “Qs: RW) sin" (V; ba) is an isomorphism. In this case, however, 
hav is a fine sheaf. Recall that the sections of hav over V are the smooth maps 
f:W sh” which satisfy the identity a A wa)) = = f{(w) for all @a€N. If Ud is a locally finite 
open covering of V then there is a partition of unity ) subordinate to VA with the prop- 
erty that the composite maps s, = od v:W —>R are all smooth. Now using the fact that 


a, is real linear and that s,(wa) = s,(w) we see that g(w) = s (w) sw) is a global section of 
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0 : ; 0 
hv with support in U.. Of course 2s Cw ftw) = f(w) and thus h,—>vV is a fine 
sheaf. ‘ 
Using this, the ''E-spectral sequence, and the fact that Rw) is fine also, itis 
immediately seen that Hg: Map(W,R') = 0 forall j>0. Here Map(W, -) is the real lin- 


ear space of smooth maps. 


(7.2) Corollary: If (W,N) isa properly discontinuous group of diffeomorph- 
isms on a simply connected manifoid then there is a commutative diagram 
l c 2 c 
Ha; Maw, T') ~Ha(Ns 2) 


(monic) 


l An ees k 
H (N35 ,) =a: (N33 ) 


Every statement in section 3 remains valid if 2k is replaced by k. We would like to 
proceed now to the case (0) is trivial. Then to every Bieberbach class we assoicate a smooth 
action (T,M) of a k-torus on a manifold having at most finite isotropy groups. We ask just 
which smooth actions can be obtained by this process. Suppose we are givena (T,M). At 
each x€ M there is :T —>M given by f(t) = tx. This induces fei, (T) > (M, x), the 
image of which is central. We define a canonical homomorphism LS oa m(M, x) /im(£) 
on the isotropy subgroup into the quotient Lis, sec. 4]. This is done as follows. If t leaves 
x fixed choose any path, p(7), in T with p(0), p(1) =t. Then p(7)‘x is aclosed loopin M 


at x and in the quotient group it represents 7 At). 


There is a properly discontinuous group of diffeomorphisms (W,N) ona 
2 k ‘ 
simply connected manifold and a Bieberbach class in H (N; 3 ) which, up 


to an equivariant diffeomorphism, yields (T,M) if and only if n, is a mono- 


morphism at every point of M. 
If (T,M) is a holomorphic action of a complex toral group then (W,N) is 


a properly discontinuous holomorphic action. The holomorphic action arises 
from a holomorphic coordinate system with operators (T, B,N) —>(W,N) 

L ‘ : : 
which is determined bya class 7€H (N,) for which 5(7) is a Bieberbach 


class. 


Proof: Suppose first that all 7 are monomorphisms. Choose a point Xo € M. There 
= x 


is a covering action (T,B,N) —>(T,M) where B is the covering space corresponding to the 


Sige 
xy x 
subgroup im(f, om (M, x9 xe) IN 7 (M, x o)/im(E, 


and the actions of T and N and 2 for Combining (4. 16) and (4. 7) of [13] we find that 


ms) is the group of covering transformations 


(T,B) is a principal action if and only if Ds is a monomorphism at each point. Now 


ArERGY > 7 (B, b.)= im(t,9), thus B/T = W is simply connected and we receive a prop- 
erly discontinuous action (W,N) with W/N = V = M/T. 

We must now associate a smooth co-ordinate system with operators to (T,B,N) => 
(W,N). We assert that there is an open covering 2 of V such that over every Ww. = y (W,) 


there is a local section 8.:W—>B. On OW where wi 4 6, we put 


6, = m,_ jw. (s (wa) 


This defines the cooordinate system with operators and the T€ a (N: Jp): The Bieberbach 
class is 6(7). 

Now we must go the other way. Thus (W,N) is a properly discontinuous group of 
diffeomorphisms on a simply connected manifold and (T,M) is derived from some Bieber- 


bach class. We have then a diagram 


; Pee : 0, 
Since W is simply connected, a 7 (T) — 7 (B, b 0) must be an Poe and so (T,B,N) 
is the covering action associated to im(f, 0), Thus Nz (M, x a)/im(t, Oy | and since (T,B) is 
principal it must follow that a Lo 7 (MM, x)/im(f) is a monomorphism at every point. 
By (3.11) there is no loss of generality in assuming that W is simply connected so that we 
have described all smooth actions of T which can be constructed from a Bieberbach class. 
In the holomorphic case the covering action (T,B,N) —>(T M) of the complex torus is 


also holomorphic. Since Holmann has shown the existence of holomorphic slices [ 20 | , the 
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principal bundle with operators (T,B,N) isa principal holomorphic bundle over B/T =W, 


and N operates holomorphically on W. 


We have in a canonical manner associated to a smooth (T,M) satisfying the hypothesis 
of (7. 2) a properly discontinuous group of diffeomorphisms (W,N) and a Beiberbach class in 
2 
H N; 3°). Let us say that this is the characteristic class of (T,M) and that (T,M) hasa 


characteristic class. 


point xeM, flim (T) 7 (M,x) is a monomorphism. Then (T,M) has a 


characteristic class which lies in the image of 


0 —>H(N: z') > H(N: 3) ; 


Proof: This is an injective action as defined in [14]. It was shown that if (T,B,N) is 


the covering action corresponding to im(f,) then not only is (T,B) a principal action but the 
principal bundle B >B/T = W admits a global cross-section. Thus the characteristic class 
lies in the kernel of H(N;3'5 HN: H-(W: z')) and hence by (3.7) in the image as asser- 
ted. 

If (T, M) is assumed to be holomorphic it is of course also smooth. However, 
B —>B/T =W which admits a smooth cross-section may not admit a holomorphic one. Let 
T€H (N.Y) which yields (T,M), then there is a class pe H-(n; map(W; z*) whose image 
is 6(7)e€ HN. 27), if (T,M) is injective. From the exact sequence H(N; rmap(W, T)) => 
HN; map(W, z") Jj, H Cn; map(W, c') , j(b) = 0, if and only if the principal holomorphic 
bundle (T,B,N) with operators representing 7 is holomorphically trivial. As seen before, 


this would be the case if W is Stein. 


We would like to illustrate some of the foregoing material by two examples. In the 
first example we take a finite group N and we let it operate trivially on a point w. To bea 
Bieberbach class in H°(N, 3, - HG Ws 2) since W is contractible) the group extension 
2s —>7-—>N must be torsion free. The Seifert fibering consists ofa single fibre T/N over 
a single point. The manifold T/N is of course a flat manifold and @:N—>Aut T may as 
Walt be assumed faithful. (If not, then T/K, K the kernel of >, is once again a torus, since 


Xwik = KO —>T must be a monomorphism. We may then consider N/K instead.) Clearly 


all flat manifolds with holonomy N (see 6.4) may be constructed this way. Furthermore the 
Bieberbach classes of HG (Ns 2) can be used to determine the flat manifolds up to affine 


diffeomorphisms. This program is carried out in the work of Charlap [11] . It can also be 
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carried out in our general framework. What is needed is a suitable generalization of 


Theorem &.6 of [13 | . This generalization takes account of automorphisms of T, compati- 
ble ane eg ) as well as what is discussed in[ 13]. In the torsion free extension 
0—> Zz 5 5S pn SS 1, the subgroup he is a characteristic subgroup of 7. This then can 
be used to show that if M_ and M_, have isomorphic fundamental groups there they are 


(affinely) diffeomorphic. We do not pursue the details here. 


The next examples are spaces of constant positive curvature. Let us consider 
veo as obtained from a free linear action on eet by a finite subgroup F of U(n). The 
center U(1) of diagonal matrices commutes with F and so induces an action of U( 1)/UQ)NF 
on M_ with only finite stability groups. We now assume that n is the smallest integer for 
which F has a faithful free representation. The center K of F is precisely FNU(1). By 
studying a certain eigenvalue problem Dost Khan [ 29] has shown that fo: T w/K, 1) —_> 
1 OL x) has image precisely the center K. All the stability groups are embeded by 
il “Cou oe Si (™M. x)/K monomorphically. In fact, each singular orbit is isolated. If 


we form ga */UC 1) cP. we have induced the action of F/K. This (holomorphic) action 


has only isolated points at which the stability group is not trivial. The stability groups are 
all ay and are isomorphic to the corresponding stability groups of (u( (1)/K, M). We may 
yale (F/K;3). The smooth Seifert fibering (u()/K, pa ‘/F) = = M_ arises from a 
Bieberbach class 6(7T)€H “(E/3) . The smooth bundle with operators re Eon —>(W,N) is 
just the lens space GiW/K, Ss Gare F/K)) over (CP, F/K). If n>1, then cP /(F/K) 
is an analytic space with singularities (in fact a variety). 

If one selects n = 1, we may construct all closed 3-manifolds of constant positive 
curvature whose fundamental groups are non-abelian as Seifert fiberings over the 2-sphere. 
The number of singular orbits in this case is always precisely three. The non-abelian 
groups F appearing have faithful representations of F/K in SO(3) and represent standard 
finite groups of isometries of the complex projective line. By the classification of all circle 
actions on 3-manifolds and the classification of ies) shin space forms, every 
Bieberbach class of H-( (N; 33), where N operates on 3” , O:N —> Aut(s! ) is trivial, and the 
resulting a manifold M is not a lens space, must arise this ays If instead of taking a 
principal st bundle we were to bake a principal VOD Cc "bundle we oe obtain an 
open complex 4-manifold with ol "~action diffeomorphic e Re ; M. By taking c "12, a com- 
plex torus, there is induced an analytic action on (T?, s! xM 3 Ww ik is represented by a 
Bieberbach class in in HD), Since mM is a rational Raabe 3-sphere, the holomorphic 
Seifert fibering si Xx M_ admits no ieee structure and hence can not be algebraic. The 


fundamental group is sh nee 


ali7- 

Let us look at a very specific example. We choose F/K to be the icosahedral group 
(isomorphic to the alternating group on five elements). The group F is the central extension 
of Zo =K by I= F/K. The icosahedral group acts on CP, by isometries. From the 'E 
and ''E spectral sequences (and using H'(s°/I; Z) = H(s", Z) = 0) we have from the exact 


sequences of terms of low degree: 


0 


H°(1; H'(s”, z) 


0 on te Z) —sn*(,3) ——— H°(S"/1; h’) St) 


| 


H(i; H(S*; 2) 


ae 


H (I; Z) 


Substituting we have: 


<— o<—o 


oO ————__ > Z 11,3) “+2, © Z,0Z, 30 


= 


Sa Se 


Thus HU;3) = Z, but not every element represents a Bieberbach class. If 7€B, then 

v(t) must generate Zz, Z,@ Z5 = Zo0: The homomorphism i sends the generator onto the 
class 2 which is the characteristic class of the circle bundle with I as operators over the 
2-sphere. That is the total space is real projective 3-space. We may generate other Beiber- 
bach classes and bundles with operators by adding to 7 the image of elements of 

H7(s7/I; Z) x Z or by choosing another element whose image under v is a generator of Zoo: 


2 , ; 
The characteristic class of the circle bundle to be taken over S° changes with these different 
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choices. For our generator 7, the Seifert fibre space M_ has 7 (M_) binary icosahedra 
group, F, and M_ is the well known Poincaré sphere. It is a homogeneous space and in 
a ey T 


terms of our description at the beginning of this section it originates in (u( 1), SU(2), F) : 


fons, 


2 
(U()/Z,, SU(2)/Z, = $O(3), F/Z, = ee 


The coordinate bundle with operators yields 


/I /I 


[ow/z, 


2 2 
(OW)/Z,, $0(3)/I = M_) —______-______s (s‘/I=s") 


The other possibilities have ™ (M) = zy XF where n is relatively prime to 30. They may be 


constructed from co-ordinate bundles with operators, 


= XK = 
(U)/2,%2Z,, SU(2)/Z., x Z_ = lens space, F Z| Z*Z, 1) 


or by taking 


/Z, 
COE SO (Uj /Z,*m, S0(3)/1/Z_), 


where zy Cut). 


As we shall see in section twelve, every real 4-manifold arising from a Bieberbach 
class of nA F/K; 3) where F is a finite non-abelian group having a free linear representa- 
tion in U(2) admits a complex structure. We shall see that they fiber smoothly over the 
circle but not the torus. Hence, their first betti number will be odd and consequently are 
never Kahler manifolds. We do not know if these 4-manifolds are always products of the 


circle with a closed 3-manifold of constant positive curvature. 


Finally we come to the matter of fibrations in the smooth case. We assume that 


H,(M; Z) is finitely generated. 


(7.5) Theorem: The following are equivalent for a smooth action (T,M): 


(i) there is a smooth fibre map g:M T, satisfying g(tx) = ty e(x) 
for some n> 0, with a finite abelian structure group; 


(ii) na: us Z) —> HOM; Z) #8 a monomorphism; 
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(iii) (T,M) has a characteristic Bieberbach class of finite order. 


Proof: That (i) and (ii) are equivalent was proved in [ 14] . It was also shown, in 
view of (7.4), that (i) implies (iii) (actually in [14] the characteristic class was considered 
2 > 
to be an element of H’(N; 2). We postpone the proof that (iii) implies (i) to the next section 


where a similar argument in the analytic case is presented. 


(7.6) Corollary: Let (W,N) bea properly discontinuous group of diffeo- 
morphisms on a simply connected manifold. There is a Bieberbach class of 


5 : 2 < 
finite order in H (N39 if and only if there is a normal subgroup KCN, acting 


freely on W, for which the quotient group N/K is finite and a homomorphic 
image of ZX 


Proof: Suppose that there is a Bieberbach class of finite order. Then this is the 
characteristic ciass of a (T,M) and by (7.5) there is a smooth map g:M—>T which for 


some n>O satisfies g(tx) = tv e(x). We choose a base point x) €M with B(Xp) =eceT, then 
x 
the composition gf Op —->T is ft We take Kem (M, x,) to be the kernel of 
x 
8,7, (M, Xp) => m(T). Now im(£,°)nK - {1} so that K embeds isomorphically into 


x 
(IM, x_) /im(t,°) —N. We denote its image by K also. The splitting theorem asserts that 
i K 


K acts freely on W [14 ] . In addition, N/K~ 7 (M, x5) Kirt”) -K) is isomorphic to a 
k 
subgroup of (Z) : 
To prove the converse we assume that the subgroup K exists. Then there must be 


a short exact sequence 
k k 
0->Z SZ N/K 0. 


k ; 
But this is a torsionless central extension of Z by N/K and so represents a Bieberbach 


class of finite order in the image of’ 


2 2 
H°(N/K; 2) SHUN/K;3 SHINS GD - 
Let us return to the holomorphic case for a moment to observe 


(7.7) Corollary: Let (W,N) be a properly discontinuous group of holomorphic 
transformations on a complex manifold for which W/N = V is compact. If for 


1 7 
some k>0 there isa 7€H (N;JY) for which 
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(i) 6(r)€ Be HAN; 3) 


(ii) M_ isa projective algebraic variety 


finite abelian group. 


Proof: We have a holomorphic action (T, M_) on a projective variety with only finite 


isotropy subgroups. It follows trivially from Matsushima's results [ 26 ]enat 


x 
4 H fT; Z) >H (M_; :Z) is a monomorphism. 


It should wae pointed out that there are many holomorphic (W, N) tack dim we = i 
and W/N = V is an algebraic curve, but for no value of k>0 does @CH 2(N: Poni contain 
an element of finite order. We refer the reader to [15] for a general treatment of this 
phenomenon. Also by using 12.6, the Corollary 7.7 can be considerably extended. We shall 


refer to 7.7 again in the next section. 


8. Holomorphic Actions of T 

a us return now to the holomorphic (W,N) with Q: N — Aut(T) trivial so that to 
each 7T€H we Y) for which 6(7)€ @ there is the holomorphic (T, M ) with M fine a 
se (3.3) we see that we may alter 6(7) by any element in the image of 0 +H 2y: z s => 
H aie 22 ae To be certain that this new Bieberbach class is still in the image is 6:H Liney) 
> H7( N34 oe we consider the following. Since w) is trivial, be —+> Vv is av)* —+>vV, the 
2k 


sheaf of germs of holomorphic maps on V into on From the ae sequence 0 >Z 


- f 2 2k x 
C —>T-—0 we receive a homomorphism H’(V;Z ) say: av)*) and a commutative dia- 


gram 
2 2k 
H (V3 a 


2 2k c 
H(V;Z°) ———3 H°(v;o(y) . 
Thus we may alter 6(7) by the i i : as i ies i 
y r o(T) by the image of any element in H (V; Z which also lies in the 
2 2 
kernel of H (V; Z ) > 1? (v;e(v)) : 
Since (T,M) has only finite isotropy subgroups there is the Leray spectral sequence 
of the quotient map M—>V in rational cohomology. Thus there is {Ee Fi } => H (M ;Q) 
r r T 
with 
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ee 


Ey = H(V;Q) @H'(T;Q) 


The generators of the exterior algebra wn Q) are Sjaccuas bhosokpebes Let us digress fora 
moment . a that by analogy with 3 at and H “(N: a) we could replace Z by Q to 
obtain a" Rey and H 0% a ony en the 'E-spectral PEN is ake: in this case, 
however, we find H “(N: 2 Sen “(v: Q < Thus the inclusion 3° Pips induces a homo- 
morphisn H (N: s 45 oH “(: Q = the kernel of which is the torsion subgroup. 

If we regard H 2(N: 3 a5 as the 2k-fold sum ‘ H “Ws; 3) with itself then we can write 
6(T) = (a,, or -185))- The image of this element in H 2. Q 7 is also written (a, ee a, O° 
If Vir+++5 Vo, are the generators of the exterior algebra H ‘(T; Q) then d oft) = = a eH 2a Q). 

Denoting by bf: ) the n-th betti number of a space we may give as an eat Pe a 


result of Kodaira. 


(3. hy Lemma: Suppose dim A = dim, T = 1 and V is compact. 


order then b.(M )=b.(M ) = b.(V)+1 and b.(M ) = 2b.(V). 
————pl > 8 7, — 2 7 1 


Proof: Of course d, is the only non-trivial differential. Since (a. a )f0eH (V;Q 2) 


2 
it follows that d,: H Lop: Q) —H (V;Q) is an epimorphism and so has a eer kernel. 
One the other hand Hl(v; Q) HH “M; Q) is a monomorphism. From duality, 


b,(M_) 
3 7 
= b (M_) and since the Euler characteristic of M_ vanishes we may determine bo(M_). In 


this case (5.1) yields 


ys 2 0 2 
O—->Z+Z—SH (N; 3) >H (V;h )—~0 


so that there is always a large selection of 7 with 6(7) a Bieberbach class of infinite eae 
We might also note that by Dolbeault's theorem H ‘(W; G(W) ) is the direct sum of Hw”? ‘(v: C) 
with itself. Unless W is closed and simply connected each of the surfaces M_ is aspherical 
with fundamental group a torsionless central extension 0 > z" S1N— 1. 

If V is closed and simply connected then 6:H (NJ) = HN; 3) so that every 
Bieberbach class of infinite order may be uniquely converted in an elliptic surface M_ in 
senee VIL, of Kodaira's table [24, p. 790]. The Hopf surface as a Calabi-Eckmann aoe 
may be obtained by taking W = CP(1) and N trivial{ 8 1. The reader might like N = Zo 
Wee The action 19 t-—>t “i and V = T/Z, is simply connected. Using (7.5) the reader 


1 
may prove that each surface in (8.1) fibres smoothly over S . 
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Let us now discuss some analytic analogues of the fibration theorems. 


1 : 2 2 
(8.2) Lemma: If T€H (N;Y) is an element for which 6(7)€H (N33 5 has 


il : 
finite order n> 0 then there isa T'€H (N;), also of order n, with Gp) = Ce). 


1 k 
Proof: Since 6(n7) = 0 there isa v€H (v; ev) ) such that e,.(v) =ntT. However, 


nV; av)’ is a vector space so the required element is tT! = T -e,(v/n). 


1 
(8.3) Theorem: Let n>O bea given integer and let T€H (N;Y) be an 
element for which 6(7)€ @. There is a holomorphic map g: M_ —>T satis- 
1 
fying the identity g(tx) = t" g(x) for all teT, x€M_ if and only if nv = O€H (N;Y). 


Proof: Suppose first that the g exists. Choose an open covering VWof V anda 
holomorphic co-ordinate system with operator {m, wa) representing 7. We form the 
associated left principal holomorphic T-bundle with operators (T,B,N) —>(W,N). There is 
the T-equivariant covering map (T, B) > (T,M ) given by ((t, w, i)) => [t. w, i] . We regard 
g as being defined on this quotient of B. For each index i we define § (w) = e({, w, iJ) ZA 
On CRS this yields 


g[1, we. j| = g[m, (wee), wai] = g[m, ,(we,e)m, (w.@),w, i] 


so that if we apply (4.1) to (i,i, j) with a = a,B =e we obtain 


m. (w,@)"€.(w) = € (wa) 
Led i 


proving that n7 = 0. 

Conversely, suppose that nt = 0. We choose a representative holomorphic co- 
ordinate system with operators {m, wa} so that there are holomorphic CW > T whict 
satisfy se (w, a)" ¢ (w) = € (wa) on WOW. We define g:M_—>T by g(t, w, i) = te (w). 
Now [t, wa, j] = [em, (v.@,w. id, but te (wa) =" m. iw." ¢ (w)" so that the map g is 


well defined and has the property g(tx) = t g(x). 


1 
(8.4) Corollary: If T€H (N;¥) is an element of finite order for which 6(T) € 


then M_ may be holomorphically fibred over a complex torus T' with a con- 


nected fibre and a finite abelian structure group. 


Proof: Suppose that 7 has order n and choose a holomorphic g:M_—>T as in (8.3). 
a fe 3. 
: : _ a 0 
We may choose a base point Xo € M_ with B(Xp) =e€T. The composition gf -:T->T is the 


homomorphism tos", Th i i : 
p ere is also the homomorphism ee 7 (M_, Xo) > 1,(T). Since 
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im(g,,) has finite index there is a covering torus y:T'—>T to im(g,, .) and a holomorphic 


G: M_ —>T' with G(xp ) =ee€T' and voG=g. Since im(g., )>nT fD there is also a homo- 
en h:T—->T' with (voh)(t) = (” We assert that G(tx) = ae Consider the map 
de *M_ —>T' given Ky (t,x) > h(t 1 Gtx). Since yp is a homomorphism v(nit! )G(tx)) 
=e if Thus h(t_ arts) belongs to the finite kernel of vy and so is constant because 
TAM) is connected. Taking t=e, x= Xo we see that this constant value is e€ T' and so 
we have established the assertion. 

From this assertion it follows that e€T' is a regular value of G so that @ te} 
= YeM_ is a closed submanifold. If ACT is the kernel of h:T—>T' then AY = Y and 
CYAN! 4 @ if and only if te A. Thusa holomorphic equivalence between T 5 2. and M_ is 
given by ((t, y)) —>ty. The fibre Y must be connected since Co TT {M_ ,e) 7 {fT is an 


epimorphism. 


The following, combining (8. 2) and (8. 4), is obviously suggested by Kodaira's results 


on surfaces. 


which fibres as in @. 4). 


We should point out that the fibre Y need not even be topologically unique [1s] i 
Carrell has shown thatif M_ is algebraic then 7 has finite order. It is further shown in 
4 ® 


this case that for every deformation +t' of 7, the manifold Ms is Kahler. 


9. A Smooth 4-dimensional Case 


Let us suppose that (W,N) isa properly discontinuous group of diffeomorphisms in 
which every isotropy subgroup is abelian. In WxN we consider the subset I of all pairs 
(w,@) for which wa =w. The complement of I is readily seen to be open, so I is closed. 
There is a right action (I, N) given by (w,a)6 = (wB, Bon). An element in I/N is denoted 
by (w, a). A canonical map p:I/N —V is given by p(w, 2) = y(w). 


(9.1) Lemma: The map p:I/N —V isa sheaf over V. 


Proof: For each v€V we must define a natural abelian group structure on 
=a 
ea CI/N. Select any weW for which p(w) = v. We assert that every element p (v) can 


: : f , vey 
be written ((w, a) for a unique @€ a Clearly only uniqueness is the issue. Suppose tha 


aiGia 
@.€N_ isan element for which ((w, 2) =(w,@,)), then by definition there is a BeN with 
w 


wB = w, Bas =a: But then BEN, which is abelian by assumption, so @ = a, The 
addition in ae is then defined by (w, 2) + (w, 8) = ((w, 2). Suppose wi, eW is an ele- 


ment for which u(w,) = v also, then there isa YEN with wy=w,. But then ((w, 2) = 


1 
((w 07 “'By)) so that (wer) + (ow, 7 'BY) = (w,.¥" (@A)7) = 


i} 


-1 
(w,.y ey), (w.8) 
=a ; E 
((w, 28). Thus we have shown that the abelian group structure on p (vy) is well defined. 


-1 
Obviously at each we W there is a canonical isomorphism of Ny with p (v(w)). We there- 


fore refer to p:I1/N —>V as the isotropy sheaf. 


Let us now impose more stringent requirements on (W,N). As before, we denote by 
SCW the subset of points at which the abelian isotropy subgroup is non-trivial. From this 
point onward we suppose 


(*) the quotient S/N CV is finite. 


Thus S is a discrete closed subset of W and it follows immediately that every non-trivial 
isotropy subgroup of (W,N) is cyclic. 

The isotropy sheaf p:I/N —>V is trivial on the complement of the finite set S/N. 
Let us use this to define a homomorphism HCV: I/N) >N/ [N,N] on the sections of the iso- 
tropy sheaf into the commutator quotient group. If u:N —>N/ [N, N] denotes the quotient 
homomorphism then a well defined function u:1/N —>N/ (N, N] is given by uw Q)) = 0 Co) am 
Then if x:V —>I/N is a section u(x) €N/[N,N] is defined by ugdo) . The isotropy 
sheaf is non-trivial only over the finite set S/N, thus this yields a well defined homomorph- 
ism H°(V,1/N) ->N/ [N,N]. 

Let us take Q:N SGT. Z) to be trivial and consider H (N33). In the 'E-spectral 
sequence each bh) >v is trivial if j is odd and trivial on the complement of the finite set 


S/N if j is even and positive. Accordingly we can state (compare [13 (11.29) 


(9.2) Lemma: Let (W,N) be a properly discontinuous group of diffeo- 


morphisms for which S/NcV is finite. For every j>0 there is an exact 
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sequence 
2j 2j 0 2j doit 2j+1 2j+1 
0-H “(V; Z) >H (N;3) >H (V;h “) —~—>H™ “(V; Z) >H (N33) 0. 


Proof: In the 'E-spectral sequence oe = 0 if j is odd or if i>0O and j is even. 
Now each isotropy subgroup is cyclic so from (2.2) we see that for j>0, nJ_svy is iso- 
morphic to the isotropy sheaf I/N—>V. Let us see if we can exploit this informal observa- 


tion. 


We shall now restrict our attention to a group of orientation preserving diffeomorph- 
isms on an oriented manifold for which S/N is finite and V is compact. The preservation of 
orientation implies dimW = 2n. The quotient V is a compact manifold with finitely many 
singular points. Each singular point has a neighborhood which is the cone over a 2n-1 


dimensional lens space. We see this as follows. If v_,...,v 


; are the points in S/N we 


select Wi -.--,W, in W with u(w,) = if; At each uf we center a closed invariant 2n-cell 


k 
6 such that 


(i) (K “NDA UK, -N) = §4itis j 


(ii) K.AK.o FG if and only if aeN 
J J j 
(iii) a acts orthogonally on a 
j 
Then K./N_ CV is the cone over the lens space K/N, . Let us put . = iS -N= 
es b j : 
K.X. Nand D= WU D.. Then we may write W = BUD where B= WND, BNAD= 
j°N ies 
if j= 
9B = 8D =UaD.. Now B is a closed (as a subset) N-invariant submanifold for which the 


induced action (B,N) has only trivial isotropy groups. Furthermore let us note that 


H'(D;Z) ~wiop; Z), 0<i<2n-2. We introduce the Borel spaces 
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D Ky % —______—_—_ 0D XX 


Ae 


and it follows immediately that 


H(D XX Z) =H'(aD 4 Xi Z), O<i< 2n-2 


: 2n-1 
fw XX 2) CH = (OD x. XZ) . 


If we write W xX =(B 4 X) U(D x__X) and put the preceding information into the resulting 


N 
Mayer-Vietoris sequence we learn that H'(N;3) ~H'(B Xe X; Z) for O<i<2n-2. However 


(B,N) is a group of covering transformations so that B 1% —>B/N is also a fibration with 


contractible fibre X. 


(9.3) Lemma: Let (W,N) be a properly discontinuous group of orientation 


2n>2. If V is compact and S/N is finite then for 0 <i < 2n-2 


H(B/N; id) ~H(N;3) } 


Now B/N is just a compact oriented manifold with boundary the finite disjoint union 


of lens spaces aK IN, . Put B = B/N and consider 
J 


2n-2 2 *) 


. 3H” “(B ; Z) —>H"" “(8B 2) >... 


But is this not the edge homomorphism 


2n-2 0 = 
Ho” (N33) > H (V; ny 


** 0 2n-2 =i 
OB ;Z) 7H (V;h )? There is an orientation class o€H (9B + Z) 


2n 
and for any a€ eg 


since surely ee 


(B;: Z) we have 
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i,(i (a)no) = OH, (B; Z) . 


* 2n-2,_* 2n-2 6 ok 
Thus the image of H (B ;Z) SH (9B ; Z) is dual to the kernel of H, (0B ;Z)> 
H(B <2). 
Suppose that W simply connected, then since 2n > 2 we see B is also simply con- 
nected so that 7 (Bo )*N and H(B ; Z) =N/ [N,N]. At each Ww we identify the cyclic group 


, = (0) +k 
Ny with 7 (8K,/N )~H(OK./N ;Z). In this way H (V;I/N) is identified with H,(0B ; Z) 
; r) j %, j j i il 


® 0 * ok 
and the canonical x:H (V;I/N) >N/ [N,N] with H,(8B ; Z) > (B ;Z). The identification 
of Ny with 7 (0K,/N, ) depends on choosing a generator. 
j j 
(9.4) Theorem: Let (W,N) be a properly discontinuous group of orientation 


preserving diffeomorphisms on a simply connected oriented manifold. If 


0 2n-2 
H (V;h ) ~H(v: I/N) which identifies the image of the edge homomorphism 


033) Sab 4) 


with the kernel of 


wu: HCV; I/N) >N/ [N,N]. 


In practice the identification is obvious. The result achieves its maximum signifi- 


cance when dimW = 4. 


(9.5) Corollary: If (W,N) is a properly discontinuous group of orientation 
preserving diffeomorphisms on a simply connected 4-dimensional manifold 


2 
for which V is compact and S/N is finite, then the image of H (N;3) => 


more B cH (N33) is non-empty if and only if there is a selection of gener- 


i One INGA) 3 
ators a.eN,, for which Oy [N,N] 


J 
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2 
An element a€ HCN; 3) lies in Z@ if and only if its image in each stalk h. = 
J 
H (N, 3 Z) ae is a generator of the cyclic group. 
J j 
If W/N = V is also simply connected then N is the least normal subgroup containing 


0 ; 3 : 
all the isotropy groups and hence in this case u:H (V; 1/N) >N/ [N,N] is an epimorphism. 


Let us consider (2 M) acyclic group of prime order acting as a group of orientation 
preserving diffeomorphisms with a finite non-empty fixed point set on a closed oriented 
aspherical 4-manifold. Select a fixed point x€M and denote by 1,, the induced automorphism 
of 7 (M, x) for each TE Z The semi-direct product N = m (M, x) $2, then acts on the con- 
tractible universal covering space W. Thus (W,N) satisfies the hypothesis of (9.5). 

We define the set HZ m) to be the set of crossed-homomorphisms d: Fee 


identified with respect to the equivalence ¢~ b, if and only if there is an @€7 for which 
=k 
b, (7) es a7) 7, (a ) 


for all Te Zs, . We have shown (17, Ip 10], that the points in the fixed Bris set of (Z , M) 
are in 1-1 Pasion IER with the elements of the cohomology set H liz eile 
p 


Now N/ [N,N] = H, (N; Z), and since N = 7° Zz, we may conclude that 
= . . )) 
N/ [NN] = Z @ H, @ 3H (a: Z)) . 


Let k be the eciee of fixed points. oe representatives $ ,..., pi: Z,. —>rT for each 


of the elements in H Wy m). Then “:(Z a 7 ae ® HZ. ; H % 2) is given by 


(Tr aaah 7) = (Sr. 2247) 


This second sum is taken in th : : i 
en in the group Hy @: Hq; Z)) by composing 
1™—>H (7; Z) “en (2 H (7; Z)) : 


thus / is independent of the representatives p which are chosen, since @f(7)r (a7) 


= $(7)€H (2,3 :H, ( T; (1; Z)). The kernel of this is the image of 


2 
H“(N; Z) > H(V:h?) . 


If T is a complex toral i i = iy 
| plex toral group with dim T 2 then Zo acts by t—>t 7 and T/Z, =V iis 
simply eae oc There are 16 fixed T; = 16 
ixed points; Hy(Zo3 H TT; (1 Z,)) =(Zo) and H:(Z.) 
Z® (Z 45 is an epimorphism. The iz may be ones as follows. There are 16 


. be 4-tuples of integers containing only 0 and 1. Lexicographically order these. Let 
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pi: Zo —>Z_ be the crossed-homomorphism which to the generator of Z. assigns in zt the 


j : term in this lexicographic ordering. Thus b, is trivial. 

. This calculation is independent of the complex structure on T. We know H (Vv: C) 
= H{T/Z,; C) is isomorphic to the subalgebra of elements of H (T: C) that are fixed under 
the induced representation of Z.. Thus HV: C) =W°(T: C) and in fact u(y; (Vv) 


2 
a peed lie 
=H (r; O(T)) =H’ (T;C). Taking k=1, N= m,(T)° Zo and @ trivial we have 


a 2 
0 >H(N; 9) SH7(N; Z+2) HOT: 0) | 


: $ 2 
A Bieberbach class in @cH (N; Z+Z) is uniquely determined modulo the sum with an ele- 
, 4 2 2 
ment in the image of 0 +H (V; Z+Z) —H (N; Z+Z) as follows. Divide the above lexico- 
graphically ordered set into the subsets Si S5 (which may overlap and one may be $) sub- 


ject to 


(i) the cardinality of each of the two subsets is even 


(ii) in each of the two subsets the sum of the elements is 0 mod 2. 


6 
We obtain two elements in the kernel of H:(Z,) abs Z,@(Z.); a, = es AT Tig) with 7, 


the generator of Z. if and only if icS,, a= (Gl 29 Ti 6) with 7 the generator of Z, if 


2 2 iL 2 


and only if jes Corresponding to the ordered pair (a,. a.) there is a Bieberbach class in 


a 2 0 4 
H (N; Z+Z) with (a, ,a,) its image in H (V;h ). 


From Z+Z—>C we have 


2 0F2 
H-(T: Z+Z) —>H-(T; C). —> 8” (7: 0) 


eas 


AW et 


H°(V: Z+Z) —>H 
which we use to find elements in HV; Z+Z) by whose image in H-(N: Z+Z) a Bieberbach 
class with holomorphic realization can be translated into another Bieberbach class which 
still has a holomorphic realization. The resulting closed complex 3-folds will all be aspher- 
ical. We thought the reader might like some idea of this construction technique as applied 
to a specific example. Incidentally, there is at least one Bieberbach class of finite order 
present in H7(N; Z+Z) for this example, but we have no technique for counting Bieberbach 


classes of finite order when dim .W 2) il 
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9.6 We shall now give another class of locally injective examples where the 
resulting manifolds will have finite fundamental groups. We recall that after Theorem 7.4 
we treated two types of examples. One was the rnanifolds of constant positive curvature. 
Let us now look at a finite group F which has a fixed point free unitary representation of 


minimal degree 3. The group that we shall investigate is an extension 


12%, P= Z, = 30. 


F= {a.p|a” = g° = ik, pane: = a”. 


This group can be represented by the matrices 


a 0 0 0 1 0 
2 
4 
0 0 a 0 0 


where @ = exp(2mik/7), (k,7)=1; and 6 = exp(27ik'/3), (k',3) = 1. 
The center K clearly is the cyclic group ~% Ze generated by i We denote the 
quotient F/K by N. We may present it as: 


7 =< 
N= {'a, 'b|'a =1, i” = 1, 'b'a'b Ae ra” 


This is a non-abelian split extension 


————— 
Dn Ci lis Bae co ae 


This group N is a metacyclic group and has periodic cohomology of period 6. The co- 
homology can be computed easily and is H'(N; Z) = o0, Z..0 in dimensions 0,1,2, and 3 


respectively. (For example, N/ [N, N] = Z,, with [N,N] being Z_. This then implies that 
7 


2 3 
SG 8 = Aree ; ae : 2 
H (N; Z) Z., since it is Ext(H, (N;2),2) Using duality H (N; Z) ~H(N; Z) eZ and 


H°(N; Z) = Ext(H,(N; Z), Z) = Ext(H'(N; z), Z) = 0.) ; 


As in $7 we use the 'E and "E spectral sequences of low degree. We have 


O;1 6 | 
2 


, 2,0 1 
ey > ares —>1"(w;3) 5B). —'E2’ 
h 


0 2 0,2 
H W; ;Z)) = "E.’ 
(;H (CP,; 2) E, 


l 
np? 9 


ri) 


which becomes 


——- N<sO 
for) 


3 
d 2 i 2 j 053 
0 . . 1 2 
—>H (CP,/N; > 8 IN: oe) Z, © Z,@ 2 O27 E, 
[a 
Z 
. H°(N; 3) 


; 


We have yet to explain why ES 2 es Z. ® Z. ® Z., ® Z5, and the ie and "ES 
terms. The group N acts trivially on the cohomology of Hw (CP, Z) and thus De is 
isomorphic to Z. We claim now that HW(CP,/N; Z) = Z. We see this by observing that 
CP,/N is simply connected, consequently the torsion subgroup of H°(P,/N; Z) is trivial. 


To see that CP,/N is simply connected we observe that (CP,, N) is the composition of the 


/z /z a 


3 
actions (CP,, Z.) — (CP,/Z_, N/Z,) —_—— CP,/N. Z, has fixed points and by the 


Lefschetz formula so does (CP,/ Za Z.). We also may see this by direct computation with 
matrices A and B. The group H (N33 ) is clearly Z® Z.3- Since H(N; Z) = Z., the 


cokernel of H-(N: 3) ed ‘ES’ Z is Z. by 9.5, provided that we have checked that all the 
isotropy subgroups of (CP,, N) are isolated. This can be done by looking at the matrices 


A and B with homogeneous coordinates. One finds directly that there is exactly one orbit 


al Joa 
of points in CP, whose stability group is Zo and there are three distinct orbits on which 
the stability group is Zo. (This is a special case of a much more general result of Dost 
Khan [ 22] , in which he explicitly computes all the stability groups on cP, for the induced 
actions of free linear representations. ) 


Our diagram now becomes the exact sequences: 


A See 2 Or. © a —— Sz. —— 0 


i 
Ca ae ela Geiger gee 3 


N 


It is clear that j restricted to Z must span a © Zo. Thus the image of i must be 21 


times a free generator. The commutator subgroup is Z Now we may explicitly calculate 


7 

that there are generators x, ee for which XXoXgX4 € [N, N]; or we may use the general 
j 

fact that we do get a Bieberbach class by choosing the locally injective coordinate bundle 


with linear operators: 
5 1 
(o()/K, $°/K, F/K) tow), jk (CP,,N) . 


For this case, the ea eaetals class of the bundle over CP, is three times the generator 
in H-(CP gi 2) = Hw HCP,; Z)) 

We would now like determine some of the Bieberbach classes in H ath: 3 y= 
ZO Z.. The torsion of H 2N: 3) can never be a Bieserbach class since its image under j 
avoids non-trivial elements of Za Let us write (1,0) and (0,w) for generators of Z @ Z.. 
We choose w so that (3,w) yields the Bieberbach class represented by the "linear" 


5 
©)/K, s /F) which has been discussed above. We write the image of (1,0) under j by 
(Vo O.g O25 0.) and of (Ou) by (0,6... w » Wa). Then the image of (3,w) = 


At2? uid i ain 2 
(37, w, +36,, W, + 35,, W, + 36.) = (y, Wi Wo, Wa), a Bieberbach class. Thus W)> Wo, We are 
each generators of the distinct conjugacy classes of the N,N ,N of order 3. Fur- 
Ww Ww ; 
1 2 3 


thermore, the image of (1,0) cannot be (vy,0,0,0). At least, 6. say, isnot 0. One 


strongly suspects that (+1,0) or (+1, tw) could never be a Bieberbach class. (If they 
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were this would yield a free action of N on the 5-sphere which commutes with the linear 
free diagonal U(1)¢ U(3) and which projects to a linear action on CP... It is known that the 
free (S_,N) could not be equivalent to a linear action. However, such non-linear smooth 
free actions do actually exist according to the recent results of R. Lee and T. Petrie. It 
would be surprising if they were to arise this way.) In any case it is clear now that at least 


yields a 5-manifold which should be a manifold of constant positive curvature and of minimal 
dimension. 

We may also form holomorphic examples by using Cc principal bundles instead of 
U(1)-bundles. Then dividing out by Z cc. we obtain a complex torus and Bieberbach 
classes in H-(N: 3°), diffeomorphic to s' x M, where ve is a smooth 5-manifold just 
constructed. The cohomology groups H(CP,/N; bh) are all trivial, for j>0. There are, 
in particular, no obstructions to holomorphic realizations of Bieberbach classes, nor are 


there any deformations possible. 
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10. Holomorphically Injective Seifert Fiberings 


We denote by nd? Oc) the space of closed holomorphic 1-forms on a closed connected 


manifold and by Re: nb? On M) alm; R) the real linear embedding which to each element of 


nd ow assigns the real parts of its periods. “Suppose now (T,M) is an effective holo- 


morphic action. At each x€M the map f oT —>M given by f(t) = tx produces a commuta- 


tive diagram 


t 
0 1,0 
ho (net 
~|Re Re 
1 je 1 


If f :H'(M; R) SH (T; R) is an epimorphism then the action (T,M) is homologically injec- 
tive and M topologically fibres over a quotient of T by a finite sv.bgroup, which is also the 
structure group of the fibration. Furthermore the fibre is connected. By analogy, let us 
say (T,M) is holomorphically injective if and only if f sh” (M) sn)? (ry is an epimorph- 
ism. While this will not imply that M holomorphically fibres over a quotient of T, it does 
have important consequences. We wish to study this holomorphically injective condition in 


this section. We shall work with holomorphic Seifert fiberings. 


Let M denote a closed eae: analytic manifold and let J: 7 {™) — GL(k,C) bea 
homomorphism. We wish to define nb? OM, Y). We denote by (Mm , 7) a universal covering 
of M. For each @€7 we set Ce) ooh €GL(k, C). Via the homomorphism, ck becomes a 
Z(m)-module. The usual Z(z)-module oe is given Seoa ay thet is. a (f)(x) 


a, (t(xe) . Now we select a oe point x eM and denote by map (M Cc ‘ the linear 


0 
k 
space of all holomorphic g: M 36 for which g(Xp) = = 0. This too may be given a Z(z)- 


module structure by (a,(g))(x) =e (g(xa)) -&, (g(x ,,2)) . We must verify the composition rule. 


(Cte) 09 7 2,(G4(e(xe)) -2,(8,4 g)(x,2)) i a. (B (gxap ») -a.(B.(gx/8) -a(B, a(x) ) 
i a(8, g(x,P)) = (8),,(2)) (x). 


‘ Bd k : - *K ‘ 
While map)(M ,C ) is not a submodule of map(M ae there is a short exact sequence of 


Z(m) -modules 
k * k * k 
0—>C —map(M ,C) > map,(M ,C ) >0 


where the second homomorphism is given by g(x) = f(x) ~4(xo). Again we must compute 
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_ g)(x) = a, (g(xa) - a, (g( x2) 


a, (£( xa)) = (1¢ x ») get (40 x 0) +a (4 x9) 


I 


Hl) -Q (DCs) 


to see that this is a Z(z)-module homomorphism. 
There is the associated exact cohomology triangle 


ste 
*K 


aes map(M, c')) 


Hm; cy —H 


HG: map (M c') 


The invariant with which we shall be concerned, fn OOM w), is the kernel of Hr cy —> 


1 = > 
a 7; map(M om) . Since 7 is finitely generated, Hy 
ae 


i P 1 ee 
sois h’ (M,¥). A cocycle ge Z (7; cy is a crossed-homomorphism. The cocycle repre- 


(7; on is finite dimensional and hence 


1 0 1K 
sents an element of h ’ (M, ) if and only if there is a holomorphic f:M es for which 


. 1 * Ok 
a, (£(xa)) - f(x) = d(@); thatis, pe Zr G map(M , c’) becomes a principal crossed-homo- 
morphism. Since the image of 6:He T; map,(M c') — HL (a; cy is Awe 


1,0 
each element of h ’ (M,v) select a representative crossed-homomorphism, ¢, together 


(M,W) we can for 
with a holomorphic e:M er with a(x) = 0 and a, (g(xa)) -g(x) = g(a). 
The functorial property of nl’ (M,~) may be described as follows. If F:M—->M 


il 
is a holomorphic map for which the diagram 


ue 
ned A 
7 (M, x) 7 (M, x,) 


i eierag 


Gik, C) 


* 1,0 iO) ae 
commutes, then there is induced a homomorphism F :h (Mo ) —h (M,Y). This is 


defined by introducing the map F:M —>M,, covering F, and for which F(xa) = f(x) F,(@). 


1,0 : 
If k = 1 and is trivial then n°, tr) =h’ (M), the space of closed holomorphic 
10) 
l-forms. If J:1 > GL(k, C) is trivial, then of course h ’ (M,tr) is the k-fold sum of 


fe Onn with itself. We note for later reference 


(10.1) Lemma: If T is a complex toral group and if yim, (T) —> GL(k, C) 
is trivial then h!’9(T, tr) is isomorphic to Hom (C Os 
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Now let us turn to Seifert fiberings. Let (W,N) bea properly discontinuous group of 


holomorphic transformations on a simply connected analytic manifold for which V = Ww/N is 


compact. We choose a torus 


ph a er 
1 : 
together with a homomorphism O:N —Aut(T). Then to any T€H (N; J) for which 


6(7) cH-(N: 35 is a Bieberbach class there is associated a holomorphic left principal T- 


bundle with right operators, (T,B,N) ~(W, N), such that 


a) (B,N) is a properly discontinuous group of holomorphic covering 
transformations 

1 

( 


b) (th)a = a, (t)(ba), all teT, beB and @eN. 


The quotient B/N = M_ is a closed non-singular manifold together with a canonical holo- 
Ts 
morphic Seifert fibering over V. 


At any point 0€B thereis f,:T—B given by £ (o) = tb. Since W is simply 


connected, fh induces an A gaiare, 8 m.('L) —> 7, (B,b). We identify a" with 7, (T) via 
0=> gs Car —> 0, then ie is given a Z(N)-module structure by (a, (p)) = a, (€(p)) 
for all pe wee The kernel of Ze a 7 (B, b) is a submodule, for if pe Eger is represented 
by a closed loop o({t) in T, then a, (p) is represented by a, (o(7)) , and @, (o(7)) «ib 

= (o(7)ba)a™" so that if £?(p) = 0, then £2 (a, (p) = 0 also. Thus there is induced a Z(N)- 
module structure on im(1) = 7 (B, b). This abstract kernel is realized by the group exten- 
sion 


0 —> 7, (B) —>7,(M ) —> NS 1 


Let J: — Aut(T) C GL(k, C) be the composition 7 (™M) —>N —>Aut(T), then for every 


pe hae QeT 


b be = 
£.(@,(p)) = at (pa 
by iy : 
Of course im(f,) cker(y). We may now consider the induced 
1 ire 
a cy -<ciiomite i cy 


Kee : 
If o:1 —>C is a crossed-homomorphism then 4(p) = A(£°¢p)) is the induced homomorphism. 


In particular we observe that 
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2, (60 Peeve) 


a $a") +6(4P(p)) + pla) 


«$@;"(0) 


II 


Alp) A 


| < c K 
(10.2) Lemma: The image of eit o% SHomtZ | ch lies in the subspace 
k <7 EON cl ae 
Hom(Z cy . the subspace of all homomorphisms which satisfy a, 3 "(p)) 
= B(p). 


This is a special case of [25 , Ch. XI; Lemma 9,1] ‘ 


ii 
Now if F:T—>M_ is the composition of yee B—>M , then F maps T 
Li 


holomorphically onto a fibre. We shall be concerned with the induced 
ok } : @) 
F ch’ (M,Q) Hom (C%, Cie 


In view of (10.2) the image lies in the subspace of all linear transformations which satisfy 
-l 

ea. = b, a a@em7. Simply note that if Ap) = =L €(p)) is in the image of 

Hla; C ok) —>Homte™ ‘ cy then a L@ €(p)) =i €(p)) . The image of € spans ck so it 


follows L commutes with every @,. 


) 
) 


ee “i Definition: The cial fibration M_ —>V is holomorphically injective if and 
only if e "or ,W) > Hom ole > alt oa is an Ddtnidt 


Let us note that the identity matrix will then belong to the image of the induced 
homomorphism. We shall need a construction before we can proceed. Let (M ,7) be the 
universal cover of M_ . Then M is also the universal cover, as defined in section 3, of 


k 
(B,N). We assert ah is a holomorphic action with operators (C , M , ™) Which covers 


(T,B,N) and for which 


a) (v-x)@= a (y) -xa, ve of xeM , @€7 
2k 
b) €(p)- x= x-£(p) , all peZ 
; k 
By ci sT we see that ck acts on B. Brie a iy simply connected we may apply 
Lis P Th. 4, 3) to obtain the covering action ck M ay The two stated properties relating 
cc, M ‘) to (Mw _ m) now follow easily from the lemma (13, Lemma 4. i]. 
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(10.4) Lemma: If M -—>V is holomorphically injective then the left 
ee a ie wes ee pee 
principal (T,B) —W admits a global holomorphic cross-section. 


—— Choose a base poe Xo € M above Do There is a crossed-homomorphism 


k 
o: Base and a holomorphic G: M —>C* such that 
(i) G(x,) = 0. &, G(x) - G(x) = p(a) 


Do 
(ii) $(@, () = €() 


Now for each fixed x€M_ consider the holomorphic L (wv) = G(vx) - G(x). Obviously 


L (0) = 0. Moreover 


b 
L (w+ ete) = G(v-x)) Gx) = GQv- Wf, "(p)) - G09. 


b 
Since £ (p) is in the kernel of Y, however, 


b b 
G(v- w£,"(p) -alv-») = 6, °C) = etp) - 


Thus, LY Vi + €( (p)) = = L gv) Fe(p), and, as ke is only one such holomorphic map of ck onto 


Ese emt ieee (even Ils Es =p Tore aul xeM . So we have shown that G(v- x) = v+ G(x). 


: 2k 0 “ 
Since for any peZ , G(x-f, (p)) = G (p) : x)= €(p)+ G(x) the composite eeG:M —>T 
induces a holomorphic g:B—>T such that g(tb) = tg(b) for all teT, be B. The global holo- 
morphic section of (T, B) —>W is then given by e tq). 


b 
- 0 Ki 
Note that since nc (p)) = €(p) the composite e* 6:7->T will also induce a crossed- 


homomorphism :N —>T such that 
@, (g(ba)) = g(b) na). 


We ue use this to define an action (¢* (ai). N) which is pete ge equivalent to (W, a 
If ae May then a (gba) = rX@) and ne a ~ he)” is beeg- hia) aiSo. Bute na” - Q) 
= ra ‘a, “(nlad) , so we let bea = Ka ve be for all beg? (1), €N. Observe that 


(n(a™') « ba) ° B = 8") (4a) . ba) 8) = (B87! (na"})) bof = b= (a8). 


-l 
We see that (T,Tx¢g (1) is equivalent to a B) by (t,b) tb. If (rxg( a. N) is given by 
aac =a 
(t, b)@ = (a, (Gaines). bea) ree (r, Tye aye N) S(t; B,N) becomes a T-N equivariant 
ss cai Now m@) = na) is stilla is i -homomorphism so that we have shown that 


TEH LN, J) lies in the image of HN T) —H lin. 2) shi M_ —>V is a holomorphically injec- 


Sat eee 2, 2h 
tive Seifert fibering. It then follows that 6(7)e H (N; 3 i lies in the image of Hain; Vi oy 
and has finite order. 


1 
(10.5) Theorem: Let r€H (N;¥Y) be an element for which 6(7) is a 


Bieberbach class. Then 7 lies in the image of Hg (Ns T) —>H' (NY) if 
and only if M_ —>V isa holomorphically injective Seifert fibration. 


Proof: We have already proved sufficiency. Suppose that + is represented by a 
crossed-homomorphism m:N—>T. Then (TxW,N) is (t,w)@ = @'om(a"), wa), We 
must construct the fundamental group of M_ together with its action on C ‘x W, the universal 
covering space of M_. We can choose a a M:N as such that e(m(a)) = m(a) for 
all @€N and M(e) = 0. We should have 7 = Z XN with (p,)(q, B) =(b+a,(q)+ c(a, 8), of) 
where C(q@,[) € ai is the non-abelian extension cocycle. The action (Cx Ww m™ must have 


the form 
(v,w)+(p,0) = @:'(w)+ aF" tp) + (a), we) . 


The composition rule is satisfied, however, if and only if 


Bo Qua) +M(B™) = Byes" Ea, B)))+ (Be) 
or equivalently 


<(c(2,8) = @,M(@™) -a,8, M(B a) +a,8, M(B") . 


Since a, m(a”*)a,B (m(B*)) = m(Q) “ta, (m(8)~”) = m(ap) bs a6, m(B a’) there is for each 
a,BENXN a unique c(a,f)€ z for which the required relation is satisfied. 

Now let G(v,w) =v, then aG a '(v)+a,” €(p) +m(e™), wa) -G(v, w) = €(p) 
+e, Mla); Thus ee given by @(p,@) = (p+ a, Mia”) is a crossed-homomorphism 
tains an element of be (ML, y). Under Fh (M_,@) Hom (Cc, cae the image of 
the element is the identity matrix. If L commutes with all a, then ¢ is replaced with Log 
and G with L°G. Thus Fh (M_y) Hom (cc) is an epimorphism if 7 lies in 
the image of Hg ch _>H (Nn; 9). 


Of course (10.5) applies to holomorphic actions of a complex toral group (T,M). In 
fact James Carrell shows that if M carries a Kahler metric, then the action is holomorph- 


ically injective. He uses (10.5) then to see how actions on Kahler manifolds arise. 
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11. An Example 


According to Hollman [20], an effective holomorphic action (T,M) admits at every 
point of M a local holomorphic slice. Thus, as we mentioned, (7.3) is also valid in the 
analytic case. Now by default a principal action is locally injective. If M isa closed 
aspherical manifold then every action is injective and, as mentioned above, every holomorph- 
ic action on a closed Kahler manifold is holomorphically injective. Thus it would seem ap- 
propriate to give some examples of holomorphic actions which are not locally injective. We 
need only modify the Calabi-Eckmann examples [8 Jy introducing non-trivial isotropy sub- 


groups. The torus will be that defined by 


> 7 > OG SPS 


where €(n) = aoe 


Fix an ordered k-tuple of positive integers (p Pan P,) with greatest common divisor 


be 
3k k 
equal to 1. We define (C , C \{0}, Z) as follows 


p p 
eo 1 k 

Mz,» 2) = (r Zs r z,) 

V<n = €(n)-v . 
Then (Av): n = A(v-n) = AE(n)(v), and so with H(p, Pe P,) = (C8 {0} )/Z we have induced a 
holomorphic co H(p, ashe ™) . The action is principal if and only if yh ee P,. = 1. At 
each point xe H(p, saree P,) the induced homomorphism 7, (T) > 7 (Hl 9) is an epimorph- 
ism and hence the action fails to be locally iniective unless it is principal. Of course 
H(p, eer :P,) is topologically s! xX gre 


Now choose an integer j>0 and let H(j) correspond to the j-tuple with every entry 


equal to 1. On the product H(p, STA 2 P,)% H(j) there are two actions of T: 


(x, y) = (tx,t ty) 


t(x, y) = (tx, y) 


The first action is principal, so let M be the quotient of the product by this principal action 


The second action then induces (T,M). Topologically, M is grey paler Furthermore 


the isotropy subgroups of (T,M) are the same as those of ir, H(p, sipine p,) : 
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12. The Continuous Case 


(12.1) In this section we shall discuss the continuous case as well as some equivar- 
iant topological reduction theorems which have important analogues when the objects 
involved have additional structure. 

In section 7 we saw that replacing holomorphic (W, N) by a properly discontinuous 
group of diffeomorphisms placed us in the smooth category. For reasonable topalogical 
spaces W (those that are path connected, paracompact and having the homotopy type of a 
CW-complex or those that are paracompact, locally compact, path and locally path connected, 
and semi 1-connected spaces), the group of homeomorphisms N need only be properly dis- 
continuous for the entire theory we have developed to carry through. Once again one consi- 


ders a real k-torus 


0 i3, pAlb yNenriens 9 


and a homomorphism O:N —>GL(k, Z). We use continuous maps to define the sheaf with 


j j+1 0 
operators Jr —->W.. For.j> 0, 5:H(N; YR )—_ ey (N; 3, since h, SWS! BI 
c ec = c 


fine sheaf. Similarly, HG: map, (w,R') = 0 for all j>0 and the theory proceeds 
e 


exactly as in the smooth case. There are certainly some advantages in the continuous case 
since one may wish to consider geometrically defined spaces with automorphisms (W,N) 
which are not smooth. 

In both the smooth and continuous cases we have not considered the most general type 
of singular fibering that could arise when the generic fiber is a quotient of a torus by a 
freely acting finite group. Of course, what is missing is complete knowledge of the group of 
diffeomorphisms and homeomorphisms of the torus. We have replaced this lack of knowledge 
by the homomorphism O:N — >Aut T. Of course this is a reasonable working assumption 
for T itself is a subgroup of the connected component of the identity of the homeomorphism 
group of T and Aut T certainly is a subgroup of the group of path components. However, in 
treating singular fiberings which arise from actions, we, by assuming w) trivial, treat the 
most general possibility that may arise in this manner. 

In 6.3, 6.4 and 6.5 we have discussed the special role played by holomorphic actions 
(kernel o) in the general holomorphic Seifert fiberings. The key result needed was a 
theorem of E. Cartan. The real analogue of this result has been proved by A. Selberg, see 
[5 eas 3} . Hence, 6-3 - 6.5 are valid in the continuous and smooth cases also. In particu- 


lar, where k = 1, the Corollary 6.5 has a particularly nice form: 
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If + represents a local action, which fails to be an action, then the 


i i p ing and an action of the circle 
Seifert fibre space M_ has a double coverin M,_ nd an of the 


which projects to the local action. 


Proof: M,_ is nothing but the covering space induced by the double covering 


: 1 : é 
W/K —>W/N where K = kernel ob, O:N SSA) = Zo: Thus, if (S,B,N) is the coordi- 
il 
nate bundle with operators N so that M_ = B/N, then Ms = (8 ,B/K). 


In section 5, we discussed dim |W = 1. Here, everything is reduced to a properly 


discontinuous group of automorphisms operating on a simply connected 2-manifold. Since 
every orientation preserving smooth (respectively; continuous) properly discontinuous action 
is smoothly (respectively; continuously) equivalent to a holomorphic action we see that any 
even dimensional smooth (respectively; continuous) Seifert fibre space arising from orien- 


tation preserving homeomorphisms, is equivalent to a holomorphic one. 


(12.2) Since a special role is played by the Seifert fibre spaces which are actions 
we would now like to discuss a procedure which often enables one to reduce the complexity 
of an action of a torus. This procedure is exploited in [19] from a different point of view. 

Let (T,X) be a topological action on a space for which H(X;Z) is finitely generated 
and X is locally compact and possesses the usual desirable local properties. We shall 
assume that (T,X) has only finite stability groups. We may consider the Leray spectral 
sequence of the orbit map p:X —>X/T, where we use rational coefficient groups. With 
these coefficients the orbit map behaves like a principal fibre bundle map and in particular 
the Leray sheaf is constant. If we consider the terms of low degree from the spectral 


sequence we have 


1 oe a, oF 0 1 5 2 P¢ 
0H (X/T;Q) 2 > H'(x;Q) +> Ht (X/T; H (TQ) > H°CX/T,Q) Bs H7(x;Q) . 
The homomorphism i may be identified with 


(fy 


HW (x;,Q) + n (1/7, 3¢) —4*—s a (17:9) 


The composite above is the dual to the 


£,:H,(T;Q) ———>H (X;Q) 


considered in the fibering theorem. (We may use singular homology and cohomology here 


in dimension one since our local assumptions guarantee equivalence of the usual theories in 
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this low dimension.) The image of re is a vector space of dimension r. Consequently, 


fH, (T, 2) ——>H (x; 2) 


1 
: oS k re k= : , 
has rank r. We may finda splitting T= T° =T xT , where s| , isa monomorphism 
ab 


and f ‘ has finite image. Thus by the fibering theorem [14] the action restricted to the 
r-dimensional subtorus (T", x) fibers equivariantly over the torus (T’, m JA) where A 


is a finite abelian subgroup of T". In fact, we have a finite abelian covering and equivariant 
maps: 
4 Pig it 
or Ae TX YA) — (ya) 
/A /A /A 
(rt, tay (ry = Sedan ¥/A 


k F ; 
We shall now show that the entire action of T may be lifted to the abelian covering 


T’XY. Let 


= im( fy) ; ne n (Te) et) : 


We wish to show Hen (T)x 7, (¥) fe 7 (X, x). We may assume that Y is path connected 
without any loss of generality. 


Consider the commutative diagram 


ya pak 


m(T)¥ 7 (¥) 


ae. 


(7) a ee mt (X) oY 


ie 


ee H,(T"/A) = m (T/A) 


In the composition je £3 we may also consider the equivalent composite 


7 (T) —> 7, (8) —> H, (X) —>H,(T"/d) —A 
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Clearly, H lies in the kernel of j. Consequently, we may lift the action (rk na) WO) 
(T" Ky qt Ds. T x Y, A) where A commutes with rT, We may then consider the induced action 
(ie Va) X*, (Tx y)/T", a) . A calculation shows that the question as to whether 


Gu Y) arises from a Bieberbach class is equivalent to whether or not the restricted ac- 


tion (Teme X) arises from a Bieberbach class. 
We recall that the action (T,X) is homologically injective if the homomorphism 


{. 


if : : 

H fT, e:7) > Hi {& x: Z) has trivial kernel. In the above, (T ,X) is homologically 
k-r : angie 

eon while no spans non-trivial subgroup of T is homologically injective on X 


or on x/T” . We shall summarize the discussion in the following 


(12.3) Reduction Theorem: Let cr, X) be an action with only finite stability 


groups. We assume that X has the usual local properties anc and that H {OS Z) is 
finitely generated. Let r = rank im(f, ), where ae :H (rs Z) —>H Os Z) is 
the evaluation map on the first homology. Then ahd a sates 
rs = Tx hae and (T x) fibers equivariantly over (T°, T/ A). On the fibre 
Y, which can be chosen path connected, there is naturally induced an action of 
T™*x and T’“ acts with only finite stability groups. 

The induced action oo Y) is locally injective, injective or 
homologically injective, respectively, if and only if the same is true of the 
restricted action (eo. x) 


Furthermore, if dimension H°(x/T*;@) = sik; then kas. 


It remains to prove the homologically injective statement of the second paragraph. 


This will follow from the next lemma. 


k 
oe 4) Lemma: Let (T , X') be a covering action of the injective action 
(r" ,X) and assume the covering X'—>X isr Fegular and and of finite index. Then, 
rk ,X') is homologically injective if and only if crs es BSF 


Proof: ea eee x)/imf,, i A Ce x/ime, f: :m (I »€) > 7 (X, x). 


1 ae 
Let :Z 0 and i:N'—>N be the natural ary a Consider the diagram 
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Ne 
DAU ae ia 


i, ig 
”) 
2 k. * 
DAM eee NO 
Since ig is a monomorphism, any class beH-(N: 2‘) for which i (b) is of finite order 
rn y 2 k. 
goes trivially by n, into H (N;Q’). Hence b had finite order in H-(N: 2") and by 7.5 


k : : = eee 
(T,X) is hom ologically injective. On the other hand, if (rs, X) is homologically injective 


S 


the composition H (rt) 2 | {& —H {&) is a monomorphism by naturality. 
Consequently, (rk, xX )Pis synthe pate 

We apply the lemma in the reduction theorem above. If any connected subgroup of 
ait in ent hy Tx Y) is homologically injective, the same would be true of this subgroup 
for the restriction (rt * xy which is impossible. But any non-trivial connected subgroup 


r-k -k 
of T whose restriction to (T" , Y) is homologically injective would yield the same for 


[Closely related to 12.4 is the following proposition. Suppose that (W,N) isa 
properly discontinuous action of a finitely generated group on a simply connected space. 
Suppose there is a normal subgroup L of finite index for which the action (W,L) is free. 
Let Té€ HN 3) be a Bieberbach class and cu x 2 the locally injective action. The action 
(T x 2, is homologically injective if and only if re age bundle with operators 
ck, B, oot covering (rk, x a, has characteristic class in H 2(B/T'; a) of finite order. 


pEvot If rs Bs 2 is homologically injective then H lip: za) —>H ta ee a 


H B/T'; 25 is pts ai the image of d is i Conversely, if image 4 is finite, then 
H Mp: "5 —>H lip K.Q) is onto and hence cr , B) is injective. The lemma then implies that 
(r* x) is homologically injective. As a consequence when H°(B/T'; 7) = H-(w/L; Zi aNS 
free, then homological injectivity of (rs, X) means that every (Tr, B), covering actions of 
finite index which are principal, must be trivial bundles. In particular, if N is finite it 
says that homological injectivity means injectivity. These facts are relevant to the examples 
in §5, 7, 9 and those which follow. ] 


Another immediate consequence of 12.4 is a topological version of Calabi's reduction 
theorem for flat manifolds, see [14; dia 1] . The proof for the theorem in the reference cited 
is marred by several misprints. However, the argument is essentially the same as 12.4. 


The proof given above can be considered a correction of the misprints. 
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Calabi's theorem states essentially that if k is the rank of the center of 7 (M, x) 
where M is a closed flat manifold, then the first betti number is k and M has a k-dimen- 
sional torus group of isometries which is homologically injective. The fibre Y isa flat 


manifold and M = 7k X,Y, where 4 is a finite abelian group of isometries of Y. 


Calabi has also conjectured a reduction theorem for closed Kahler manifolds a | . 
Matsushima's result [26 | , mentioned in §7, is a proof of this conjecture for projective 
algebraic varieties. We shall now prove a topological version of Calabi's conjecture. This 
says that (T,M), an action of a torus on a closed homologically Kahlerian manifold, is 
homologically injective if and only if all the stability groups are finite. In particular, using 
8.4, a holomorphic (T,M) can always be deformed so that it holomorphically fibers when M 
admits a Kahler structure. This is a topological version of Carrell's result. It circumvents 
the material of $10 but it does not yield the very refined form of the results of section 10. 

We shall follow A. Borel (Seminar on Transformation Groups, Annals of Math. Study 
Chapter XII) and call a closed connected (cohomology) manifold M homologically Kahlerian 
if there exists a class Qé H-(M:K) such that 


n-s 
Ss U 2n- 
Urey ee 
is an isomorphism, s =0,1,2,...,n, where K is some field of characteristic 0. (A com- 


pact complex manifold which admits a Kahler metric is homologically Kahlerian. ) 


(cohomology) manifold. Then (T,M) has finite stability groups if and only 


if (T,M) fibers equivariantly over T. 


We obtain the result first for the circle and then extend to the product of circles. 


Our first lemma is a variant of A. Borel's theorem 6.2 of Chap. XII of [ 4 | : 


1 
(12.7) Lemma: Let (SM) be an action on a homologically Kahlerian 


, es j 
manifold. Then F(S’,M) = @ if and only if au (M; K)) #0 in H-(B a8) 


gi 


Proof: We look at the spectral sequence associated with the fibering of the Borel 


space 
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; d 1 
where E is the universal S -bundle over the universal classifying space B 


1 
iS) 


is a fibering 


for the circle. 


A theorem of Blanchard [ 3; Theorem II, 1.9] states that if there 


whose total space is compact anda typical fiber is a connected compact homologically 


Kahlerian manifold, then in the Leray spectral sequence, with E, = =H (base; K) 


® H aires K) and d aCe (fibre, K)) = = 0, the fibre is totally non-homologous to 0 in the 


total space. If d =0, then Borel 3.4 of 4 Chap. xu] yields une is fixed point set F 


must be nonempty. If, on the other hand, a # O and F a 0, then 7:4 205 pk) => 

* 8 

H (M vp) is injective. The kernel of 7 contains a°(u'(M, K) according to A. Borel 
iS) 

(Annals of Math. 57, 1953, 115-207, $5). But this is zero which yields a contradiction. 


We now assume (st, M) is without fixed points. We examine the Borel diagram: 


M As—_—_——-_ M x E ————S E 
1 il 
is! Blah /s 
M/S'<————— M x , E <a 
a4 S 2 s 


il ov 
Since we are using the field K as coefficients, the map M/S —> M/S isa 


dg ow, ees 
Vietoris map and we may homologically identify M—+M/S with the fibering MXE —~> 


M x l E. We consider the exact sequence of terms of low degree for the two fiberings 
s 
Mx E—~>M ., and M 1 — > B 1 Naturality enables us to construct the commutative 
s! s s 
diagram 
1 1 dge il pel a 2 1 
e 
0 ——> H (M/s K)— > H (M;k) 2°54 (S ,K) ——=>H ‘(M/S ;k) 
'7 j 
= ¥ = 
1 edge__1 ‘poe oe ees 
0=H(B Q SSH (M 3h) PH (MK) —>H (B :Q) Sager H (M/S 5K) 
Ss Ss 


*6 Zine A ae 
From the fact that i is not onto (since d() is not 0), it follows that '7 is not 


onto, and hence i must be surjective. Of course the homomorphism j can be factored: 
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; oe 
a (Ve Kee sts /S_;K) 


u(s': K) 


1 ; 
Consequently, we have that F = — implies that i H(S ;Z) —=> H(M; Z) is a monomorph- 
a 7. 1 
ism and hence (s), M) fibers equivariantly over (S ,S /A) for some finite ACS . 


k-j 


k j = 
We extend now to actions of the torus. We may split the torus T = T ail so that 


‘ is 9 
F(T, x) #9 and 7 ) acts with only finite stability groups. The group H (B Ke K) splits 


2 
naturally into H-(B we Bee) H-(B -K). We may consider the coboundary d_ of the 


i) > 
a “iE 


k k 
lemma to be at ® ® de by restricting the action of T to the compoments of T , 


(si Komen x s}) (Si, ae x8). The proof of the lemma now carries over. 
J J 


We now assume that cr, M) has only finite stability groups. We replace the circle 
group by ok in the commutative diagram relating the terms of low degree of the two spec- 


se 


2 * : 
tral sequences. Since d is surjective, j must be surjective and that complets the proof. 


We regard this result as a type of reduction theorem. It states that a toral action 
cr, M) on a homologically Kahlerian manifold is determined by an action of a finite abelian 
group AC ok acting on a closed submanifold YCM, the fibre. We now observe that it is 
often possible to check that Y is also homologically Kahlerian. Thus, in this case, we 
could repeat this process of simplification of M by fibering Y over a torus if there were a 
toral action on Y with only finite stability groups. Of course, in section 10, when dealing 
with an actual Kahler manifold, the analytically embedded fibre Y is necessarily a Kahler 
submanifold. That is if we assume that (T,M) is holomorphic with M Kahler, then when 
deforming (T,M) to a class of finite order, M remains Kahler and the resulting holomorph- 


of isometries and holomorphically (T,M) is (T,T x, ¥). 


(12.8) We now wish to combine the two theorems in this section for some more 


information concerning the case treatedin § 5. 


3 k ; 3 
When an action (T ,M) is homologically injective, then SH (xX; K) <r tT K) 


rot : ie Le 
is onto, and H (T ;K) generates the cohomology of r, Thus we get ES" =F! and, 
oo 
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i k hak = 
Y HRY To) @dT (TK) KK), 
i+j=n 
where the isomorphism @ is given by O(a ® b) = p (a) U@(b). Here p:X >x/r* is the 
orbit map and @ is a splitting so that c °@: 


k * 
nat kh) sr a T/T. ;K) 


is the identity. In particular, the betti numbers of X are determined if those of x/r* are 
known. For example, if k is even, and the odd betti numbers of x/T* are even, then the 
odd betti numbers of X are even. 

Our special case of interest arises when H°(x/T"; K) is 0 or 1-dimensional. Then 
the image of fH (x; K) —s Hr. K) is the kernel of azn, x) > H(x/T*, K) is of 


rank k or k-1l. Clearly, we may topologically recapture Lemma 8.1. More generally, 


homologically injective. 


In order to formulate our remarks on actions on manifolds of codimension 2 it is 
necessary to examine the 3-dimensional manifolds first. The actions of the circle on 3- 
manifolds have all been classified as Seifert manifolds and the succeeding lemmas can be 
deduced directly from this classification [33], [ 32], [ 29] and [ 27]. However, to illustrate 
application of our methods we shall deduce as much as we can from our present point of 
view and refer to the classification only in the treatment of actions which fail to be locally 
injective in (12.11) and (12.12). In the following the running hypothesis is that (s) wr) is 


an effective action without fixed points on a connected 3-manifold without boundary. 


(12.9) Lemma: The following are equivalent: 
13 (st, M): is injective 
ase aw) is infinite 
: 3 281 
3. M iscoveredby R orS xS . 


To deter mine those that are homologically injective we have: 


(12.10) Lemma: (st, mw) is homologically injective, if and only if, 
ib M? is non-compact or is nonorientable, or 
ae aif M? is compact and orientable, then the first betti number is odd. 
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3 : ae eee 
From 12.9 we see that (st, M’) can fail to be injective if and only if 7 (M ) is finite. 


Shares eee ; 
Thus Mw? must be closed and orientable. From the proof of 12.9, M /s will necessarily 
have to be a 2-sphere. Yet some of these actions may even fail to be locally injective. We 
now wish to characterize those which are still locally injective. We shall break it up into 


the abelian and non-abelian cases. 


Pe cel yee 
(12.11) Lemma: (Mt) is finite and non-abelian if and only if M/S isa 


2-sphere with exactly three singular orbits cae aes 0, so that 


3 : were. 
1/a,+ if/e, + \/e, >1. In this case (s',M ) is necessarily locally injective. 


(12.12) Lemma: 7 is finite and if and ‘er 
topologically equivalent to a "linear" action on a lens space (# SxS). The 
orbit space is necessarily a 2-sphere with fewer than3 singular orbits. The 
action is locally injective if and only if there are no singular orbits or exactly 


two singular orbits with the same stability group. 


3 
Proofs of Lemmas 12.9 - 12.12. We shall, for convenience, assume that H(M 47s\) 


is finitely generated and that there are at most a finite number of distinct isotropy subgroups 
although neither assumption is really necessary to carry out a proof. From the topological 
slice theorem we see that the orbit space is a 2-manifold. The 2-manifold has empty boun- 
dary unless there are orbits with Z5 stability groups which reverse the orientation ofa 
slice. In this latter case, these orbits project to the boundary and the original 3-manifold 
is necessarily non-orientable. The orientability of the orbit space is the same as that of 
Me unless there are Z.-type stability groups which locally reverse orientation. In this lat- 
ter case the orientability of the orbit space is determined by the orientability of ae with 
these exceptional orbits removed. 

Let F denote the smallest subgroup of s! containing all the stability groups. Then 


the orbit map 


(s'/F, M°/F) ———> (rym) /(s'/P) = m’/s' ) 


is a principal fibering. If m°/s! is not the 2-sphere or the projective plane, then it is a 
K(z, 1) and hence the free action (s'/F, M°/¥) is injective. Naturality then implies the 
action of (st, wr’) is injective. In case m/s! is the projective plane then the two princi- 
pal circle bundles over it are homologically injective actions. Thus injectivity could only 


3 Sing 
fail when M_ is closed, orientable and the orbit space is oF 
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We shall now show that im f, is a finite subgroup of 7 {™M 3) if and only if 7 {M a is 
a finite group. Suppose that im f, is finite. Choose a HEN nae, Qo 5 so that 
im(j,,) is kernel e. when jm s! a) >7(s', 1). We may now lift cs), mM) to an action 
on the universal covering ie We perform a construction analogous to above and form 
'S /'F ,M’/'F). This is a free action on a simply Evan space and the aii 
M/s! is a simply ik Villa 2-manifold. It can el be s? for otherwise 7 (at /'F) could 
not be trivial. Ae M 371 F is the 3-sphere and Me is a closed simply ie sot 3-mani- 
fold. Hence, 7 (M 4 is finite (and really covered by the 3-sphere). This yields the first 


equivalences of 12.9. 


: 3 : 
We now examine the M which are not K(z,1)'s, but still have infinite fundamental 


j eet ma lene 
group. Since (S ,M ) is injective, we may lift to the "splitting action", (so ) by 
(im £,, 


: 3 ieee 
7.4. Since (M /S’) is simply connected and not a K(z,1) it must be ee (This yields 
(im f, 


: : il 
the third equivalence of 12.9.) Thus, (S , M) has a finite covering by i Us s7, A) where 
3 
a 7 (M )/imf, which must operate effectively on Ss. Thus, as a Bieberbach class, 


(st, M) may be regarded as an element of men Z). Since A is finite, the Bieberbach 
class must be of finite order. Consequently, (s', Mm’) = is) si x s’) or (so si Xr eth It 
can also be regarded as a Bieberbach class of the cyclic group A’. Each of these are 5? or 
p- bundles over sta with structure group A’. The action fe ne) has exactly 0,1,2 
singular orbits and/or a circle of exceptional orbits; 1 occurs only when M is not orientable. 
Clearly, M? = sx s! where orientable; otherwise we have p*x si or the non-orientable 2- 
sphere bundle over the circle. The orbit spaces are ay Py or the disk. 

We have seen that all the actions which are injective are homologically injective if 
Mw is not a K(z,1). If (si, MW) is eR and Mw is a K(z,1), then the action can be 
described as a Bieberbach class in H 2(N; Z), eer N= 7 OM. a /im and iN peas 
properly discontinuously on R’. From 0 > H~( (M Pak, iP) ete 2(N; Z) —>H OM ae h = 
—>0 (from the 'E spectral sequence), we have that H wie Z) is of finite order whenever 
n7(m"/s'; Z) is of finite order. This is precisely the case whenever Mw? is not closed and 
orientable, and consequently, the action is homologically injective. In the closed orientable 
case, we may apply 12.8. This completes the proof of 12.10. 


oh : ‘ 
Let us now examine the locally injective case when 7 (M ) is finite. Since the lifted 


action (s), M ) is free and has 3? as a quotient space, the action is represented by a 
(im f,, 


lens space principally fibered over the 2-sphere. The quotient N =  (M)/im f, operates 
effectively on the 2-sphere and necessarily must be topologically equivalent to a linear 


orientation preserving action. Hence, if N is non-abelian (and orientation preserving), 


=—92— 
there are exactly three distinct orbits where the stability group is not trivial. The stability 


groups, which are cyclic, have orders as oe a, where 


4424+ 51. 
Ppa Toy weary 


(All possibilities can occur.) If N is abelian, then the central extension 
; 3 
0—>imf, —>7,(M )—> N — 1 


is abelian as we shall now observe. Since N is abelian it must be 
cyclic, Zo ® Zo or e. Thus there are no or exactly two singular orbits. If N=e, then 
clearly (st, mt?) is a principal fibering over s? different from six rah If N#e, then we 
have exactly 2 singular orbits where the stability groups are identical. Thus Mw is the 
union of two solid tori neighborhoods of the singular orbits. These locally injective actions 
on lens spaces can be described as the action induced by Hopf action (principal s! -action 

on the 3-sphere) on the quotient lens space s°/7,() = ace This action may not be effec- 
tive but when made effective it or its inverse is the required action. To see this one ob- 
serves that there is a minimal covering group igi = “eo which can be lifted to the 3-sphere. 
The covering transformations which are linear on the 3-sphere commute with the lifted 
action which is topologically the Hopf action. In the non-abelian locally injective case, we 
have the similar result that the action (ineffective) is induced from the covering Hopf action. 
What is not so clear in this case is that (Mt) can be regarded as a group of linear trans- 
formations of the 3-sphere. This is actually true but the argument is complicated. 

The classification of the remaining non-locally injective actions could proceed as 
just mentioned above. One lifts a covering circle group to an effective action on a closed 
simply connected 3-manifold. One needs to prove that there are at most 2 singular orbits 
on the universal covering and so w° would have to be the union of two solid tori sewn 
equivariantly together along the boundary and producing, topologically, a linear action on 
the 3-sphere. One would also need to know that on uM? there are at most 2 singular orbits 
to identify ve as a lens space. It is precisely at this point that we proceed along the lines 
of the classification theorems [33 | ‘ [ 32] and [ 27] . We use only a small part of this 
method. 

If (s', Mm’) has s° as an orbit space we may remove the interiors of invariant 
neighborhoods of the singular orbits. We obtain the product of a punctured 2-sphere with 
the circle. Now using the Van Kampen theorem we may, following Seifert [33], find a 


presentation of the fundamental group of mM: 


o9 a Py 
7 (M) = a, hla,.- qh 4 h , [a,] ; =o. one 
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Here the qa are the generators of the fundamental group of cross-sectional curves to the 
invariant tubular neighborhoods and h represents the generator of the fundamental group of 
the principal orbit. The relative prime pairs (a.,B.), Ox B < a are the numbers, nor- 


malized, arising from the slice representation: 


Ii 


zZ——> zexp(27 B'/a : 
zexp(27 Bi/ d: Pe, \(a,) 
in a neighborhood of each singular orbit. The symbol b represents an arbitrary integer and 
is a certain obstruction to completing a cross-section over the punctured s? when the q, are 
i 


specified on the boundary. Clearly the group, (h), generated by h is in the center. Hence 


’ 


Qa. 
N = 7,(M)/(h) = 4, jaya: 4, an 
is a well known type of group. This group acts on the Euclidean plane with compact quotient 
if n>3, andif n = 3, 1/a,+ 1/@, + 1/@, <1. Thus N would have to be infinite. Otherwise 
N is finite and acts on the 2-sphere. Thus (Mt) is finite, if and only if N is finite. When 
n<2, N is abelian and 7 (M) is abelian, hence cyclic. If n= 3, N is non-abelian and 


n (Mt) is non-abelian. 


We now wish to show that the non-abelian is necessarily locally injective. Since (h) 
is in the center and since 7 (Mt )/(n) = N is centerless, in the non-abelian case, we see that 
(h) is precisely the center. Furthermore (h) is precisely im(f,) since it represents a prin- 
cipal orbit. We may lift our action to the lens space (st, Me? 


(h)’ 
Zy> Zo »Z, of (s*, Mw) are represented by isomorphic stability groups of the action 


, 2 3 


(S_,N). This action is topologically linear and there are exactly 3 types of orbits with cyclic 
a 


N). But the stability groups 


stability groups isomorphic to CE 5% Thus, the homomorphism of 7.3 
1 3 
7 :S ——~>7,(M’)/(h) = N 
<<. & 1 


3, 
is a monomorphism. Consequently, (s", Mm?) fails to be locally injective only when M is 
ee | 
alens space#S XS. 


To see exactly when this arises we calculate the order of h in m, (MI). It turns out 
to be g. e.d. (a, ,@) if there are two singular orbits and to be that of n, (Mt) if there is 
exactly one. Thus, (S Mw) can be locally injective if and only if oi = e or there are no 
singular orbits. This will complete the proof of all the lemmas after we calculate the order 


of h in (Ml). 


This final computation,which can be done directly by examining carefully the sewing 


of the two solid tori,will be obtained from the following more general calculation. We shall 
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determine precisely when (s', Mm’) is homologically injective in terms of the presentation 


of 7 (ar), or better yet in terms of the slice representations, and the obstruction class b. 


Obviously we need only consider Mw when it is closed a oriented, otherwise it is always 


uae ae injective. The Seifert presentation of 7, (M > is then similar to that re 


2 
when M ve is S . We just need to add to the peenns the generators of 7, (M 37g! ) 


together with the induced relations: 


3 
7 (M ) =e oye ity by Gyore- dob 


a. 
[a, 4], [a.m], p,m] a, h 


De pio the 
Now we abelianize and obtain: 
Z ® Torsion or 
2g 
3) 
H(M OU = 
7 OFT OF STORE, 
2g 
The relations for the torsion are 
+ =— = 
q) qo os) con Hs qd bh 0 
Qa se me icrorite = 
1% 0 0 +B,b 0 
OF 0 eae chord hp ih =O 
nn n 
We obtain the following relation matrix: 
1 1 el 36 
@ 0 3 
1 “0 am 
0) 
a, & 2150 B, 
0 0 ~ O85 


b>, ] as: a, boy: ae 3 qh 


re 


, 
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From this we see that the determinant is the order of the torsion. Its value is 


OU) — (borer, 2.8 t= oe 
oss VIE Goan + (2 Bota tt. (G1 BY 
If, following Orlik, Vogt and Zieschang, we put A = fom(a,, so Lh), Biayel C2! = a then 
n i ie 
i=n 
o(h) = bA+ ' 
> = ap. ; 


where o(h) is the order of the element h in HM’; Zee Gleanly. (st, Mm’) is homologically 


injective, if and only if o(h) = 0. This formula was obtained earlier by Orlik, Vogt and 


Zieschang [ 29 | in a similar context. Now let us observe that 


B B 
1 n 1 eee 
Hence, if o(h) 7 0, 
o(T) - cee 
o(h) A 


Thus, 


3 
oor) a 
o(h) i. wa =a Cp (5) 


In the next section, as well as in[ 1g we shall have use for the following observation. 


it 3 
(12.13) Corollary: If u is closed and oriented, then (S , M ) is homologicaily 


injective if and only if 
By By 


Wie Sees ewe 
a a a 
1 2 n 


WD 


SS eee 
Se 


must be integral. 
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The proof is an immediate consequence of the preceding formulae. If this sum is 


not integral, N = n (M°)/im fy never has a torsion-free normal subgroup with finite abelian 


quotient, cf. [is]. 


(12.14). Finally we should mention what happens if mM? possesses non-empty 
boundary. We may still use the trick of dividing out the smallest subgroup containing all the 
isotropy subgroups. We obtain, then, a 2-manifold with non-empty boundary as an orbit 
space. Thus the principal fibering (M/F) —>(m?/s}) is homologically injective. Once 
again, (aa wr) would then necessarily be homologically injective. 

The local si actions (in the sense of § 4) on 3-manifolds may now be described. 
From (6.5) and (12.1) they are all doubly covered by locally injective s* actions: This 


double covering can be different from the orientable double covering obtained in [27 | : 


+ , 
We assume now that rk, Mu 2) is an effective action on a connected (k+ 2) -dimen- 


sional manifold with only finite stability groups. As in the preceding lemmas, we assume, 
k+2 

for convenience, that there are only a finite number of distinct isotropy groups, H\(M °Z) 

is finitely generated and that M is boundaryless, but not necessarily compact. By the slice 


ann lke 
theorem M /T is a connected 2-manifold exactly as in the preceding lemmas. The rank 


k+2 


Zi k 
H (M Pr ;Z) is 1 if and only if M is both closed and orientable, otherwise the rank is 0. 


Consequently, Theorem (12.3) guarantees a reduction of the action (rs, ihe to 


kek k-1 1 k-1 
(ee san Xn S) ore (a0 > ae x, ¥)- In the general latter case the restricted action, 


eal k+2 k-1 


‘ : : k-1 
(T §,M ), fibers equivariantly over (T =, T/A) with connected fiber Y. Associated 


to this fibering is the induced action (TxA ol (rl, Yea. 


(12.15) Theorem: Each associated action (rt, Y, A) to rk, “) is an 


action of the circle on a connected 3-manifold without fixed points. Local 


injectivity, injectivity and homological injectivity of the associated induced 
k k+2 


actions are equivalent to the same for (T po Ctlee F 


All locally injective actions on even dimensional orientable “wo are 


dimensional M, homological injectivity is equivalent to M admitting a struc- 
ture of a projective algebraic non-singular variety which, in turn, is equiva - 
lent to M admitting a Kahler structure. 


Proof: Assuming only continuous actions it follows that is Y) is an action on an 
integral cohomology 3-manifold. The slice theorem immediately implies that Y is locally 


Euclidean. The Reduction Theorem 12.3 yields the first part of the theorem. 


-197- 

As we have already seen at the beginning of this section, every cr, wt?) which 
is locally injective (arises from a Bieberbach class associated with a principal coordinate 
bundle with operators) is topologically equivalent to a holomorphic action. 

Where woe is even dimensional, closed and orientable then unre is homologically 
injective if and — if dimension H an if ;K) is even. Thus those that do not fiber equi- 
variantly over T KA can not be fii manifolds. On the other hand those that do fiber are 
homeomorphic to projective algebraic varieties. Since the action is equivalent to a holo- 
morphic action we may as well assume that (W,N), the induced action on (B/ 2; m (M)/im fc). 
is a group of Kahler isometries on the simply connected Riemann surface B/T. Since the 
action topologically fibers we may deform the corresponding holomorphic action so that the 
resulting holomorphic action holomorphically fibers over T/A. This induces the holo- 
morphic action on the A covering of asa rk, tk S, 4) where §S is a closed Riemann 
surface and A is a group of isometries on S. Since S ii algebraic, A can be regarded as 


algebraic. If we have chosen an algebraic torus then cr, 7 x 9) will be algebraic. 


We may characterize the local injectivity, injectivity and homological injectivity of 

= 
Hee mu“ 2) in terms of the fundamental group and orbit space in the same manner that we 
employed for Ss -astions on 3-manifolds. Obviously homological injectivity will occur when- 


kK+2 
ever the orbit space is not closed or not orientable. In these cases M* is — a K(m, 1). 


" K+ Z 

When ms . is closed and orientable, then injectivity can fail only when M Aig 1s) oes 

The rank of HM, Z) determines homological injectivity. We could then go to a presen- 
k+2 


tation of 7 (M , x) similar to that employed in the lemmas and deduce once again that 


having more than 3 singular orbits when M/T is the 2-sphere forces M to bea K(z, 1). 


The analysis with fewer than 4 orbits proceeds analogously. 


k 
In itt we shall topologically characterize those actions of (T , mu“ a4) for 


which 7 (Ms ha is abelian. Simultaneously this will characterize those actions which fail to 


be locally injective. Let us assume that by the Reduction Theorem we have written 


r, TV eapn as ate as Ay) where the fiber Y is a 3-dimensional lens space where we 


allow 37x si and 3°. If A = Zs ® Zs or Zo we shall say the reduction is special. 


kel ike], 
(12.16) Lemma: Ifthe reduction (T ,T  ¥%* A” of an orientable 


k+2 k-1 
cr, Pei is not special, then M is MERC Led Men 2 


Proof. We shall show that A is cyclic or Z, ® Zo: When cyclic it can be embedded 


k-1 Tie our 
in some circle subgroup T, of 7 i We may write the fibering over T /A asa fibering 


Ie -j A 
over iS Rok He A) for some product decomposition iT ad of rk . As an action of 
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ge) ow? is now Cue XT Teer a) . We then show, when A? Z,, that the 
action (Y, A) is embedded in a 2-torus action on Y. Thus, the homeomorphism, represen- 
ted by the generator of A, is isotopic to the identity. Hence the lens space bundle T, XY 
over T/A is a product when we enlarge the structure group to the torus containing the A- 
action. 

First, we observe that we may as well assume rs un) is effective. Then it 
follows easily that the actions (Y, A) and (y/T’, A) are effective. Since A is abelian and 
y/T" is the 2-sphere it follows that A is cyclic or Z5 ® Zo: The group A See the cir- 
cle orbits of Y into themselves. There are at most orbits of Y for which i + identity. 
These orbits can never project to free orbits of (y/T’, A), unless A= Zo: On et Ais 
topologically equivalent to an orientation preserving linear action. Let us assume that A 
is cyclic and not Zo and so the aa of A= Z is equivalent to rotations about 2 fixed 
points p and q of period n. Over 3° -fpuq} “is action ne \ and of tt are free. The 
action of Tt is therefore a product action. Since over (s? - fp vap)/Z, the restriction of 


1 
the action of T on Y/ Zi is also free, this action also must be a product action. Conse- 


2 
quently over S - {puq} the 3! -action is equivalent to 
1 
Gee ses Ae ats af ures s' R)). 


This means that over oe {pug} the action A is naturally embedded in a free torus action. 
Now we use the fact that the fixed point free circle actions on a lens space may be obtained 
by restricting the 2-dimensional toral actions on the lens space to the circle subgroups 
which do not appear as isotropy subgroups. See [28 | for complete details. We choose a 
toral action (T, Y) on our given lens space and a circle subgroup tley whose restriction 
yields (rt, Y). The quotient y/T is an are and there exists a cross-section by —> Y to 
the orbit map. By projecting the section to y/T" = Ss we get a section of (T/T), a) — 
Yer Sour Sk of of Za on Y when restricted to the (possibly) two singular orbits is clearly 
embedded on 7! On ie rest of Y, zy is embedded in T. Since the product action of Ti 
over s?_ {p id extends to the desired toral action on Y, the given Zz action on Y is 
embedded in a toral action because the extension must agree. Therefore the bundle 
Me on is a product (ts Yay xy. Actually the proof shows that A can be embed- 
ded in a circle subgroup of a torus which acts on Y. 

Another consequence of the above analysis is that the orbit space of rk, aie re} 22) 
2-sphere with at most 2 singular orbits. We presume in the remaining two cases which we 
have called special that the manifold is still a product Toes XY, however a more careful 


analysis of (Y, A) is probably necessary. 
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(12.17) Corollary: Let (TS, um‘ 


over, if also closed assume that not every reduction is special. Then, if the 
Se A ee k+2 . 

action is injective, M is homeomorphic to Tx S where S$ is either the 

2-sphere, torus, plane, or open annulus. If not injective, then ut? is 


; k-1 
homeomorphic to T XL, where L isa lens space different from cae sh, 


Proof. If the action is injective, it is homologically injective since 7 os ) is 


assumed to be abelian. Since 7 (S) must be abelian S must be either Ro Su . or 


ie oes ; ; 2 k+2 + 
R XS. Ifthe fiber is T , then M is a closed K(z, 1) and must be the standard ok z 
by [13; fe 2] - In the other cases we may enlarge the structure group to connected groups. 


: ? iu lee 
We may by the same trick used in the lemma reduce the problem to vi : = T* 4x, where 


(Tr, X) = (T?, T *,5)- These bundles over r are trivial if 7 (T Se S) is to be abelian. 
In the non-injective case, the Reduction Theorem places us in the setting of the preceding 
lemma. Aside from the special cases avoided above, this theorem tells us that if m (Mi) 
is non-abelian then the action cr me must be locally injective. Moreover, all the 
orientable even dimensional Mee admit complex structures except possibly the special 


reductions. 


ee is a topological product when the action is locally injective 


To what extent rk, M 
seems to be a very interesting question and can be reduced to the case k = 2. in| 16 | we 
treat this problem in the homologically injective case and often find that the same M may 
be written as a product M, xs" and also as M; xs but nr (M) 4 (Ms). 

To close this section we point out that when ut? is a Seifert fiber space with 
generic fiber 7k and “ee is a closed (k+2)-dimensional manifold, then the principal ok. 
oundle with operators N over the simply connected space W is a bundle over Ry or a 
The action of N on R? or 5? is topologically linear. Let us assume that N is infinite and 
not the finite number of crystallographic possibilities. That is, N has a normal Fuchsian 
group of finite index and M isa K(7,1). Let O:N ans Then using a suitable gener- 
alization of the central case, [13; 8. 6| , one can show that 7 (MS) completely determines 
the diffeomorphism type of wees This general non-central case has already been obtained 
independently by H. Zieschang by a rather different approach in the announcement, [35] 5 hel 
real dimension 4 this topologically classifies an interesting subclass of Kodaira's elliptic 


surfaces. The results appear to hold in the crystallographic cases as well. 
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Bie C -Fiberings 
Several times in the text we have constructed holomorphic Seifert fiberings from 
c -actions. It should be apparent that we could have used any abelian Lie group, G, (real 
or complex) in our constructions of Seifert fibre spaces without any but the obvious changes. 
When the homomorphism O:N —> Aut G is trivial our Seifert fibre spaces are real- 


ized as actions: 


(G, GxW/N) water 35, W/N 


These actions are proper. An action (G,X) is proper if 


(i) All stability groups are finite, 
(ii) Each x€X, has a neighborhood V so that 


{egec|gvav 4 a} 
has compact closure in G. 


If (W,N) is holomorphic, the map, induced by the action, Gx X —>X is holomorphic. 
We are also led to the concepts of locally injective, injective, and homologically injective 
actions just as in the toral case. 

Conversely, given a locally injective proper action, we may reconstruct the action as 
a "principal" Seifert fibre space because we have local slices. In fact condition (ii) is equi- 
valent to the existence of local slices in the smooth and continuous cases by a theorem [31 g 
De 32] of R. Palais. For holomorphic actions, the existence of holomorphic slices has been 
proved by H. Holmann in [ 20] . Both conditions (i) and (ii) are required in Holmann's 
theorem. 

Of course, the study of such actions has had a long history in complex manifolds and 
algebraic geometry. Recently P. Orlik and P. Wagreich, capitalizing on the work of F. 
Hirzebruch, E. Brieskorn, J. Milnor, R. Von Randow and others, have analyzed the topo- 
logical nature of the singularities of special types of algebraic varieties by studying the Cc - 
action supported by these varieties, [ 30] Fairly complete results were obtained by them for 
affine surfaces in Ge defined by weighted homogeneous polynomials. These varieties admit 
a proper Cc -action away from the singularities. By a construction they can reduce the study 
of singularities to isolated singularities. The proper holomorphic Cc. -action on the non- 
singular surface, S, can then be reduced to studying the smooth s) -action on a closed 
oriented 3-manifold. This closed 3-manifold, Nae can be chosen to be the intersection with 
the variety of small sphere in c" about the singularity. (Such actions were studied in the 


; . a ae * 
last section.) If 7, (M ) is not finite, and Mw? 4 s°x ar, then this holomorphic C -action 
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arises from an element in HN: @). Its coboundary in H-(N: Z) is a Bieberbach class, 
where N = 7, (8)/im(£.) acts holomorphically and properly discontinuously on the unit disk 
or the complex line and has compact quotient. (It is clear that S is diffeomorphic to Rx Mw? 
since any continuous proper action of a non-compact abelian Lie group has the vector sub- 
group acting freely (and hence as a product).) However, not every possibility that arises 
holomorphically has a topological realization as an isolated algebraic Singularity. In par- 
i=n 

ticular, we mention that according to Orlik and Wagreich b+ par (B:/a:) must be negative. 
We may make the variety S compact by moding out a free a action of Z (Za 
closed subgroup of Rr: in Cc). Therefore by (12.13) the non-singular closed surface, S/Z, 
never admits a Kahler structure. Since the variety with singularity is topologically the cone 
over Mw, this is equivalent to saying that the induced ee -action on Mw? can never be homo- 
logically injective. 

The procedure of Orlik and Wagreich is to use the equation defining the variety, to 
determine topologically the invariants of the c -action (that is, the s -action on w) and 
then the Cc -action provides a canonical equivariant resolution of the singularity. It is prob- 


ably hopeless to algebraically classify these singularities in terms of the equations, but the 


exact sequence 
€ = 
Gage es eee 


can be used to help classify the singularities analytically. From (5.1) and (6.1) we obtain 


the exact sequence: 


aa y 
6 > inlay) ————> 1 2 


In Pic(W/N) one finds the deformations. Let us fix the complex Lie group cul and 
consider two holomorphic actions (Cc, Ss) and (Cc, So) which can be agphoae by bi and 
Dy in HN: aN We assume that the classes are Bieberbach classes in H (N; Z) and that 
(W,N) is the action of a fixed Fuchsian group on the unit disk. Then the holomorphic analogue 
of [13 8.6] states that (Cc, Ss) and (Cc, S.) are equivariantly holomorphically equivalent 
if one can find an analytic homeomorphism y:W —>W and an automorphism @:N—N so 
that Y(wa) = U(w)@(a), for all weW, GEN and @ (b,) = bi A complete pecan (of 
moduli) must also take into account the possibly different complex Lie groups C , and the 
possible complex structures on W/N. We do not pursue this here. Orlik and Wagreich are 
investigating these questions from a more algebraic point of view. We have mentioned our 


approach to these problems since we believe a combination of both methods may yield the 


most comprehensive results. 
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HOLOMORPHICALLY INJECTIVE COMPLEX TORAL ACTIONS 
James B. Carrell 


Louisiana State University 


1. INTRODUCTION 

This note is intended as a sequel to Holomorphic Seirert Fiber- 
ing [7] in which the main emphasis is placed on studying the struc- 
ture of what we call holomorphically injective complex torus actions, 
By a complex torus action (T,M) we will in general mean an effective 
lert action orf a complex torus T on a connected complex space M 
such that the natural map T Xx M* M is holomorphic. The action 
(T,M) is holomorphically injective ir ror each x € M the orbit map 
r,iT* M derined by r(t) = tx induces a surjection 


1,0) or the space of closed holomorphic 1l-forms on M 


fk” © (M) +h 
(modulo exact l-forms if M is not compact) to the space or holomor- 
pore t-rorms On Yf . 2m order to Tormulate this condition it is me- 
cessary to derine nt? °(m) » and we will therefore always assume that 
M is the quotient of a properly discontinuous holomorphic action on a 
simply connected complex manifold. In the Appendix, we derine the 
space of closed holomorphic 1-forms and develop a theory of the alban- 
ese variety A(M) of a space M with a quotient complex structure. 
Before stating our results for complex torus actions, let us make 
some remarks about such actions on compact complex manifolds. First 


of all, a classical result of Bochner and Montgomery states that the 


group Aut(M) of all holomorphic transformations or M is a complex 
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Lie group acting holomorphically on M. Thus a complex torus action 
(T,M) occurs exactly when Aut(M) contains a compact connected com- 
plex subgroup T . Secondly, all isotropy groups lige 5 OS Se IM Gg MOE 
(5M) are finite. (even 1f  M (ts nov compact). For the action in- 
duces a faithful complex analytic representation of the identity com- 
ponent of tN into GL(n;C) which must, by the maximum principle, be 
constant. In particular, a result of Holmann [Satz 20;8] on complex 
torus actions with finite isotropy applies, and we may assert that the 
orbit space M/T is a complex space under the quotient structure in- 
Cuescl aicOm IM) 

The assumption that (T,M) is holomorphically injective allows us 
to relate the theory ot complex torus actions to properly discontinuous 
actions as in [6]. Let us consider an example, due to Matsushima [9] ; 
which illustrates the main features of this reduction. Suppose M is 
a Hodge manifold whose first integral Chern class is Of finite order; 
ie.,) Mas special. The albanese variety A(M) of M is an abelian 
variety of dimension 1/2b, (M) which, in this case, is finitely co- 
vered by the jacoby homomorphism J':Auto(M) * A(M) defined on the 
identity component Auto(M) of Aut(M) . Therefore Auto(M) is a 
complex torus and (Auto(M),M) is a complex torus action. We shall 
prove in section 4 that indeed it is holomorphically injective. Let 
A be the kernel of J’ , and let F= nme ee » where J:M7* A(M) is 
the jacoby map. It turns out that F is Hodge and that A operates 
on F. Then Aut(M) x F is a finite covering of M with covering 
group A, and M is obtained from Aut(M) x F by identirying 
(t6,f) and (t,6f) . Therefore, every special Hodge manifold M is 
a holomorphic ribre bundle over A(M) with fibre F and rinite abe- 
lian structure group. It can be shown also that F is connected, spe- 
cial, and Hodge. 

Let us now describe a classification for holomorphically injective 


actions on connected compact complex manifolds. Suppose first that 


<PO7= 
M=V/K is a compact complex space with the quotient complex structure 
induced by a properly discontinuous holomorphic action (V,K) ona 
simply connected complex manifold V . Then every covering of eM sis 
of the same form. Associated to the group N = 1, (M,x)/Imr > we 
have a covering space B of M witha complex torus covering action 
(T,B) of (T,M). We can show that B has an albanese A(B) and 
that A(B) is isomorphic with A(M) by the natural map. As a con- 
sequence, we obtain the following description. Suppose (T,M) is 
holomorphically injective. Then there exist: i) a simply connected 
complex space W and a properly discontinuous holomorphic action 
(W,N) such that W/N is compact; and ii) a homomorphism m:N 7% T 
which defines a principal action (Tx W,N) by the formula (t,w)a = 
= (tm(a),wa) such that (T,M) is ef aiene to the natural action 
(m2 Xy W) obtained by letting T act on the first factor. This 
leads to a characterization in the nonsingular case. Namely, the ho- 
lomorphically injective actions (T,M) in which M is a connected 
compact complex manifold are precisely the actions (T,T Xy W) de- 
scribed above, where W is a simply connected complex manifold. 
Holomorphic injectivity is the complex analytic analogue of to- 
pological injectivity, the condition that each orbit map ry induce 
a monomorphism of H, (T3Z) into H, (M3Z). Thus the topological struc- 
ture of a holomorphically injective action (T,M) is already deter- 
mined, since holomorphic injectivity implies homological injectivity. 
In fact, in [6] it is shown that M is a topological fibre bundle over 
T with finite abelian structure group. But this fibring is not in ge- 
neral complex analytic, so there remains the question of when M 
fibres holomorphically. This depends on the homomorphism m:N% T de- 
fining” ~ T XV W . Indeed, let G be the complex closure of the image 
or mm US OPiS) that is, the intersection of all closed complex sub- 
groups of T containing the image of Mm. Then M is a holomorphic 


fibre bundle over T/G with connected fibre E “and infinite stirue- 
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ture group. In general, the structure group G is disconnected. 


Moreover, in the case that T is an abelian variety, there is an ex- 


acy sequence 


0+ #74 A(F) % A(M) 4 T/G7 0, 


where & is a finite abelian group. 

A fundamental class of holomorphically injective actions ks (20vien 
by the complex torus actions (T,M) in which M is compact Kaehler. 
Since we may average the Kaehler metric on M_ so that) © ah machse yas ta 
group of Kaehler isometries, we shall call such actions Kaehler actions. 
They are characterized by the fact that M=T Xy W where (W, N) ES 
a properly discontinuous group or Kaehier transformations on W. If 
M is Hodge, a complex torus T acting holomorphically on M is ne- 
cessarily an abelian variety, and., im that wase, we shall call (T,M) 
an abelian action. We will prove the following fact about abelian ac- 
tions; namely, M is a holomorphic fibre bundle over T/A with con- 
nected fibre and structure group A , where A is a finite subgroup 
On Uh. ~ thks “fact swoon true, dnaygeneral,) for Kachier mG mons. eam 
other words, for abelian actions the defining cocycle m € Hom(N,T) is 
of finite order, although for’ Kaehler actions it need not be. 

The paper is organized as follows. In section 2 we study the 
structure of holomorphically injective actions (T,M) where M isa 
compact connected complex space with a quotient structure and deduce 
our characterization for nonsingular M . In section 3, we derive a 
condition that M fibre holomorphically over a quotient T/G of T 
and mention a consequence or that ribering. In section 4, we derive a 
differential geometric characterization of holomorphically injective 
actions and use that to show that Kaehler actions, and hence abelian 
actions, are holomorphically injective. We also characterize abelian 
actions. Finally, we include an appendix in which is considered a 
space of closed holomorphic 1-forms and an albanese variety for cer- 


tain quotient complex spaces. The Appendix will be used in section year 
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2. HOLOMORPHICALLY INJECTIVE ACTIONS 

Let us begin by reviewing a canonical construction of Holomorphic 
Seifert Fibrations, given here in a simplified form, which associates 
to every properly discontinuous holomorphic action (W,N) on a com- 
plex space W and to every l-cocycle in zt (1s map (W,T)) a complex 
analytic space M=T x W and a complex torus action (T,M) with 
finite isotropy. Recall that a cocycle mé z*(Nsmap (W,T)) can be 
identified with a holomorphic map m:W x N% T satisfying the cocycle 
condition m(w,a8) = m(w,a)m(wa,B) . To each cocycle, we associate an 


action (T x W,N) by setting 
(t,w)a = (tm(w,a),wa) 


Peet eS MP ew coW. snd” «enn. Tt can be shown that the ele- 
ments of z+ (N;map (W,T)) are in a one to one correspondence with the 
properly discontinuous holomorphic actions (T x W,N) compatible with 
(W,N) . This may be seen with the aid of a lemma (stated without 
proof). 


Lemma 1. Let W and Y be locally compact Hausdorff spaces 


O_O 


with Y compact. Suppose one is given a topological action (W,N) 


a ae SS — ae 


and a cocycle m «€ Zz (N38 (Ws Y)), where &(W,Y) denotes the space of 


continuous maps of W into Y. Then, in order that the associated 


topological action (Z ys Ww, N) be properly discontinuous, it is neces- 
sary and sufficient that (W,N) be properly discontinuous. 

Given a cocycle m and hence an action (T x W,N) we can form 
bhesspace "i xy W by factoring the action of N. By a result of 


perre,: ‘I Xa W is a complex space such that: i) the natural map 


vil XW? T Xy W is holomorphic; and ii) a map f defined on 


=2106— 
a xy W is holomorphic if and only if fv is holomorphic on TXW. 
In other words, T XN W has the quotient complex structure. Next, 
COSTE Aatens, WiNeias) ae) GE) iMsnoheell Bice @ay YW ola 1 xy W defined by 
lettine act on the first factor; ile... 5(s.x% W) =) (ts )ox ow ae 
can be seen readily that (T,T Xn W) is a complex torus action with 
respect to the quotient complex structure on T Xn W. 

Let Ni denote the isotropy group of (W,N) at w. Then the 
LOTION, Agohe Ee i M6 Wh Gil Wialey TP eveina(esal, aif m(w,N) 5 “and? hence 
finite. For each wé€W there is a homomorphism Seo i Ceti med 
by Xyq 6%) =m(w,a) . Iti is easy to see that (1 x W,N) is principal 
ite and ony ahreacit ee is an injection. | ima tha case,, the quotacne 
Space (T XW )/T is isomorphic to W/N 

From now on we shall restrict our attention to properly discon- 
tinuous holomorphic actions (W,N) where W is a simply connected 
complex space and W/N is compact (always understood to have the quo- 
tient complex structure). For any complex space Y the set map (W, Y) 
of all holomorphic maps of W into Y is acted on by N as follows: 
ror “are NW "and ie map (W,Y)-5 Set (o,f) (w) = f(wa). * These Is 
is either a complex torus “i “or c* » then map (W,Y) becomes a 
Z(N)-module. Recall that a complex torus is defined by an exact se- 
quence 

04 2ES Ka pad 


3 


where € is a homomorphism whose image is a lattice in o + wince 
W is simply connected, one therefore obtains an exact sequence of 


Z(N)-modules 


ek 
OZ > map (w,c*) >» map (Wer) * . 


; 2k ae 
where we view Z as a trivial Z(N)-module. Hence there is a co- 


homology exact sequence 


cee ie i i 
* H (Nsmap (W,c™)) 4 H™(N3map (Wea hy Hi t+ (y, z2ky * 
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We turn now to the study of holomorphically injective actions 
(T,M) where M is the quotient space of an action (VK) ona 
simply connected complex manifold V.™M is always assumed to be 
compact. Let f,:T+ M denote the orbit map f.(t) = tx . We wish 
to define an induced homomorphism frh’?°(M) + nt (mp) . For a de- 


finition of a closed holomorphic l-form see the Appendix. Let Ko 


denote the normal subgroup of K _ generated by all elements of K 
having fixed points. Then V/Ko is the universal covering space of 


M. Since (V,K) is properly discontinuous, all elements of Ko 


have finite order. Therefore, if (g,m) denotes a closed holomor- 
phic 1-form on M, we see that g induces a holomorphic map 


E:V/Ky * C and a homomorphism @:K/Ky il OT Aone! gaicaee Mer to Ky » 


Pit O-. and thus. ¢(va),= ¢(v). +-(a)-= e(v),. for all. voew « 

. ew kK = = : ~. Ow on 
Henee snne. ana que? 13 ic ae > V/Ko or ae defines (EF. or, ) as 
an element of n??°(7) » where f,, denotes the induced homomor- 


phism of T, (Tse) into 1, (M; x) = K/Ky 
Lemma 2. - as independent of x ¢ M,. 
By Lemma 1 of the Appendix, there is an imbedding 


LO 


* 
Berk «(M} Hu? (MR) . The independence of f, on x thus follows 


* > 
from the independence of fr, on x in the homomorphism 


HI(M3R) 4 ut 


(T3R) 

Lemma 3. Ir (T,M) is holomorphically injective, then for each 
x <M, f, induces an injection of H, (T3Z) into H, (M3 Z) i Cae 
(T,M) is homologically injective. 


The proof is straightforward. Since , (T3e) is commutative, . 


r induces an injection of T, (Tse) into TT, (Ms x) » thus every ho- 
D3 


lomorphically injective action is topologiesally injective elso,. By 
Lemma 4.2 of [5] , the image of 1, (Tse) by f,, lies in the center 
j denote the 
oe 1, (Ms) , and hence is a normal subgroup. Let N e : | 
al j j he following. 
quotient group 1, (M,x)/Imf, , . Our first main result is the g 


Theorem 1 Suppose (T,M) is a holomorphically injective complex 
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torus action on a compact connected complex space M which is the 


—_S 
————— 
Hat ele — 
———_——_  —— 


quotient V/K of a properly discontinuous holomorphic action (V,K) 
on a simply connected complex manifold V . Then there exists a pro- 
perly discontinuous holomorphic action (W,N) on a simply connected 
complex space W with W/N compact, and a cocycle 

m € z+ (Nsmap (W,T)) , for which each y,:N 7% T is injective, such 
that (T,M) is equivalent to the complex torus action (T,T Xy W) 


— —s ee, ————- 


We will prove in Theorem 2 that holomorphically injective ac- 
tions come only from the subgroup Hom (N,T) ¢ z+ (Nmap iW, fy) 2 

Let B denote the covering space of M associated to the group 
N . By Theorem 4.3 of [5], the torus action (T,M) can be lifted to 
a (topological) torus action (T,B) commuting with the action (B,N) 
(From this it is immediate that, with respect to the complex structure 
One 8 Vanducedss ron iM | Cleese is a complex torus action, provided 
M is nonsingular.) We wish to prove two assertions. The First As- 
sertion is that B has a complex structure) such that the action 
(T,B) is a complex torus action; the Second Assertion is that we can 
define a jacoby map J:B%* T such that J(tb) = td(b). From the se- 
cond assertion, it will follow that (T,B) is equivalent to 
(T,T.x (B/T)) . The existence of a complex structure on B/T is gua- 
ranteed by a result ot H. Holmann [Satz 20; 8]. 

Recall that ,(M,x) is canonically isomorphic with K/Ko 
where Ko denotes the normal subgroup of K _ generated by all iso- 
tropy groups of (V,K) , or equivalently the least normal subgroup 
On NG ovaiatslslyabitave: lal isotropy groups or (V,K) . ‘Thus we can define 
Su Uh ifeteueallotal  GUIONGE TD iN Chidialal iclakeme Ko CH= keru. Let us redefine 
B to be V/H with the canonical quotient structure. It can be 
checked that we have a properly discontinuous holomorphic action 
(V/H,K/H) which we write (B;N) , Since K/H is isomorphic with N 


Lemma 4+, (B,N) is principal. 


This follows since N is a quotient of T, (Mx) and thus 
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n> Ko MeeECteit | Hil. TOM isone om ¢ N and b € B » then there 
exist a veV, &@e€K, and j¢H such that u(p) =a and vp = 
vj . It follows that aq €K) CH, so B€H. Therefore a =e 

We have now constructed a complex structure for B so that 
(B,N) is a holomorphic covering action of M and so that M = B/N . 
By Theorem 4.3 or [5] there is a torus action (T,B) commuting with 
Bne action of WN; i.e., (tbh)a = t(ba) for all teT, b€B, and 
aeé«wN. Hence (T,B) is a complex torus action. 

Although B is not compact, we can still associate to B a com- 
plex torus A(B) and a ''jacoby map'' J:B + A(B) . It will turn out 
that there is an isomorphism J':T + A(B) such that J(tb) = J'(t)J(b). 
We first consider the space of closed holomorphic 1-forms on B with 
respect to (V,H) , namely the set of all pairs (f,) , where: 

i) f:V +4 C is holomorphic and T(vo) = 93 and 

ii) »:H * C is a homomorphism such that, for all v eV _ and 
aeH, f(va) = f(v) + (a). 

Recall that for a closed holomorphic l-rorm (f,9) on B we have de- 
fined an element re(r,) «€ H*(BsR) . Let us say that (f,9) is 
exact if re(f,m) =0, and let ni? B) denote the space of closed 
holomorphic 1-forms on B modulo the exact holomorphic 1l-forms. The 


Leo 1,0 (3) 


covering map p:B~* M induces a homomorphism p*:h (M) +h 


so that the rollowing diagram commutes: 


£* 

A) b LO) 
ase t) 2 hoes) 
£* | 

x nt?°(m) 


where x = p(b) . Thus at is surjective. Moreover, by cohomolo- 
gical considerations, H+ (B3R) and H*(T5R) have the same dimension, 
and thus it follows that ri 4s an isomorphism. On the level of ho- 

: ; : i j j e obtain a 
lomology, T4248, (73Z) + H, (B3Z) is an isomorphism, so w 


=e 


commutative diagram 


Hs 2) ————> H, (B3Z) 


where the horizontal arrows are isomorphisms induced by T° nie 
: : a) * 
first vertical arrow imbeds H, (T3Z) as a closed lattice inh’ (T) , 
, : wo * 
SO H, (B3Z) is imbedded as a closed lattice in h’-(B) . Thus f, 


induces an isomorphism 
* 
Skin’? oy Anets 2) =T°* ae? 4) /H, (B3Z) = A(B) 


Note that J' is independent of be¢eB. The jacoby map J:B ~ A(B) 
is defined as for the albanese. We need to check that J(tb) = 

= J'(t)d(b) . One may note that if J(b) =e , then J(tb) = J(e) 

Dy Lappealing to une derini tion ob (i. Then, since, his conmecced, 
and since the set of isomorphisms of T into A(B) is discrete, we 

see that 3(tb)I(b) > is independent or be€éB, completing the ve- 
ae WOE MALOlel, 

Let WCB _ denote ae) . We wish to put a complex structure 
on W so that the map o:T xX W7* B defined by go(t,w) = tw is holo- 
norphic. it Us! easy vo shew, Usine the propercies ef ~o “and ag! , 
that o is bijective. This establishes a natural identification bet- 
ween W and B/T . But since (T,B) is principal, B/T has a natu- 
ral (quotient) complex structure which makes g holomorphic, and W 
is nonsingular ir and only if M is. Therefore, (T,B) is equiva- 
lent to the natural action (T,T x W) , and since the actions of T 
and N on T X W commute, the action (T x W,N) is defined by a 
cocycle me zt (nN; map (W,T)) and a properly discontinuous holomor- 
phic action (W,N) (Lemma 1). Finally, observe that W is simply 


connected, from the definition of B, and that W/N = M/T is com- 


PAC. 
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Observe that as a corollary we can state that the isotropy groups 
of a holomorphically injective action (T,M) are always finite. Hence, 


by the Appendix, there is an albanese exact sequence 
T+ A(M) 4 A(M/T) + 0 


Theorem 2. Suppose (T,M) is a holomorphically injective torus 


a 


action as in Theorem 1. Then the defining cocycle m is cohomologous 
in a” (Nsmap (W,T)) to an element of Hom (N,T) . 

Before proving Theorem 2 we need to discuss the universal cover- 
Inesspace of M= £ xy W. Recallethac TP “istderined byvan exadeu 
sequence 


Since W is simply connected, the map m:W x N7* T can be lifted to 
a holomorphic map u:W x N > c* such that u(welt) = Oho won elu 


WeceNes a ond. Vy =n. = By sone wocyecle condi tionyw fon eachiyaw ew a; 
ek 
u(w,a) -— u(w,aB) + u(wa,8) « e[ 2] . 


so, Dye the Gxactness, there exists for each (a, 8) SN oO iN Gl VioaleiS 


element c(a,B) ¢€ Ze » independent of w, such that ¢éc(a,8) = 


= u(w,a) - u(w,a8) + u(wa,8) . c is the extension cocycle associated 


Be 
) 


to 65([{m]) € H (N3Z Consider the associated group extension 


Oi => Zz aie areal ER Alors 
where T = Z x N, with group operation (p,a)(q,8) = 


2 k 
= (ptqtc(a,68),a8) . We define a principal action (C Xai) by 
(v,w)(p,a) = (v+e(p) + u(w,a),wa) 


This defines co X W as the universal covering space of M as well 


k 
as the covering action of 7,(M)=m7 on C xW. 


Let us now prove Theorem e. Recall from the Appendix that a 
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closed holomorphic l-form on M is a pair (g,9) consisting ofa ho- 
lomorphic map e:c* Ke 00, With & (Wo) 210%, for isoue rw, ew ; 


and a homomorphism g:7 % C such that 
g(vte(p) + u(a),wa) = g(v,w) + w(p,a) . 


A holomorphic l-form on T may be identified with a complex linear 


iyo 


to O 
map tie 40. To say that f,:h (M) 9 nt (T) is onto is to say 


that there exists a holomorphic map a:c* > an ed of and a homomorphism 
jm c* such that G(O,w,) =O; G(v,w,) = v and (G,¥) isa 
closed oSevalued holomorphic 1-form, where we take for convenience 

x = 1X Wo. We wish to prove that there exists an h € map (W,T) 
such that 


-1 


m(w,a)h(wa)h(w) ~ € Hom (N,T) 


for every wewW. Hix weéewW and define F:cX a cX such that 
F(v.) = iG(v,w)=— G(O,w). Since G(v+e(P),Wy) = v + €(p) = G(vswWo) + 


+ ¥(p,1) , we get that 


F(vte(p)) = G(v+e(p),w) - G(0,w) 


= G(v,w) - G(O,w) + €(p) 


ive  r(vre(p)) = Mv) + elp) for al: We ck » BO Feil 
G(vew) =v + G(0,w) for all ve cs and weW. Hence let H(w) = 


= G(O,w) = G(v,w) - v. We have 


G(vt+e(p).+ u(w,a),wa) = G(v,w) + ¥(p,a) , 
so 
v + €(p) + u(w,a) + H(wa) = v + H(w) + v(ps,a), 
and therefore 


(1) u(w,a) = H(w) - H(wa) + ¥(0,a) 


Now ao. ¥(0,a) is not a homomorphism, but notice that 


(0,a)(0,8)(0,08)"* = (c(a,B8),1) , so that, since y(p,1) = e(p) , 
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¥ (0,0) tr ¥ (0,8) ad ¥ (0, a8) = ec(a,B) 


Thus %m(a) = v¥(0,a) is an element of Hom CNT) ee care sb, Ge) 


hor alil- weW and a@ é N . Hence m and ™m are cohomologous in 
z+ (M;map (W,T)) . 

We can therefore regard the cocycle m of Theorem 1 as an ele- 
ment of Hom (N,T) since cohomologous cocycles of z+ (Nsmap (W, T)) 
define equivalent actions (T,M) . 

Unfortunately, we cannot state a converse to Theorem 1. We can, 
however, prove a converse for nonsingular manifolds. In fact, we have 
the following classification. 


Theorem 3. A complex torus action (T,M) on a compact connected 


— ee _-,_ — 


ists a properly discontinuous holomorphic action (W,N) on a simply 
connected complex manifold W and an element m of Hom (N,T) such 
that the properly discontinuous action (Tx W,N) given by (t,w)a = 
= (tm(a),wa) is principal and (1T,M) is equivalent to (T,T x, W) . 

We have proved the necessity in Theorems 1 and 2. ‘The proof of 
the sufficiency is not hard. Moreover, for a holomorphically injective 
action (T,M) , we are guaranteed by [6] that N admits a normal sub- 
group L of finite index for which N/L is abelian and (W,L) is 
principal. We can therefore write M=T x (W/L) where the action 
(W/L,N) is induced by the quotient homomorphism N* N/ Tas 

Let us now give some examples of complex torus actions. 

Example 1. ‘The Hopf manifold. Consider the properly discontin- 
ous principal holomorphic action (c" - 0,4) generated by  (6702¢ 
The quotient (C” - 0)/d is called the Hopf manifold. We have also a 
canonical e action on c™ . 0 which defines the Hopf bundle 


Ce = O} 4 cpa-1 . These actions commute, hence induce a holomorphic 
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action (a ja,(c" - 0)/A) . Note that c/a is the complex torus of 
dimension one whose periods are 27i and log 2. The princupal -ac— 
tion ceo (ee - 0)/4) explicitly describes the Hopf manifold as a 
principal torus bundle over Coe . Since the universal covering 
space of the Hopf manifold is (cia = © , it cannot arise from a clase 
in H*(Njmap (W,T)) 

Example 2. (Blanchard [1; 160-161]) Another way of describing the 
Hopf manifold is the following. Let T denote the complex 1-torus 
with periods 2ri and log 2. Then there exists a well defined ho- 
momorphism c + T given by A 74 [log *] . “aid Hence a principal 3c- 
bLon (ct? x eee - 0)) whose quotient space is the Hopf manifold. 
More generally, let T, be the complex 2-torus with periods (272;,0) 
(oz 251); (Gs4.)5 Ore) < c? , with g€R irrational. As above, 


we have a principal action (C,T, x (C"- 0)) defined by 
h (X24 9%5>6) = (clog). + Z1sZo>shC) r 


Whose: QUOtLent is a holomorphic fibre bundle Mover et with 
fibre T, . The natural complex torus action (T5.M) is not holomor- 
phically injective since bd, (™) = Ss. S| hee by (M) = 3 implies there 
can be at most one linearly independent closed holomorphic 1-form on 


Mae LOeracc, is WExdenoceran arbupraryepoinu ot sl 
e 


5 by <Z4325> with 


iz the standard coordinates on C” , then az, defines a closed 


Lee 


holomorphic 1l-form on M . Now T, contains a one dimensional com- 


plex torus T, corresponding to the periods (0,i), (0,g) e ce » and 
obviously the action (T,>™) is holomorphically injective since dz 


a 
cipal, the defining covering action of M of Theorem 2 is 


is a holomorphic l-form on T, . Since the action (TM) is prin- 


(T, X (oc - 0),Z) , where the action of Z is given by the expres- 


sion 


(3G m = (t(-n),2"¢) ’ 
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in which n-~ (n) is the homomorphism of ° Hom (Z,T, ) induced by the 
inclusion n- (0,n) e ols . We may verify this assertion by noting 
that the action or 2Z on the second ractor is the universal covering 
action of the Hopf manifold. To veriry that the action on the first 
factor is correct, note that the homomorphism Z 7 c” evens by a? an 


induces a bijective holomorphic mapping 


por, ke (o> - 6) 9 2 


roe Oe, 


2) 
where 


PRU he COE ke 


Pp is clearly surjective. To see that mw is injective, suppose 


¢ Xa* <0, 25> = 1e' Xa* <0, 25> a ren “AC °C" 5 for somes "ie c 5 


mid << Pop x, Zo - ZA> = al ts T, ~ teulvayevs! fey alts} skrgigtangaleyaenily, ye) (Celia 
assume that (log \,2, - Zz) = (n log-2,n) , for some integer n , 
hence . = 2” » and therefore py is injective. Finally, we see that 


the action (T, x (C -0),zZ) is 


(<0,2,>,¢ )n 


(256022 6) 


(<n log eC) 


I 


(Exar Gas n>; Zt ) 


(<0, z,>0(—n), 2") 


150 ry) are 1,i,g and hence the 


Note that the periods of dz, Sah 
image I of H, (M3Z) 171 nt? Om)” cannot be closed, since g is ir- 
rational, and therefore the albanese A(M) = nism)" /F vanishes, 
Example 3. Let G be a connected compact semi-simple Lie group 
with a left invariant complex structure, and let T be a maximal to- 
rus in G equipped with a complex structure such that T is a com- 
plex submanifold of G (see [10]). Then T acts holomorphically on 


G on the right.. Since the universal covering group of G is compact, 


G has no closed holomorphic 1-forms. However, let Rk denote the 
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space of right invariant l-forms on G. Each right invariant 1-form 
on G is holomorpnic, and; for every ¢ € °C; 2 maps Rk onto 
ni? °(T) : 

Let us now make some remarks about the closed holomorphic 1-forms 
on M, when we are given a holomorphically injective complex torus 
action (T,M) . dn general, for any” x «MM, nt? (mM) = ni? (p) ® 
@vker Be and we wish to consider ker i > Lets weive, Mim xy W 
as in Theorem 1 where the action (T x W,N) is given by a cocycle 
m € Hom (N,T) . There is a well defined homomorphism 
r* ht? O(M/T) =} nt»°(m) induced by r:M~7% M/T whose image is a sub- 
space” on ker a > Recall that ig is independent of x € M, and 
hence ker fs consists of all (g,) ¢€ nt? °(M) such that 
e:o% KWeocC ‘satisiies, g(v,w) = B(Wietor all Givywy = oc xw. To 
determine the image of m* , we seek a condition for h € map (W,C) ‘ 
defined by h(w) = g(0,w) to define a holomorphic l-form on M/T = 
= W/N . Now for aeN, 


h(wa) = e(n(a),wa) 


I 


e[ (O,w)(0,a)] 


ll 


g(0,w) ap (0, a) 


h(w) + -@(0,a) ,; 


I 


i aarr. ; 
where, pisN > C is a lift of m such that mw(1) =0. Thus a ne- 
cessary and sufficient condition that (h,o) € ker 7 determines a 


holomorphic 1-form on. W/N is that a+ (0,a) € Hom (N,C) . Now 


ef (0,4) (0,8)(0,08)""] = w(e(a,8),1) , 


2 2k : 
where c€ Z’(N3Z") is the extension cocycle representing 5(m) , so 


the condition is that o annihilate the image of ec. In particular, 
if m ¢€ Hom (N,T) lifts to a homomorphism ™ € Hom (n, cX) » the ex- 


tension cocycle c vanishes and tr* is surjective. (This is precise- 
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ly what occurs in Example 2, where N= 2Z and m(n) = <O,-n>.) Note 


that m* is always injective. We may therefore state the following 


theorem, 


Theorem 4. Suppose (T,M) is a complex torus action on a compact 


complex space M associated to a properly discontinuous holomorphic 


— C—O esses 


action (T x W,N) via m e€ Hom (N,T) , where (wW,N) is a properly 


oO, 


fold W. Then if 8(m) = 0 € H’(N3Z~") , Ait follows that 


n??°(m) = nt?°(7) @ nb w/n) . 


Note that if we require that M be nonsingular and 6(m) = 0 
then (T,M) turns out to be a principal action, since for each w é« W; 
the trivial extension of Ny by gee has elements of rinite order un- 


less be eo Grey Lal. 


2. FIBERING THEOREMS 

In this section we shall further discuss the structure of holo- 
morphically injective torus actions (T,M) . Recall that by Theorem 
4.3 of [6] , M is a topological fibre bundle over T with finite 
abelian structure group. However, the fibering is in general not ho- 
lomorphic, so we wish to consider a condition that is sufficient for 
M to holomorphically fibre over a complex torus, Our condition will, 
in fact, pertain to a wider class of complex torus actions. To be as . 
general as possible, we only assume that M is the quotient of a pro- 
perly discontinuous holomorphic action (T x W,N) arising from a pro- 
perly discontinuous action (W,N) on a connected complex space W 


and an element m of Hom (N,T) . 


Theorem 5. Let GCT be the smallest closed complex subgroup 


ee 


of T containing m(N) . Then M is a holomorphic fibre bundle over 


i/Ce Wabi tipre G xy W and infinite abelian structure group. More- 


over, the fibre is connected. 


——S[ —§———————_ 
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We can define a principal holomorphic action of G on 
Dx (Gx, W) by 


n(t,e x w) = (Bt,he * Ww) 


The quotient T xX, (G x, W) is a holomorphic fibre bundle over T/C 


with fibre GxX.W. Define a holomorphic map u:T x (G xy WwW)? 


N 
DKW by (tse XK) = tle xw. Then for all heG, 
u(ht,hg X Wi=.u(t,2 X wie, sO @ induces a holomorphic mapping 
UIE Xa (G xy We ae Xn W. wu is clearly surjective, so to prove thie 
theorem we have only to show that u is injective. Suppose then that, 
for t,t €T,¢,2¢€6, and w,w.eW, we have tts % wos tls x W 
iia, xy W. when, for some- a Ee N , 
(t*g,w)a = (t7*em(a),wa) 
= (°S,¥) , 
so W = wa and t+ gm(a) = eames We wish to prove that +t x (g x w) = 
= % x (@ x w) Since m(a)€G,h= tt + eG, and 


h(t,g X w) = (ht, he x w) 


re X W) 


Hl 


Gi. te 


ll 
= 
09 
x 
= 
’ 


Mhererore,; “ix (e kw) = a x (e x wy Im °f' x, (4 xy W) > =n @ a as 
INGeCuLve, 


To finish the proof, we must show that. G Xv W is connected, 


Let KCM be the kernel of the defining homomorphism m e€ Hom (N, T) 


3 


and let Go be the identity component of G. We wish to define a 


surjective holomorphic map 


ViGy xX W/K 9 G xy Wis 
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To-do £0, set V(5»[w] ) = 8 * Ww, where [w] denotes the equiva- 


lence class of weéeW in W/K. We assert that every component of 
G meets the image m(N) . In other words, G = m(N)G since the 
latter group is a closed subgroup of T containing m(N) . Now let 


exweGx,W. Then g = m(a)g, » Tor some aeN and g, € Go » 
and V(E x [wa-+}) = & xX wa = E_m(a) XwW=eXw. Therefore, v 
is surjective. 

Let us now study actions of abelian varieties. When (T,M) anise 92) 
holomorphically injective complex torus action of an abelian variety 
T on a compact complex space M, we can say more about the fi- 
bering 


G ig bien Del ol al 


N 
In fact, by the Theorem of Complete Reducibility of Poincaré [11], if 
G is a closed complex subgroup of T , there is a complex torus H in 
Peacueh than HM G is finite and Tf = GoH » where Go is the iden- 
tity component of G. Let M' = (G xX H) x» W=H x (G xX, W) . Then 
Mime tiiiLely covers M = {Pp xy W via the covering map o((g.h) Xw) = 


ae 


= Gat Xx w. Now o* defines an isomorphism between h M) and 


nl>° cur) > so we may consider the sequence 
* 
4H, (MZ) © H,(M'5Z) > ho? °(M') 


It follows that A(M) and A(M') are of the same dimension. We wish 


to apply this fact to the exact sequence 
A(G Xv W) > A(M) 9 A(T/G) + 0 


be [1]. Proposition 1.2.2... For since A(M) , A(M') , A(H) x A(G Xy W) , 


and A(T/G) x A(G Xy W) all have the same dimension, we get the fol- 
lowing fact. 


ees Eee Cis coe 


Theorem 6. Let (T,M) be a complex torus action on a compact com- 


plex space M which fibres holomorphically as G x, W7M* T/G 
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—$———$——$ i ——— 
—$— 
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where GCT is a closed complex subgroup. Then for some finite sub- 


group &C A(G Xy W), we have an exact sequence 
OF 3 7 ACG XK, W) > A(M) + A('T/G) 7 © 


4, KAEHLER ACTIONS 

We will now prove that all Kaehler actions are holomorphically 
injective. Recall that a Kaehler action (T,M) consists of a com- 
plex torus T acting holomorphically on a compact Kaehler manifold as 
a group of Kaehler isometries. In general, if M is a hermitian ma- 
nifold, then we may average the metric over T so that T acts as a 
group of isometries, and if the metric is Kaehler, the metric result- 
ing from the averaging is still Kaehler. Let g denote any hermitian 
metric on M invariant under T. Then any l-parameter complex sub- 
group of T generates a holomorphic vector field X of type (1,9) 
such that Lys = 0. The existence of such a vector field on M is 
equivalent to the existence of a (real) Killing field Y on M such 
that JY is Killing, where J denotes the complex structure tensor 
of M. it can be shown that if g is Kaehler, then a holomorphic 
vector fveld XxX ‘satvasties Ly& = O' af end only af x = ¥ = i1d¥ “wrere 
Y , and hence JY , is parallel with respect to the metric. 

Let h denote an arbitrary hermitian metric on M andlet xX 
be a holomorphic vector field on M _ such that X = Y-iJY , where Y 
and JY are both parallel in the torsionless riemannian connection 

V associated to h. For a vector field Vv on M, let By de- 

note the 1-form on M dual to V defined by the formula $.(W) = 
= h(V;W) . 

Lemma 5. $y = §y - ifs, is a closed 1-form of type (0,1) . 


Consequently, ay is closed and holomorphic on M 


—S=S —_— 
__ CO 


For if V,W are any vector fields on M,_ then 
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VEy(W) - WEY(V) - 8 ([V.W]) 


a&_,.(V,W) 


= h(Y,VW) - h(Y,0,V) - §5([V.w]) 


=O, 


since V is torsion free. Similarly dap Safhus, 


and since Sy = Sy * is sy 15.08 type (0,1) gy is a closed holo- 
morphic 1-form on M., 

Now suppose (T,M) is a complex torus action on a compact her- 
mitian manifold with T acting as isometries. Suppose that every 
complex l-parameter subgroup generates a holomorphic vector field X 
which is parallel in the above sense. 

Lemma 6. (T,M) is holomorphically injective. 

This follows since $, (x) # O and since Eis is a closed holo- 
morphic 1l-form on M. 

Conversely, if (T,M) is a holomorphically injective action on 
a connected compact complex manifold M , then, using the fact that 
there is a covering action (T x W,N) defined by a properly discon- 
tinuous holomorphic action (W,N) and a homomorphism m:N7*T, we 
can construct a hermitian metric on M _ so that the one parameter com- 
plex subgroups of T generate parallel vector fields on M. Thus 
we can state a differential geometric characterization of holomorphi- 
cally injective actions, e 

Theorem 7. A complex torus action (T,M) on a compact complex 


— 


manifold M is holomorphically injective if and only if there exists 


ee eT 


a hermitian metric on M such that, with respect to the associated 


——$— eee 


torsionless riemannian connection, the holomorphic vector rields ge- 


————— eee ae 


— re —-C—- 
—— eS 


Grelds. 


Corollary. Every Kaehler action (T,M) is holomorphically in- 
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tive actions described in Theorem 3 in which (w, N) as a properly 


ee 
SS —« 


ee eee 


The first assertion is immediate. To verify the second assertion, 
ewe Ii Sl xy W and suppose that on T X W we introduce the pull 
back Kaehler structure coming from M. In this structure, Ne usu 
group of Kaehler isometries of T XW, and since the Kaehler struc- 
ture of M is invariant by T , the same is true for the Kaehler 
SeieuMewUeS Cut Wl es WW The assertion now follows from the fact that 
thesactivons on. T cand) Ne on T «Ww -ecomsute . 

Let us now classify all complex torus actions (T,M) for which 
M is a connected Hodge manifold. A necessary condition arises imme- 
fave ammemely that T must be an abelian variety. For the jacoby 
homomorphism J' of T “‘imto A(M) has finite kernel, and hence, T 
finitely covers its image J'(T) . But A(M) is an abelian variety, 
Since ie a smaloebwalies smenece sso) as JAE) » and thus we see that Lf 
Smad SO, Dye an Oda waits ine orem. 

Theorem 8. Assume (T,M) is an abelian action. Then there exist 
a iaoul ee (Sibileysiewoihe! fay of ioe a connected Hodge manifold F , and a 
holomorphic action (F,4) such that (T,M) is equivalent to 


(ip x F) 5 In particular, M is a holomorphic fibre bundle over 


T/A with finite abelian structure group A and fibre F. Conversely, 


ii Deis am abelian ivarkevy 7, a a finite subgroup of T and fF a 
connected Hodge manifold on which A acts holomorphically, then 
(T,X, F) evan abelian action, 

The converse part of the theorem is clear. Recall that the Jja- 
coby map J and the jacoby homomorphism J' are related by the iden- 
tity (tx) = DCE) I(x) 9° forall) te "Pend sce Mee By the Hole 
morphic injectivity, the kernel of J' is finite. Let T° denote 


J'(T) . Then T' is an abelian subvariety of A(M) finitely covered 


by T . By the Theorem of Complete Reducibility of Poincaré, there 
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exists an abelian variety HC A(M) such that the map T' x H4 A(M) 
: lA ro 
given by (%, h) se ray is a finite covering. Thus, if 3 denotes 
T!'N H, then A(M) is a holomorphic fibre bundle over T'/3 Let 
~:A(M) * T/® denote the projection, and let h = oJ . Then, for all 
ioe Cea and: ex fer} 
h(tx) = »(J'(t)d(x)) 

= 9(J'(t))@(J(x)) 

= 9(J'(t) )h(x) 
ee A be the’ kernel of oJ" . A ds) te) alaliaelwic) fslclloysueeibio jae ll 4 IN 
eve -F' "is a regular value of hh; ‘sol P= n-t(e) is a compact com- 


plex submanifold of M, 
is connected. A operates 
fine a principal “action 
that 


eis ae and 


A 

There are examples of 
of course, is a nonabelian 
vial example one can start 
Kaehler transformations of 
such that W/N 
that m(N) is infinite, 
action (provided T 


Y xy W 


and hence is Hodge. 


(YP. Xero 


(T,M) 


is compact, 


then 


It can be shown that F 


hnolomorphnically on F and thus we may de- 


by (t6,£) = (t,6 rf), Tt is clear 


are equivalent. 
nonabelian Kaehler actions. One example, 


conplex Gortug. In order to “ind Taanontira 


with a properly discontinuous group N of 
a simply connected Kaehler manifold W 
Then, 


if) MeN eT Ls ea pononorphasmeswe 


(v,% Xo W) is a nonabelian Kaehler 


is given an invariant Kaehler structure), since 


cannot fibre over a finite quotient of T. 
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APPENDIX 


The albanese variety associated to a properly discontinuous action. 

In this appendix we associate to every properly discontinuous ho- 
lomorphic action (W,N) on a simply connected complex manifold W , 
with compact orbit space V = W/N , a complex torus A(W,N) h Gaile! 
the albanese variety of (W,N) » with the universal property for ho- 
lomorphic maps of V into complex tori, and we prove that A(W,N) 


depends only on V . We also derive a general albanese exact sequence 
(2) ACT) 9 A(M) ALM E) 4°0 


for complex torus actions (T,M) where M is of the form W/N with 
(W,N) as above. When N acts freely, the above construction is due 
to Blanchard. 

To every compact complex manifold V , we can associate a cover= 
ing action (W,N) , where W is the universal covering space of V 
ands "Nais the fundamental sroup Of;iV 2) W \may pesetvensaneanduced 
complex structure from V so that (W,N) is a properly discontinuous 
holomorphic action. N acts freely and V = W/N . However, for a 
nonprincipal action, W/N is an analytic space with singularities 
[4] , hence in order to define the albanese of V we must first adopt 
a general definition of the space of closed holomorphic l-forms on V 


Let wisefixea base podnt Wo € Wes 
Definition. For a complex vector space E, let L(W,N;E) de- 
note the complex vector space of all pairs (f,9) where 
1) f:W 74 E is a holomorphic mapping such that T(Wo) =O; and 
2) oh ee homomorphism such that f(wa) = f(w) + o(a) , 
for all wewW and aevun 
A pair (f,9) satisfying 1) and 2) is called a closed holomorphic 
1-form on V , or, more properly (W,N) . f is called an E-valued 


additive holomorphic mapping, 
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Let K denote the smallest normal Subgroup of N containing all 
the isotropy groups NN,» WeW,, of (WN) . -Then N/K is the fun- 
damental group of V . Any homomorphism :N 74 C annihilates K 
since the isotropy groups Ny are all finite, Furthermore, as Cc is 
abelian, the commutator subgroup is annihilated. Thus induces a 


homomorphism 


B:N/K/p w/e, N/K] = Hy (V3Z) 7 © 


Let L denote L(W,N;C) . 


Lemma 1. The homomorphism of L into Hom (H,(V3Z),R) given 
by o(£,¢) > Ire ® isrinjective, 

Suppose (f,9) #403; i.e., f is not identically constant. If 
re@=0, then rewm=0, and thus re fiwa) = re-f(wie.«ilnetol- 
tows that re £ defines a continuous function'on V. This function 
assumes an absolute maximum at some point véV , and hence re f 
assumes an absolute maximum at some point wéeW. But in local’ com- 
plex coordinates near w,ref is a harmonic function, and the ex- 
istence of w contradicts the maximum principle, since f is not 


identically constant. 


It follows that L is finite dimensional, in fact, 
dim,L < bs (V) 


Let mf denote the complex dual of L. There is a canonical 
homomorphism y:N * L” inducing a homomorphism V4? H, (V3Z) +L 
Simply define 

<¥(a),(f£,9)> = y(2) 


* 
for aeéN. We assert that _T=imy, generates L overs ih a) Se 
# 
not, there is a real functional h:L * Be -pueh that h(E) ad0.¢ Ae 


h corresponds a closed holomorphic 1-form (f,) such that 


n(£*) = re<l*,(f,9)>. 
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re <¥(a),(f,9)> 


fy 

a 
R 

ll 


re o(a) 


= 


Thus mal) = © if and only if re @= C0, snd this can cco only 
Lae ly ce © 

There is a natural map p:W°? i given by <p(w),(f,9)> = 
= f(w) € C . We thus obtain a map S:W > LP » Bat nw is not in 
general a complex torus. To remedy this we must replace by Lts 
complex closure, the subgroup ror iP described as the intersec- 
tion of all closed subgroups of a containing IT whose identity com- 
ponents are complex subspaces of i . Define the albanese A(W,N) 
Out (W,N) to be the complex torus L/P . Clearly, p anduces 4 ho- 


lomorphic map J:V 7% A(W,N) , since, forall wewW and aeN, 


p(wa)(r,@) = I(wa) 


ll 
a] 
= 
Ww 
aL 
6 
= 
R 
~~ 


and therefore p(wa) - p(w) = ¥(a) eT . Thus (wa) = 8 (w) 5° ¢ond 
we may set J({w]) = ®(w) . J is called the Jacoby map. 

We shall now prove the universal property of the albanese variety. 
Let v:W* V be the natural map, and set v, = v(w We wish to 
show that every holomorphic map h of V into a complex torus T 
such that h(v) =e can be factored through A(W,N) . In fact, we 


shall prove that there exists a unique homomorphism o:A(W,N) 9 T 


such that the diagram 


A(W,N) 


commutes. Represent T as E/G, where G is a closed lattice in 
EK generated by the linearly independent vectors Barts Se D 
then have an alternative description of T as follows: let L(T) de- 


note the space of closed holomorphic 1l-forms on T. Then L(T) is 


os 
naturally isomorphic to E , since a pair (f,p) is a holomorphic 


* 
1-form on T if and only if f ¢€ E . The dual isomorphism between 
* 
E and LL (T) carries G onto H, (T3Z) =) . since a complex-torus 
< * * 
je eiways Kaehlerian, “2 is elosediin. (47) “and T=L (T)/r, 


and we have demonstrated an isomorphism between T and its albanese 


ll 


A(T) . Suppose, therefore, that h:V % A(T) is a holomorphic map 
with h(v,)) =e. We seek a complex homomorphism o:A(V) * A(T) such 


that 


* . 
commutes. We are going to define an L (T)-valued closed holomorphic 


1-form (w,%) on (W,N) such that the following diagram commutes: 


* 


ec 


—_ | of 


Tas AUT) 


We begin by defining w(w — Ome ow lehe wo € Woy and considera 

path ¥, from wy to w. Thenhvy, is a path from e ¢€ ff TA PLO 
* 

h(v(w)) and this path lifts uniquely to a path in L (tT) stave 

Call the endpoint of this path w(w) . Since W is simply connected, 


w (w) depends only on the endpoints Wo and w of Me and not the 


=252= 
path itself. We therefore have a well defined holomorphic map 
wiW > L (T) which makes 2) commute. We now wish to define a certain 
homomorphism $:N °* L(t) compatible with w. For each wewW , 
there is a well defined homomorphism ¢@ :N°* L”(T) given by the com- 
position 


N+ 7, (Vov(w)) 7 7, (T,H(v(w)) ) > H,(T3Z) > L(T) 


16 


and for another w, say w' € W, we have a diagram 


ny 
T, (V.V) ——> ,(T,h(v)) 


ae | ee, 


N L (T) 
7 (V,v') iy 7, (T,h(v')) 
where v= v(w) and v' = v(w') and where the vertical arrows repre- 


sent the usual isomorphisms. It is immediate that the middle square 
and second triangle commute. We will show that the first triangle 


commutes, and from this it follows that Le = a - first of ail, we 


define the map T,:N 4 T, (V,v) as follows. Let Y | be a path from 


~ 


w to wa. Then Cae ss is a loop at v which uniquely defines 

3 
T (a) . Obviously, T (a8 ) = Tg (BIT () - Observe that although f 
is not a homomorphism, ht, is, by the commutativity of 7,(T,h(v)) . 


For vany choLce or panh Vs) an SW from “w Sto fwh), Gwe caneshomeanas 


-1 
(80)¥,, 48 iss Yw' ya 


by a homotopy fixing w' and w'a, so 


and 
VY w! res 


define the same element of T, (Vs v(w')) » and hencey (vs)j7. = tT 
*' Ww w'* 


But (vs). is the isomorphism of 7T,(V,v) onto 7, (V,v') so 
mer = or for all w,w'! €W. To finish the proof we will show that 


wie) for all weW and aeéeN. Now 
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a (ey = 1irty(hvy,. (nvy,)ot) (1) - lift, (hvy,,, (Avy,,)7~) (0) 
= lift, (Avy...) (1) ~ lift, (hvy,,) (1) 


= wW(wa) - w(w) , 


where lift, denotes the lift sending e ¢€ A(T) to the origin. We 
therefore obtain an additive holomorphic map (w,%) with values in 
L(T) covering h:V 7 A(T) . 

We can define a homomorphism PL > L (T) » where Ine = 


* 
L (W,N;C) , by defining P(k)f = k(fw,f$) for f ¢ L(T) ana 


2s 


* * 
€L . For a ¢€Nwith image y(a) eb under the natural map 


¥ 
+ Ce tGiaowe ‘have 


zm 


P(¥(a))£ = ¥(a) (fw, 28) 
= f$(a) 
= §(a)f. 
Butphy the definition of «6..,) §(0) ef for alb a@eN.,- so P(ID) Ow. 


Since = is closed, p(T) C He ap-wells Hence P inducessa complex 


homomorphism o:A(W,N) * A(T) . We have finally to prove that 


* 
commutes. But recall that we have a natural map p:W~* L (W,N) in- 


ducing J such that 


commites. Thus, since J(v) = [p(w)] , where v = v(w) ; 


Q 
cy 
-_—s 
a 
~~ 
ll 
&. 
2 
— 
= 
“- 
[| 


ll 
rr" 
ae) 
is 
= 
a 


tt is elear™=that oc 1s Unique: 

It is not hard to show, using the universal factorization pro- 
perty of A(W,N) , that A(W,N) depends only on W/N and hence we 
may adopt this as the albanese of V 

Suppose (T,M) is a complex torus action on a connected compact 
complex space M which can be written as the quotient of a simply 
connected complex manifold by a properly discontinuous group. for 
each x € M we have the orbit map f(t) = tX , sand composing rs 
with the jacoby map J:M~7 A(M) we obtain a holomorphic map T 7 A(M) ,; 
which is therefore a homomorphism followed by a translation of A(M) . 
Consider now the holomorphic map J':T Xx M* M defined by 
(Cre ee) 3(tx)I(x)7+ . For each x, J'(-,x) € Hom (T,A(M)) . But 
Hom (T,A(M)) is discrete and since M is connected, J' is indepen- 
dent of x . The resulting homomorphism J':T 7 A(M) is called the 
jacoby homomorphism of the action (T,M) . Obviously, J(tx) = 
= J'(t)J(x)3 that is, the jacoby map is equivariant with respect to 
the jacoby homomorphism. 

We wish now to derive an albanese exact sequence. Suppose again 
that (T,M) is a complex torus action on a compact complex space 
M=W/N , where (W,N) is a properly discontinuous holomorphic action 
on a Simply connected manifold W . We are interested in defining in 
general an albanese variety for the orbit space M/T without any re- 
striction on M/T , which will coincide with the usual albanese of 
M/T when that spaceis definedin the above sense. To do this we need 
to make an assumption on the action (T,M) which will be satisfied 
when either M is nonsingular or the action is holomorphically injec- 


tive (section 2). Assume that all the isotropy groups tT, of (EM) 
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are finite. Then M/T possesses a complex structure, as a quotient 


of M , satisfying the following: i) the quotient map p:M% M/T is 
holomorphic, and ii) amap f:M/T? Y is holomorphic, where Y is 
a complex space, if and only if fp:M7? Y is holomorphic. We define 
the albanese variety A(M/T) in an obvious manner. Simply set 
A(M/T) = A(M)/J'(T) , where J':T + A(M) is the jacoby homomorphism. 
Thus we can write an exact sequence 
J! Py 

Tt? A(M) 4, A(M/T), 4 0, 
where Pp, denotes the canonical homomorphism, To complete the defi- 
nition, we must define a jacoby map j:M/T 7% A(M/T) and prove that 
the pair (A(M/T),j) has the universal property for holomorphic maps 
of M/T into complex tori. Given ve M/T,I(p 7 (v)) = d() cit) by 
the equivariance property of the jacoby map, where x é p t(v) 5 CO 
that, 3(p t(v)) projects to a point in A(M/T) . Hence there is a 


well defined map j:M/T * A(M/T) such that 


mM? yu/t 

J ie 

nips se 

is a commutative diagram. It is obvious, from the characterization 
of holomorphic maps on M/T, that j is holomorphic. Using the uni- 
versal factorization property for A(M) , we can verify that 
(A(M/T),j) has the universal factorization property for maps of M/T 
into complex tori. It follows that A(M/T) is always isomorphic to 
the albanese of M/T (by any definition) and that the sequence ig) aS 
always exact (c.f. Blanchard, Proposition Uh, 2,2), orevaded. (Tl) 


has only finite isotropy. 
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1. Introduction 


1 
Let (S ,X) be a homologically injective action. Thatis, the homomorphism 


RH (S),1) =S5 8 xs 


1 


induced by the evaluation map 


is a monomorphism. In [7] we showed that if H,(X; Z) was finitely generated, then the 


following are equivalent: 
1 
(a) (S ,X) is homologically injective, 
. : : Ey jhe oil 
(b) there is an equivariant map p:(S , X) —>(S ,S /Z ), 
n 


(c) X fibers over the circle with fiber Y and finite cyclic structure group, Z 
n 
1 
(d) (S ,X) is equivariantly homeomorphic to (st, s! > ¥)% 
2 B 1 
(e) the Bieberbach class a€H (N; Z) representing the injective action (S ,X) is of 


finite order (dividing n). 


The purpose of the first 2 sections is to study for a fixed homologically injective 
action (s', x) the different possible ways that this action may fiber over the circle. As it 
turns out, it is no harder to treat a general action of a compact Lie group. That is, we may 
assume (G,X) is an action of a compact Lie group G on X and that the action is equivariantly 
homeomorphic to (G, G XY) where H is a closed subgroup of G. 

Whereas we treat this general case in §2, we shall continue to explain our results in 
terms of circle actions. The question as to what is meant by different fiberings is a matter 


il i ail : . 
of definition. However, we will exhibit in §3 actions (Sx) where (S',S * Y) is equi- 


Z 

n 

variantly homeomorphic to (s', s* 17 Y,) in the strongest possible sense, but Y, and Yo 
n 


Both authors received partial support from the National Science Foundation. 
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have different homotopy types. In fact, in §3, we give a complete determination of the 


possible fundamental groups arising from a given (Z Y) with fixed point. 


Definition: Two fiberings (ZW, .9,) and (Z»Wo, $.) are strictly equivalent if and 


i . “ : F 
only if there is an equivariant homeomorphism @(S ,X) —~>(S ,X) for which the diagrams: 


a, 

eae 
x/s" 
and 62 6 
® 

(s' x w,)/z_) —2* +> (s' x w,)/z,) 
Ne Va 

gi 


Leet 
both commute, where Q.: (SiS Xo Wala (s!, X) are equivariant homeomorphisms, 
n 
As a corollary to Theorem 2.9 we are able to classify the set of strict equivalence 


classes cohomologically. 


injective. Then the set of strict equivalence classes of fiberings over the 
circle with structure group Zz is in one-one correspondence with the elements 


of 


1 1 
He (X78) 2%) 


nH’ (x/s'; 2) 


provided the set of singular orbits is not of codimension 2. In the codimension 


The proof uses Fox's theory of spreads to reduce the problem to the free case. What 
makes the free classification possible is the reduction to a bundle problem. This is achieved 
by finding representatives in the strict equivalence classes for each possible fibering of 
(S_,X). This is expressed in two different ways. The first is just by the possible equivariant 


ie 
maps pps »x) —>(S ,S /Z) and the second by a construction of derived actions (Z »Y), 
EN Ae 


one for each map 


1 
{:X/S° = {jf ——> sz. 
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While the spaces (and actions) Y, derived from a given action (Z ,Y) may be very different 
from Y, we find in §12.1 that: 


Taf (Z Y) is a group of orientation preserving diffeomorphisms ma closed oriented 


2k-manifold, and if (Z , Y, is any derived action, then the oriented equivariant bordism 


classes are equal. That is, [z,. y| = [z,.. ¥ |¢ OZ). p an odd prime. This means 
invariants which only depend upon their bordism class do not change. Such an invariant is 
the Lefschetz-Atiyah-Bott trace TZ. Y) which is used in our computations. 
Perhaps we should point out that in studying equivariant fiberings (s', x) over 
(st, s'/Z,) we are demanding that the fiber has structure group Za It is not difficult to 
fiber, say, S x Y over s) by choosing different cyclic covering spaces of Y. Thatis, if 
(Z, 7X) is a free es so that Y'/Z_ = Y. then (st, st x WN) sS (st, st XY) when the only 
Des element . H 20y. ese OU. cs example, Y isa closed oriented surface.) Thus, X 
is fibered over s! with very distinct fibers Y' and Y but the structure groups are Zz and e 
respectively. The differences between derived actions (Z_»¥) and (ZY) are more subtle. 
Sections 2 and 3 are not used again until §12 which is our attempt at generalizing our 
very conclusive results in dimension 3, of $9 and 10, to higher dimensions. Moreover, 


Sections 7 and 8 and Sections 9 and 10 depend, independently, only on Sections 4, 5 and 6. 


Thus the reader may look at several parts of this paper without proceeding consecutively. 


In most of the remaining parts of the paper we continue to investigate the different 
ways one may equivariantly fiber circle actions. But now we fix the fiber Y although we 
allow the actions of Z_ tovary slightly. Basically, we are concerned with the following 
study. If we take (s', x) = (st, s x, Y) then this action is represented by a Bieberbach 
class a€ H(N: Z) of order n. Our problem is to describe the other Bieberbach classes ma, 
where (m,n) = 1, in terms of x) and the actions of Z on Y. The fibered action ma 


1 1 i il : 
may be constructed as follows. Take Za? a 1s) = 62s ae Y) the action of ee 


n 
is free. If we take the quotient, we induce the action: 


(SS Hy pee ee rue 


it 
The action (s’ /Z (s! Xo Viz i) may be identified with (s’ ae (S ZS x (2%) 
ay 


n 
1) : 
action of 7?) on Y is related but different from Z. = “as DUM tet it T14) and T(9) 
n ae 
1 2 2 : 
denote the respective generators of ee ) and “8 ) corresponding to exp((27i)/n), then 
ih 
T yy) Ty) for all y, where qm =1 modulon. Let us put X(1)=S x a) =X and 
oy : Z 
n 


il 
Miah =S x Yee nen 
7\?) 


n 
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1 1 
(si, s' x (2)) =(s',X(q) 2 (S /Z 8 /Z4 be 
Z 


n n 


represents ma. By now taking r, with (r,n) =1, we may iterate this process: 
Z 
il a i) 
a eee 


i : 
In terms of the original (S , X(1)) this becomes: 


Z 
1 1 LSE 1 1 x 
2 eae : io » gil a 2 oe s Love 3) 
n 


=| ia 
(gy) = T ). Thus, x(q)/Z,= (ar), ar is 


taken modulo n and represents (mr)a. In particular, if mr =1(n), thatis, if r=qmodn 


3) 


where (ze , Y) is generated by T 


then 
Z 
mq ae ~ xX(1 
X(1) ————> X(1)/Z X(q)/Z, X(1) 


is a covering where the total space and base space are homeomorphic. Details are found in 


34. 


Now it is easily seen, §4, that s\x X(1) is homeomorphic to s'x x(q), for all q, 
(q,n) = 1. However, what is intriguing is that X(1) need not be homeomorphic to X(q), 
even when both are closed smooth manifolds. The major concern of the remaining sections 
is to develop techniques for determining when X(1) and X(q) are or are not homeomorphic 


when Y is a manifold. 


The first type of such examples were, to our knowledge, given by L. Charlap in [2 T. 
His examples arose from his classification of flat manifolds in terms of their holonomy 
groups. These examples may also be described by our method. We introduce what we call 
Charlap actions (Zs Y) where Zz is a cyclic group of orientation preserving diffeomorphisms 
on a closed aspherical (that is, Y is a K(z,1)) manifold. These yield a special type of 
(s', x). We assume that (Z Y) has a fixed point, Yo and that H(Y/ Zi Z) =O. Here the 
major fact (Theorem 6.4) is that X(q) and X(1) have the same homotopy type if and only if 
aa, Yo) ey Yo) is conjugate to (T, in the outer automorphism group of 
WS 7 (Y, Yq). Our efforts in $7 and 8 are bent toward solving this problem. In §7, Char- 
lap's solution is given in terms of an invariant which lies in the group of ideal classes for the 
cyclotomic number field Q(X) obtained by adjoining the p-th roots of unity to Q. Here Y is 


a k-dimensional torus and n = p, a prime. 
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In Section 8, it is shown that the Index(T, y) = tIndex(T, Y) if X(q) has the same 
homotopy type as X(1). The indexes may be computed in terms of the Atiyah-Bott-Lefschetz 
trace formula. We exhibit by this method examples of closed 3-manifolds where X(1) and 
X(q) have different homotopy types. Other examples using the trace formula are found in 


$11 and 12. 


Since the circle actions on 3-manifolds are all known, it is to be expected that in this 
case one could say much more. In fact, in Sections 9 and 10 a complete solution to the 
homeomorphism problem for X(1) and X(q) is given when X(1) is a 3-manifold. The form 
of the solution in these cases are completely straightforward and can be checked at a glance. 


Moreover, there are some by-products of this analysis such as an extension of the general- 


ized Nielsen theorem. 


Section 11 shows how one may generate new Charlap actions from old. This leads to 
Charlap actions on closed aspherical manifolds with 7 (x( 1) not isomorphic to 7 (x(q) for 
all dimensions greater than 2. 

In Section 13 we discuss a related but different and puzzling type of example. Section 
5 is an algebraic formulation of $4 and we feel that it, especially Theorem 5.5, explains al- 
gebraically what is transpiring in Sections 10 and 12. In these sections we are able to formu- 


late our solutions without the restrictive assumption of a Charlap action. 
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2. Equivariant fiberings over a homogeneous space and derived actions 


We fix an action (G,X) of the compact Lie group G on the space X and we denote by 
v:X —>X/G the orbit map. Let j;H—>G bea fixed isomorphism of the compact group H 
onto a closed subgroup of G. We shall consider the homogeneous space G/H as a space of 
left cosets and that H acts from the left on G by hxg See Thus we have the action 
(GxH, G) defined by 


=I =I! 
(g,h) xg'—>(gg)h = e(g'h ) . 
2.1. Definition: A fibering of (G,X) over G/H of type H is a pair consisting of 


(i) an action (H,W) of the group H, 


(ii) an equivariant homeomorphism 
$:(G,G x, W) —>(G,X) . 


Note the action (H, Gx W) is given by 
hx(g,w) —> (gh, hw). 
We denote the image of (g,w) under the orbit map by ((g,w)). There is then a G-equivariant 
map Py, (Geax a) —>(G, G/H) given by 


Py? ((g, w)) ——— > ¢H 


2.2. Definition: Two fiberings (H, W:,) and (H, W,; 6.) of (G,X) over G/H of 


type H are strictly equivalent if and only if there is a G-equivariant homeomorphism 
®:(G, X) —~>(G,X) so that 


6 


ye A 


6.'@ 


and 


(G, Gx Per eal hare GX, W,) 


ene 


(G, G/H) 


both commute. 


ay.) 

The strict equivalence classification is a measurement of the different ways one can 
equivariantly fiber (G,X) over G/H. We wish to determine this set. We shall exhibit a 
construction for which, beginning with any one such fibering, we can find representatives for 
all the others. 

Suppose p:(G,X) —>(G, G/H) is an equivariant map. The trivial coset {u} in G/H 
is an H-slice in (G,G/H). If we put Y = p {x} CX, then Y is the pull-back of the H-slice 
{uy} and so is an H-slice in (G,X), [1;Ch. 8]. Hence (G,X) may be written as a fiber bundle 


with fiber Y, structure group H and base space G/H. In terms of equivariant maps we 
have: 


(G x H, G) —__(G xu, G xy) —/& (8, yy 


/H /H /H 


(G, SU eeeerraer SE G ie 8 = c,x) Ssy/n = xX/G 


2.3. Definition: Let us say that (G,X;Y,p) fibers equivariantly over (G,G/H) if 
p:(G,X) —> (G,G/H) is a G-equivariant map and Y = p {uy}. 


2.4 Lemma: For each fibering (H,W; >) of (G,X) over G/H of type H, 
there is an equivariant fibering (G, X; Ye P,) over (G,G/H) whose fibering 
(H, Ye ,) is strictly equivalent to (H, W; 9). 


Proof: The map A (eee een bh defined by Py ((g, w)) = gH is an equivariant map. 


Py 


Now 
-1 7 
Py {u} =w = {(g,w» |e, = (e,wy} 
The equivariant homeomorphism > defines a subspace 


: Fe d(w) 


of X. (The use of the subscript "'f'' associated to i) will have later another, but equivalent, 
meaning when H is normal.) We form (G, G XY, and an equivariant homeomorphism Q, 


onto (G,X) by 


QE, We, w)) = Og, )) 


For @ we may choose the identity. We have 


24, — A 


d 
(G,Gx jst ae yet Se poe Gx, ¥,) 


_ ? 


(G, G/H) 


(G, G/H) 
which commutes. Here Pe is to be interpreted as 


nC Oe, w))) Tort o° s a O((e, w)))) = gH. 


Note also that we have an equivariant homeomorphism 6, and commuting maps 


f 
a6 
(H, W)——- > (i, YJ 
V 
W/H = Y/H 


We define 6 Cw) = ((e, w)). Now 6 (hw) = ((e, hw)) = ((eh, w)) =) hr- H((e, w) = i 6 (w). 


2.5. Definition: Let Pr :(G,X) —>(G, G/H) be an equivariant map. We shall call 


Two derived actions (H, Rie and (H, Y, ) are said to be strictly equivalent if and 


1 
only if there is an H-equivariant homeomorphism @:(H, Y, ) —> (H, Y, ) so that the diagram 
0) 1 
a 
f f 
Sele « 
Y/H 
commutes. 


2.6. Theorem: Two fiberings (H, Wo: 7) and (H, Wi; $,) of (G,X) over 
G/H of type H are strictly equivalent if and only if their associated derived 
actions are strictly equivalent. 


Proof: Let us assume that there is an equivariant homeomorphism 


6:(H, Wo) — (H, W,). Define @:(G,X) —>(G,X) by: 
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6G (s. w))) = $ ((g, ¢w) )) 


" W 


2, Ce doe) = 4, (@. 0,06, own) 


The second line is given in terms of the associated derived actions. It is easy now to check 


that ® yields a strict equivalence between the two fiberings. 


Conversely, given ® we may define @:(H, Ye :,) —> (H, Ye so) by 
0 1 
-1 
A(e,¥9)) =O, 2 @°d((e.y,)) 


=} = 
Note that h@((e,y,)) = hb, BO,((e, y)) = b, ah ((e, by.) = 0((e,hy,)). Thus h® = @b 


implies that h9 = @h and the associated derived actions are strictly equivalent. 


The point of all the preceding has been to replace strict equivalence of the G-actions 
by strict equivalence of the H-actions on the fibers. Furthermore, we have found fixed 
representatives for the fibers and the H-actions as well as the fiberings, all in terms of H- 
slices in (G,X). We can now examine the free case. We shall also be able to reduce the 
non-free case to the free case when H is finite. 

Let us fix a particular action (G,X) = (G,G 1, ¥)- All derived actions (HY), 
strictly equivalent to (H, Y;1) must, first of all, yield an equivariant G-homeomorphism 
covering the identity Y/H = X/G<+>x/G. This means that the strictly equivalent free 
actions must yield equivalent principal G-bundles over X/G. Since the principal G-bundle 
fibers over (G,G/H) with fiber Y and structure group H, the structure group of (G,X) is 
reducible to the closed subgroup H. Let a€ ul(y/H, G), where G is the sheaf of germs of 
continuous functions into G, represent the principal G-bundles (G,X) over x/G. Let 
ceH (Y/H; H) be the principal H-bundle over Y/H representing (H, Y). Since a is repre- 
sented by (G,G x1) then ; (c) =a isa reduction of the structure group, j':H'(v/H; H) 
—>1'(¥/H;g). 


2.7. Lemma: The set of strict equivalence classes (relative to the choice 


a) are the set of all bundle reductions of a (to the subgroup H), thatis, all 


elements beH'(x/G; H) such that j (b= a. 


In particular, if G is a torus ok and H is a closed finite subgroup, then this reduces 


to the Bockstein exact sequence: 


i k 
0 —>u(y/H; z) ——— n(y/H; zy eee ul(y/H; H) dered od H°(¥/H; Zz) 
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The choice a is an element of H7(¥/H; zy, the strict equivalence classes are the elements 


be H(Y/H; H) which are carried into a by the bockstein 8. The possible choices of b are 
k : 

obtained by taking all elements in Hi(Y/H; Z) reducing them modulo H and adding these 

reductions to a fixed element c for which j (c) = B(c) =a. This set may be identified with 


the elements of 


(2.8) H(y¥/H; z') 
i(a'(Y/H; z') 


To consider not necessarily free (H, Y) when H is finite we employ Fox's theory 
of spreads io]. The orbit map u:Yg —>Y/H of each derived action (H, Y,) is a complete 
spread. Consider now the subset yc Y consisting of all points in Y at which the isotropy 
subgroup of H is trivial. Then ad is the largest invariant subspace on which H acts freely. 


We impose on (H, Y) the hypothesis 


() The set Yc Y is open dense and locally connected in Y. (vy is locally connected 
in Y if there is a basis of Y such that TAY is connected for every basic open set V. We 
also assume Y is locally connected. ) 

In this situation uw: Y —>Y/H is the completion of the spread ve Y'/H. Ina 
similar vein ae Y, can also be defined and aoe) = y'/H cY/H. Furthermoreas (H, a 
is just the action derived from (H, Y) by restriction of (H, Y,) derived from (H, Y), 


= 


it is not difficult to see that 2 ¥,—> Y/H is the completion of the spread up Vp —> Y/H. 


From Fox's uniqueness theorem on the completion of spreads it will follow 


2.9. Theorem: Under the hypothesis (*) the derived actions (H, Y, ) and 
0 
(HY, ) are strictly equivalent if and only if (H, ae and (H, te ) are strictly 
il 0 il 


equivalent. 


The hypothesis (*) is known to be satisfied for a finite group of orientation preserving 
homeomorphisms H on an orientable cohomology manifold Y. For orientable (r* x) our 
action (H, Y) will be orientation preserving. (In general, (*) is rather commonly found in 
examples of actions of cyclic groups.) 

We would like to obtain the theorem mentioned in the introduction. It seems con- 
venient to introduce a more explicit description of derived actions. For this we assume that 
the subgroup H is normal but not yet necessarily finite. We pick a fixed fibering 
(G,X) =(G,G *,Y)- Consider a fibering (H, W; ¢) of (G,X) over G/H of type H. We have 
defined 6:(H,W) —>(H, Y) already, and the equivariant map p(s, ¥)) = ry (O Ug, y))) . 


Using normality, there exists a function 
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f:X ——>G/H 


so that we can find a unique solution to 


p,((g, y)) = p((g, y)) - ((g, y)) 


for each ((g, y))€X =(G X,Y). However, p((g.y)) = g-pA(e,y)) and p((g,y)) = g-p((e, y)); 


so consequently we have 

g “p,((e,y)) = g- ple, y)) - f(g, y)) 
On the other hand, we have 

p,((e, y)) = ple, y)) * fe, y)) . 


Thus 
f((g, y)) = f((e, y)) 


That is, f is constant on orbits and really can be thought of as being defined on x/G. Hence 
for each (H, W; ) we may find a unique function f:X/G—>G/H as above. 


Let us now define, for any function f:X/G = Y/H—>G/H, a set 
c= {s, v)} gi(v(y)) is the trivial coset ty} : 


It is convenient to define an action GXH,..X H on GX Cc. by 


(1) (2) 


g'x(g, (g, y)) —> (e'5, (g.y) 


b,x @ (gy) —> @ (eh; by) 


b, x(B (gv) —>@hy (yg. yv) 


These actions are well defined and commute. 


We define now an equivariant map 


8:G*H,), G x C,) ——3(GX H, G xy) 


by 
4 (g', (gy) = (e's, y) = gle.) - 


& is precisely the orbit map: 


Hoo) 
(H,).G%C) ——> (Gx c)/H 


(2) (2) 
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Thus, 4% induces the G-equivariant Ho) -orbit map 


Gx Hi)» (G *C)/H,,) ee (G, G x, ¥) 


We may also consider the projections and the actions restricted to these projections. 


These yield: 


(Hy 4)¥ Hy), @ XC) Coca ae (Gx C)/H,) 
fg ee | projection 
=“) 
(Hy) x Hoy» oF) > (Hy: C Hy) = = (H, Y) 
A) 2 A) 
(H,Y,) = (Ho 7c /H(4)) (2) Y/H 


In summary we have 


2.10. Lemma: If (H, w; >) is a fibering of (G,X) over G/H of type H and 


= Yip 


Cpl Hy) = (H, Y,). 


(H, Y) the associated derived action, where {:X/G—>G/H, then C,/H/1) 


and (1/5) 


Proof: (g,y)€ Ce if and only if gt(v( y)) = =H. Recall that f((y)) = = f((g, y)) and 


p(s. y)) = Ae, ite, = = gf((g, y)) = gf((y)). Since Pe ‘fay = Y,, we see that 
©@ fH (1) = ¥ On the other hand, if ((g, y)) eY,, then pile y)) = ft which says that 
(g,y)€ ae 


Thus, given (G,X) =(G,G X,Y) where H is normal in G, we may ina systematic 
way construct all derived actions (H, Y) by forming Ce ~ {(g, y)| gt(v(y) = H}, where 


ae = X/G—+G/H is a continuous function. The subspace Y, = C )/H of X is also 


f (1) 
bs ‘ay where p,((g,y)) = = p((g, y)) f(y) is a G-equivariant map from (G,X) to (G, G/H). 


If we let E be the set of all G-equivariant maps, and E. to be the set of all maps 


X/G — >G/H, then the group Eo acts transitively on M and with stabilizer the identity. 
For given p:(G,X) ——> (G, G/H), the equivariant map from the representation 

(Ga x) ="(Ge Gx Y) by p((g, y)) = gH, we may form p,((g, y)) = p((g, y)) (v(y)) , for any 
function f:Y/H —+G/H. Conversely, given any arbitrary q((g, y)), We saw that we may 
construct the unique f:Y/H ——>G/H by q((g, y)) = p((g, y)) f(v(y)) = P(g, y). Clearly, the 


function f:Y/H———+G/H, which is constant and equal to {uy}, is the stabilizer of {p}. 
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Thus, there exists a one-one correspondence between Ey and E, with Ey acting transi- 
tively on the set E. 

Let us interpret the free case 2.7 in terms of the set Ey: Let 


Lae ae 
a ema 


be the principal G/H fibering from the universal classifying space for the closed normal 
subgroup H to the group G. For any y:Y/H —> 5, and fe Ey we may form, using the 
right action of G/H on Be te yf. If y represents ceH'(Y/H; 1) so that B(c) =a, that 
is oo y represents a, then (H, Y,) is represented by Y and o oY, is equal to oe y. Let 
us now assume H is finite and (H, Y) is not necessarily free but satisfies the hypothesis (*) , 


- - 1+ F + + + 
Let y represent c €H (Y /H; H), then for f cE we may form (y') mes /H —~> By 
f 


It is necessary, however, that f: y'/H —> G/H be extendable to all of Y/H, for otherwise 
Py = = p‘f can not be defined. Thus the group of homotopy classes of maps [y/H; c/H] oper- 
restriction G/H —SB 
. 7 . es . poo a ed | . F 
ates on [¥"/H; B,J by [y/H; ¢G/H] [y"/H; c/H] [y"/u; Bel 


If we combine 2.7 with 2.9 we have 


2.11. Theorem: The strict equivalence classes of fiberings of 
(G,X) =(G,G tS Y) over G/H of type H, where (H, Y) satisfies hypot hesis (*) 


are in one-one Vg Behe all cea with the image [y/u; G/H] ——> [y" {223 Si, 


If G= rs and H is a closed finite subgroup the analogue of (2. 8) when the hypothesis 


(*) is satisfied becomes 


Ze, Corollary: The strict equivalence classes are in one-one 
correspondence with the image 


al(y/H; z) ny’ /H; 29 
Ey z) as z') 


ee ee ————— —— 


Proof: The formula above is just a cohomological interpretation Oi Ae hay Mer @louruter 


the special case we observe that Y/H is an orientable generalized manifold over the rationals, 
Q. Since H(Y/H Y’ /H;Q) =f (y-Y /H;Q) by Poincare duality, and codimension 

‘ : . dim Y-j 
(y-y'/#) is greater than 2, these Cech homology groups are 0 for j = 1,2. Consequently, 
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the relative cohomology groups for j = 1 and 2 and with integral coefficients are 0 which 


makes the homomorphism bijective. 


Notice that in 2.11 if G= i and x/T* is simply connected then 
k k é 
[x/r*, T‘/H| = 1 and hence all fiberings of (T,X) over T /H of type H are strictly 


k 


equivalent. Similarly, if H (ea Ay :H) = 0, all derived actions are strictly equivalent. 


3. Fundamental groups of actions derived from a (ZY) 


ae 
32 lke Chet (s!, x) = (oo s} x Y) be an equivariant fibering over (S ,S pes) of type 


n 
7, . We wish to describe the fundamental groups arising when derived actions are formed 
n 


from (Z_,Y) which has at least one fixed point. We assume that Y is pathwise connected 
n 

and semi-locally 1-connected. We denote by T: Y—>Y the homeomorphism determined by 

the generator of Za We choose one of the fixed points ve" Y as base point. Since Yo is 


fixed the action of ZW induces a homomorphism 


Z —> Aut (7,(Y, Yo) 


1 1 
: > = : 
We choose any map f if Z iS) /Z such that t(y,)) {z } Recall Cec S XY 


is the set of all points (t, y) with ti((y)) = {z.}- It is more succinct to write s'/Z., as the 
circle S , since it is isomorphic to it. Thatis now, f: ¥/Z,—>S8", i(y,)) = 1 and C. is 


: : n 
the set of points (t,y) with t e((y)) = 1. On C, there are defined two commuting fixed point 


f 
free homeomorphisms of period n given by 


mtesh= ie Ty) 


T(t, y) = (tr, y) , 


where \ = exp(27i/n). Thus T, induces T, on Y= C,/T, and this defines the derived 


action (Z Y,- Of course C,/T, = Y and both T, and TT, cover T. We see that 


n-l n-1l 
{I = = . ec ee eee 
( Yq) EC, and T (L,Y) (X »Yp) T, (1, ¥,) since TY, = Jo Thus the T, and T 
orbits of (1, Yo) coincide and hence [t.y | = yy € Yy is fixed under Te Thus we obtain a 


second homomorphism 


Ze —> Aut(r, (Y,, v,) ‘ 


We see now that C. is an n-fold cyclic covering of both Y and Y> Let us use this to 
define a natural 1-1 correspondence 
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erm (Y, Yq) —— (YX, sip 


Let o(t) denote a loop in Y based at Yo: There is a unique path p(7) in Cis covering o(7), 
with p(0) = (1,yq)- But then p(1) = ay) = TiL9,) for some 0<k<n. Thus when p(7) 
is projected into Y; we again receive a closed loop c( 7) based at ys: If we regard a base 
point preserving homotopy of closed loops as a continuous 1-parameter family of closed 


loops, then we see that e:m (Y,Yp) —_tT (Yp¥y) is well defined. The process is completely 


1 
reversible so that c is a 1-1 correspondence. It is not, however, an isomorphism in gen- 


eral. 


We must define a homomorphism H: 7 (Y, Yo) — Za As above a loop o(7) in Y at 

-k 
Yo is covered by a path p(r) in C, issuing from (1, Yo) with p(i) =(A Yq): The element 
it Z depends only on the homotopy class oe€ 7 (Y, y,). This defines the required homo- 


0 
morphism. We also receive homomorphisms 


Q: m CY, Yo) —> Aut (Y, VQ) 
B: ™ (Y, Yo) — Aut, (¥,, y,) 


-k k —t- 
by o—>2X <>... or aa 
Now we can discuss the relation of c to the group structures. Suppose loops o, (7) 


and o,(7) are covered by paths p,(7), Po(7) both issuing from (1, Yo) with 


pot) =X", Yq) 


sont p27), O< 7 <1/2 


(7) = 
J 


a 


p (27-1), b/c eM 


covers the loop in Y, 


a2), O<7< 1/2 
2 — —_— 
nr) = { 
g,(27-1), 2a < 1 ; 


i ; tions 
which represents a "Oy in 1 (Ys Yq): (We refer the reader to [6 :§ 2] for our convention 


on path multiplication and covering transformations.) However, when the above path p(1) is 
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projected into Y, we receive a representative of 


if 
(025, €(o,) -(0,) 


For o€ 7 (Y, Yo) let 6 c Aut(r (¥,.¥,)) be the corresponding automorphism. Then we have 
Oo 


o(o,0.) = eG). "o(o,) . 


We must also show that 


cot = (T),. ° 


Again p(7) covers o(7), and To(7) is covered by T,T P71), but this covers T seein in 


Zz 


Ye hence ceT, = (Tee c. Remember that if H(o) =X a then a = t, ig Bi, 4 


hence eae @@ Ga =c for all o€ 7 (Y,Y¢)- In particular, if we define a new ae in 
7 (Y, Yq) by 


ale le peal be: 


we have 
clo, ok 0.) = ea oe) = Coase . e(o,.) = e(o,) e(a,) 


Thus, if we can show that this new product is a group structure then we shall have a con- 


venient isomorphic copy of 7 (Yo, y,) . The only point needing verification is associativity. 
This will follow if we can prove the identity 
a =@ 
cue i 
2 
; i j 
for all 01,0, in TAY, Yq). Suppose °o, iat °o, = ir, then 9, (7) is covered by p,(7) 
issuing from (ls Yo) with p,() = (Xr eaves Now (T,T,)'p(7) also issues from (1, y,) and 
covers to {> but (T, At dr ly) = 7, yp) Hence 


rou =o =a 
a (o.) o 
fo) 1 


Associativity now is 
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be pein be gates G, {e) ‘05)* 0, 
% sok ig) 


= (,,.@,,) (9) "O, 


o, <a 58s) Cia* 52 7) 
ry (o,)-o (o,) ae, (o,) why 
Os 12 3 
3 
=@ @ ©) “@, (@,)-0 
o3 o5 i o2 et AS) 
since @ =" Oy Of s= 6 oO (o.) = 2. 0.6. | 
a . 
a," Ms 70472) % APs oligo Brel Se Oy 


There is an alternative, and more direct, description of the homomorphism 
7, (¥, Yo) — Aut, (Y, ¥q)) and hence of the new group structure. The composite map 


fu: (Y, Yo) —>(S',1) induces a homomorphism 


1 
fv, im (Y, Yo) > 7 (S 31) 


and there is 


1 
1 (S 1) —>Z, —> Aut(r, (¥, Yo) : 


In this way o a cAut(r, (Y, ¥q)) . For any oé€ 7, (Y, Yq) we see that v,(0) = v,(T,,(0)) and 


this yields @ =a _. Thatis v,(a (o.)) =v,(o,). Thus we can define the new group 
. q gq) ss Jo 1 ca 


law by o, 4 Pm asl "O, as before. 


Let us call 7 this new group. It is 7 (Yp y,)- Note that vim 


group homomorphism. Since Yo is fixed it is a theorem of Floyd that 


f cated Z) isa 


Vy iT ——> 7, {Y/ Zz) 


f 


is anepimorphism. The kernel Kc ™, is easily seen in subgroup structure to be independent 


of f. Thus we see that we have a group extension 


(3. 2) L—>K —> 9 eh 2) 1 ; 


for cack £:x/Z ——> cae Each 7, can be realized as the fundamental group of the corre- 
n 


sponding derived action. 


S25 
3.3. Anelementary, but useful illustration is the following. Let (Z ) be an 
effective action with at least one fixed point on a closed aspherical 1 manifold. From our 
Keel 
previous work [6] we know Z Aut, at')) is a monomorphism. Let Y=M XS and 


let Z act only on the first factor so that there is still a fixed point Yo: Then ve XS ae 
n 


il 
= M‘/ Zz x s), so take f to be the projection map onto S . Now 
a.(Y,y,) =7 im'@ 7 (s’) 
Tee cO 1 1 


After some thought it will be seen that in the resulting derived action 7 (Y) is the semi- 
direct product 7, (M0) o Z. The required homomorphism Z —> Aut(r, (5) is the composi- 


tion Z—>Z —> aut(z, (1). Of course Y, is still a closed aspherical manifold. 
n 


f 
Some immediate examples come to mind: Take ve = ='g and (Z, Zo, s}) to be 2 —>Z, 
Then Y = gi x 3 and Y; - s ae s! = Klein bottle. This has an obvious generalization 
2 

= = k+1 
us = ok = gix...xg', and (Z)5--+5%) wi Sc Zorcses z,). Then Y=T F 
Y; = s! x ch which is a flat manifold with non-abelian fundamental group. 

2 


manifold then associated ib (Z. s! x vee pou - which acts “acta Gieialip on the 


first factor, is the derived action (Z. at NS = (Z MS wh where 
= k A 
7, = 7 (M A 
Furthermore, (Zo ap can always be extended to an action of s! on Y, and and 
1 1 
consequently (S ee = Ge Ss ve Y) = (st, s! x z XP is homeomorphic to 
six xi x “ny 


To see that the action (Z., Y) can always be extended to an s! -action, note that Y; 


can be considered as triples 


[t, x, a 


Here [t xe "| = fom ise, ail and oat se "| = [ta, = t" = (a)"]. But then (s'.¥) is 


z(t, x, | ize [zt, % (zt) | 


n n ; 
Note [t, x,t | = [ta, st j so this extends (Z Y)- Since the generating homeomorphism 


T, is isotopic to the identity in S , the total space of the fiber bundle (st, st X Y, is 
Z 


é 1 
homeomorphic to S xX Ys by enlarging the structure group. 
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3.5. The reader may be interested in pursuing the case when G is other than the 


circle and H is a finite normal subgroup of G. The analysis of this section largely carries 


over to the general case. 


3.6. Let us now turn to a special situation which is really included in the preceding. 
This will be applied when (T, Y) is homotopic to the identity. (This was the case for (Ty, ra) 
in 3.4.) We shall begin first algebraically and then discuss the topological significance. 


The first two lemmas are repetitions of part of 3.1. 


Fix a group G together with a homomorphism N:G—>Z. We choose an element 


B€G and define a new composition rule 


aula -N(h) 


g*h =f B 
3.7. Lemma: N(gh) = N(hg) = N(g*h) = N(h* g) = N(g)+N(h). 


Proof: Trivial since Z is abelian. 


3.8. Lemma: The new composition rule defines a group structure, denoted 
by G,, on the set G. 


1) Associativity: 
(exh) = BN gp Nyy 
__gNCO+N(h) . g-N(h), g-NUWD 
= gNlh#W) - g-NWeK) NCW, g=N(, 
= g*(h*k). 


2) The identity of G is also the identity of G, 


3) Inverses: 


N(B Ng 1 gN(8)) = nig) 50 that 


- - = -N(g)_-1,N(g) 
g* (B N(g) 1,N(g)) _ g N(g) , gN(8) g () 1g Cae 


3.9. Lemma: There is a canonical homorphism 


given by ¢(g) = pN@,. 
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Proof: c(g*h) = pg Neb) (6 h) 


__ g-Nlgh) gb), g-NUh) 


= ale) se Si, = e(g)c(h) . 


3.10. Theorem: The kernel ofc is trivial unless INS) eae in which case 
it is the free cyclic group generated by BeG,. The image of c is the kernel 
of the homomorphism 


G — Z/(1 -N(A))Z 


obtained by forming the composition of N with the quotient homomorphism 
Z—>Z/(1 -N(P))Z. 


Proof: Suppose c(g) = gp Ne), =e, then N(g) = N(g)N(§). If N(f) =1 it follows 
N(g) = Pena then cop =e implies ¢— 2. It N(s) —=1 then e(B") =e forall me Z. Now 
Bx B= BBB B = Ke so by induction we see that the kernel of c, if N(f) =1, is the cyclic 
group generated by Be G,,. 

Now suppose N(h) = m(i -N(6)) for some mé€Z. Let g= Bh so that N(g) = 
mN(8)+N(h) =m. Then c(g) =h. Conversely nip NX) 6 = -N(g)N(B)+N(g) = N(g) (1 -N()) : 


Observe c:G,~G if and only.if N(8) =0 or 2. 


3.11. Corollary: If N(8) =1 then G,~ZxK where KCG is the kernel of 
NG > Z- 


We note that N:G, —>Z is still an epimorphism. Then g —>(N(g), e(g)) is the 


required isomorphism. 


3.12. The algebraic construction discussed here arises in the following topological 
situation. Suppose (Z Y) is a cyclic transformation group with at least one fixed point and 
suppose that the homeomorphism T:Y —>Y corresponding to a generator of Ze is homo- 


topic as a map to the identity. We thus have a map 


ey eM 


such that H(y,0) = y, H(y,1) = T(y). Select a point Yo fixed under T. Then we obtaina 
closed loop f(t) = H(y,, t) at Yo and this represents Be T(Y, Yo). Since Yo is fixed there is 
an automorphism T,.: 7, (Y, Yo) —> 7, (¥, 9) induced by T. We have shown that 

T,(0) = ne in this case. We are interested in derived actions (Z_. Y) arising from 


: 1 
(Z Y). These are derived from maps f: Y/ Zz —>S _, for which we may assume without loss 
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of generality that tv(y,)) =1, where v:Y —>Y/ Z is the quotient map. Naturally this f 
induces fiv,im,(Y, Yo) 7 (8 ,1)*Z. Using the specified 8 and this homomorphism we 
apply the *-construction to 7 (Y, Yo) and obtain a group isomorphic to 7 (% y,): the fun- 
damental group for the derived action. 
Because T is homotopic to the identity, Seite dg Zi Z) ~ul(y; ye Hom(7(Y, Yo) Zi 


Hence any homomorphism N: m7 (Y, Yo) — > 7Z can be induced by a map of the form 


y—>y/z, ++ s! 


The 6 uniquely determines a homology class E Je HY; Z) and 


If N(8) = 1, then ™ (Y,,9,) is a direct product of Z with the kernel of N. If N(B) #1, then 


7 (Y y,) is isomorphic to a normal subgroup of 7 (Y, Yo) whose quotient lies in Z/(1-N(B)zZ. 


We can see all possibilities as follows. Begin with an action (ZW) for which the 


subgroup zy has a fixed point, say Wo: 
Y= 3 x W writing ((t,w)) = (tw) for a pointin Y. Let (Z»Y) be given by 
nk 


Ct w)) = “ork, wo) = ((t. 5 ath: Of course there is a fixed point ee = (caw 0): This action 


Let \ = exp(2z7i/nk) and form as usual 


(Z. , Y) can be extended to an action Ke st on Y. We can choose the Ben,{ (Ye Yo) so that Be 
is be image of the generator of 7 4, 1) 7 ASe Yo) under the map ah There is the 
map ¢((t,w)) = t ual which abees’ into 
V f il 
LS 
Of course ?.. :7 1% Z) 1, (S 4) is an epimorphism with kernel 7 (W) oe @ is a fibration. 
Further, p. AB) =k since p. ‘(= = nk the image of the generator of 7 eh ) under the map 


t—>t unt Thus if k = 1, EST ee PONY Nhe 


0 


The reader might wish to select (Zo, s') given by t —>t and see Y is the Klein bottle 
while Y% is Tr. Another instructive example with n = 2, k =3 is found by letting Ze act on 


the curve S¢ CP(2) given by 
ie ee =0 
le Tiles 


3 
The action is [z v za | —>[r°2, Zig Zo AE The fixed point set of Zo c Ze is the finite 


set {fi 0, exp “a a} 1<j<12, j odd. 
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4. Cyclic quotients of fibered actions: X(q) 

Consider an action (Z.¥) on a pathwise connected space. Let A = exp(27i/n) and 
let T:Y —>Y be the periodic homeomorphism corresponding to this generator. For any 
integer q, 0<q<n, and (q,n) = | we introduce the space X(q) obtained from sx Y by the 
identification (t, yy~(tr 2, TMyy), 0<j<n. A point in X(q) is denoted by ((t,),- 


1 
4.1 Theorem: For any such choice of q, stx x(1) is homeomorphic to S xX X(q). 


Proof: Fix q and choose the integer m with least absolute value satisfying qm = 1 


modn. This exists since (q,n) = 1. Define (2, .X()) by 
T(t), = (2), = (ty), 
and (@,_.X(q)) by 
7 (ty), = Ga™ y= (Ty), = (eT), - 


We immediately note that both (z»X(1) and (Z. x(q) can be extended to actions of gi. 
thats, toreq@e s! 


(uy) = (rv, 
(ty), = (tr™y), 
Thus we may form the fiber bundles 


il L 
(GRU Rts Rehnaa foes ae) 


n 
for which the projections: 
ah X(1 
(s as KY x(1)) 50a (st, s°/Z ) 
n 
n 
Ie eal x 
(s ,8 XN x(q)) ete ag (s", $°/Z ) 
+ n 


are equivariant. The action of zy on X(1) and X(q) is generated by the periodic homeo- 


~~ ~ 
morphisms wi and T\- Since each of these homeomorphisms is isotopic to the identity 
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the fiber bundles are trivial when their structure groups are enlarged to es Yi, SE Br, Hence 
n= 


we have that 


iV 
s oi UNS six X(1) 
n 


lt 
ne x, X(@) = 8 x x(q) , 
n 


where equality means "bundle isomorphic to!''. 


a 
To prove that S we X(1) is homeomorphic to s’ oF X(q) we may introduce 
n n 
1 uh 
fos, S XS x¥).! Let 
D 2 


a, =) 
Ty (t,, toy) seat Nt, I 


ae D toy )=(t, \ t sty) , 


These commute and each has period n, hence the required action is defined. If the zy sub- 


group generated by T, is first factored out we obtain st X X(1), on which a induces 


-l| q 
(. ((t,,y)),) ———> (t, AUeae ()),) 
so that (six s! xY¥)/Z + Zo == s! x_ X(1). Similarly if a is factored out first we receive 


lar iV 1 il 
s! X X(q), on which T, induces X X T, so that (S XS xY)/Z_ + Zo =§ X(q) also. 
n 


4.2 The spaces X(1) and X(q) are related as follows. Let us introduce 


p = exp(2zi/nm) so that rs =}. On X(1) we define an action of the cyclic group a by 


-1 
((t.9), Go, ty), 
We assert that X(1)/Z = X(q). This is seen by defining a map 


v:X(i) —~> X(q) 


where (t, y)), = (ey), Note that 


-260- 
(Cae Ty), = are Ty), A en aa ele pisses) 


ing) opal m 
= =((",y) 
(Oa (Oy), 
-| q 
since |-qm =0Omodp. Thus rp is well defined. Furthermore, v(t all (y)), 
- (A) Thy), = (ey) Hence v does induce a map X( DZ ee —> X(q). Finally, 


suppose v(t, y)), =(".9)), = (rn, 2), = v((7, 2). Then for some j, 0<j<n we have 


m m -mj 
T =p 


Z= Ty) 


= y multiplied by some a root of unity; thatis, by 


= = i+ 
j a a pai oN, 


Thus (7/t)™ = io) Hence 7/t is po. 


= ne. ; 
p sa for some 0<r<m. But since T = identity we have 7 = tp Z 


Thus, (Cua Tee = ((7,2)),. Hence vy induces a homeomorphism 
X(1)/Z > X() 
om 


In a similar vein X(1) is the quotient of an action of ee on X(q). 


4.3 In the remaining part of the paper we shall, in effect, investigate algebraically 
the problem of when X(1) may not be homeomorphic to X(q). Thus, it will be extremely use- 
ful in terms of motivation and algebraic insight to build into the previous geometric con- 
structions as much symmetry as is possible. We shall now re-examine 4.1 and 4.2 with this 
in mind. 

We shall use the subscripts on the circles S, and si 


(i) (2) 


cyclic groups Zh and Ze for the purposes of identification. 


and the superscripts on the 


(1), _(2) 


il ip 
We begin with Ss) x S. xY and define an action of s. X s) XZ XZ on this space. 
n 


2 2 n 
The action will not be effective since there will be a subgroup isomorphic to Z which fixes 
n 


everything. However, each of the factors will act freely. The circle groups act on the cor- 


(1) (2) 


responding circle factors by translation and we define the actions of Zz and Z by the 
n 


previous formulae 
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We obtain a toral action 


ie tet > Ba 4 (4). (2) 
(six Sy, (S48) 2¥)/ ZZ ))) 


But since the actions of “y 7 and gi) and z?) 
n n 


1 2 
Ss x 5, XY by Ae. ) - in alternative ways: 


all commute, we write their quotient of 


Learn 1 pepe iP 
(s, xs, S, 82 ro) = (5,458), 8) x Xt) 


n n n 


1 
=(s x8, mp chip x i) Xt) = G, XS, s) $2 % a X(a) 


Thus, we immediately see that si x X(1) and s} X 
—- ig 2?) =a 7) 


n n 


1 il 
xX 4) 
X(q) are (S; S.) 
equivariantly homeomorphic. 


We must now show that the action of ae induced on S) xX Y is contained within 


(1) 


Z 
n 
the st action induced on 3 x Y. Hence (s: x si De ex (s x y)), which may be 
2 7h) ae a 7\2) z\1) 
(2) 4 1 n n 
fibered over S ie with fiber X(1) = Sy x (1) Y, may have its structure group enlarged to 
Z 
the connected group s Consequently, Ss x (2) X(1) is homeomorphic to 
Z 
n 
1 1 
Swe ae 2?) Lx s) x X(1). Let us denote a point in Ss x (S, xX (1) Y) by ce (t,.¥),) Peebe 
(2) “n 
action of Zz on (s, x Ni oe is given by 
ae 
Tq q, q 
ood = 
((t,.9)), ((t,., ™)), ((tr7 yi), 


But, the action of si on (Ss, xX Y) is given by 


2 z\1) 
2 


TAlty-¥)), = ((tot¥)),- 


1 
Hence, ((t.r4, y)), = FA atl Mee 
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1 3 F Pies 
Similarly, we show that the a action induced on S, x (2) Y is contained within 
Z 


n 

1 1 eal 1 7 

i i : 5 yn, S Y)) = 
the s, aetion induced on s * (2) Y. Hence, (s, 2 ae il 2) ) 


Z 
n n n 


1 iL il : 
G,, S, x (1) X(q)) , which fibers equivariantly over (S.. s./ a ) , is homeomorphic to 
Z 
n 


IL pe) 1 
= x B 
6/z- xx(q)= 8 x(q) 
iL 
In conclusion, we have toral actions on s x X(1) and S x X(q) and an equivariant 


homeomorphism between them. 


4.4. As one has probably noticed in 4.2, the actions of = om) (1) canal ara on 
X(q) are effectively actions of ie and oe respectively. The connections between X(1) 
and X(q) may be put into a slightly different perspective as follows. We use the same nota- 
tion as employed earlier. 


Tk 1 
Define (S XZ, S XY) by 
nm 


9 tT 


: i : 
and the action of S by translation. The cyclic group se is generated by J. ia gen- 


erates a cyclic group isomorphic to Zs Since 


dea -1 
(t, y) ————> (tr , Ty) , 
the action of the group generated by ce is the same as the action of gh) The action of 
n 


the complementary group Za generated by ig is given by 


n 
J —n n —n 
(oy ——_=> (ip | ye = (ene 25) 


Thus the action of Zo is embedded in the translation action of S|, We then observe that 
= m 1 
v:(t, y) ————— (t ,y)e€(S | ee Pa 
m 
is just the orbit map of Zn There is induced an action of s'/z on (s'/z ) XY which 
m m 


commutes, of course, with el Zn = Zo Notice that the action of Ze generated by se 


il 1 
on (S an ire = (S eV) Ze is given by 
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Vv m 
(t, y) ——+~—3 (ty) 
>" |" 
-1 D = ~ 
(tr, Ty) —2— (PQ, TAM) = (HM AT™, (TY)™) . 
. 1 cel : ‘ (2) 1 
But this action of Z on § pat Y =S xX Y is equivalent to the action of Z‘~ on S x Y. 


n 
In fact, q-times the generator J™ is alsoa generator of a and the action of (ane 


is exactly the action of the earlier chosen generator of z\?) 


Mii 
In terms of the si -actions we have 
Z 
oe 1 
(Seah Vy yeah oat (S(Zees MeN Ree) 
V m m 
7 \ 
n n 
1 1 m 1 if 
ia e aS ae ony oy y). 
ohh) m v m m a3) 
n 


We have identified (5 si Xx You) ewan (st, X(1), Z ) and shown that the Z  actionis 
z\)) m m m 
n 


: il! 
embedded in the si action. Thus, (sfc, X(1)/Z_ ) is identified, via vy, with (S , X(q)). 


1 : 
Similarly, we may define on S XY an action of Zo so that 


1 1 
(s', six iets Ss a) 


cb : : F 
and the Z_ action is embedded in the S -action. We just put o = exp(27i/qn) and define 
q 


LS) — Ce y) 


| 


(to, Ty) Fe ge (tt 74, tty 


We receive a similar 


—-264— 


Ss es (s'/z, S'/Z xY, Z) 
, ’ 
(So. SX eae = 7 a 


ae 
play 


1 1 
(Baer A * ay 


n 


P 2 ~ 1 
If P denotes the generator of Zag’ then the induced action of Zag! Z, =Z_ on S /Z, eg 


m : 
is equivalent to the action of 7hh) (We choose the generator (p%) of Zz) We summarize 
n 


the discussion in the following. 


4.5 Theorem: For ZS g* and es 3! there are equivariant homeo - 
morphisms: 
1 
(S'/Z_, X()/Z_) (8, X(@)) , and 
m m 
1 Zoek 
(S /Z X(q)/Z_) ~%(S', X(1)). 


Furthermore, the actions (X(1), Z and (X(q), Pe, are free. 


To see that Zn and a are free actions we may check directly. Alternatively, we 
simply observe that since m and q are relatively prime to n all the stability groups of 


i 
(S , X(1)) and (st, X(q)) have orders which are divisors of n. 


4.6. Finally, we give still other explicit homeomorphisms. Let 1-qm=nr, define 


s! 3 3) s! xX X(q) 
by 
n-g mo. 
(, ((t,, y),) SS G us ’ ((t, te )_ ’ 
and 
s'x X(q) ————> s! x X(1) 
by 


© 9). ——> Gp): 


One simply checks these are inverses to each other. Also note that we have natural actions 


1 1 1 1 1 
of s x Sy on S xX X(1) and S xX(q), with S) acting by translation on the first factor and 
S, on the second factor. If we perform the automorphisms S, x - —_ s, » = defined by 


Gr eee (Eo ER) and 


respectively, the homeomorphisms are equivariant with respect to these automorphisms. 


o. Algebraic preliminaries 


5.1. In the preceding section we have discussed part of the underlying topological 
situation. Our chief resource for producing interesting examples where X(1) is not homeo- 
morphic to X(q) is the fundamental group. We shall eventually develop several methods 
which will enable us to detect, for interesting spaces, that 7 (x(1)) F (x(q). Thus, we 


devote the next 3 sections to the study of the corresponding group theoretical questions. 
We begin with a group extension 
os Liar! 
2 ; oa es 2 ; 
and we take a€H (N;Z) to be the image under y :H (Z Z) —>H (N; Z) of the extension 
n oy 
1S 2 SZ Zz — > 0. 


For each integer m, with (m,n) = 1, we consider the central extension corresponding to 


ma; thatis, 
De Pore rN ad 


Since na = 0 we see immediately that xn = < Now the automorphism of Z given 


mm 
by multiplication with m yields on H (Z 3 Z) multiplication by m again as the induced auto- 
morphism. Thus <_ CN *Z is the subgroup of all pairs (@,s) with m(v(2)) = Be 

m 


5.2, Lemma: If (m,n) =1, then <| ~ Lon 


Proof: The isomorphism is given by (@,s) —> (@, -s). 


More generally, we can prove a stable isomorphism theorem. 
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5.3. Theorem: If (m,n) = 1 then 


yell fe (eas KO Zi 
aL x XZ 


Proof: There is a pair of integers q and r such that mq+nr=1, so that 


e ™ )eSL(2, 2), (cf. 4.6). An element of Ly % Z% isa triple (@,s,t) with v(@) = o(s). 
oe ste | 


The isomorphism is then given by (a, s, t) —>(@, ms-nt, rs+qt). Note that 


o(ms -nt) = mo(s) = mr(2) . 


Gg] is 
The inverse is explicitly given by ( ) of course. 
-r m 


It is not generally true, however, that soe x We propose to investigate this 


question algebraically, and later to interpret topologically. 


For each m the central extension 0 —> Z —~> <a — > N —~> 1 is given by 


k —>(e,nk), where e€N is the identity. 


5.4. Lemma: If the center of N is trivial then the center of Xn is the 


image of Z re Ot 
This is clear, and it immediately follows that 


5.5 Theorem: If the center of N is trivial then = = x if and only if 
= oi SS —_— SS SO —S —— SC 1 SO 


there is an automorphism o:N —>N for which 


o (a) = "ma 


Proof. Since N is centerless, and U: = < must preserve centers, we obtain a 


commutative diagram with vertical isomorphisms 


0— > Z—_3<, —>N-—>1 


bt b | 


0 Be ee 


Note we have used 5.2 to select {m so that the restriction of J to the center will be the 
identity. Clearly (a) = Tina. "The sufficiency is obvious, and does not require the 


assumption N is centerless. 
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6. Semi-direct products 


Suppose now that (Z_. m) is an action of Zz on 7 as a group of automorphisms. Let 
T:7—>T be the automorphism corresponding to the generator o(1)€Z . For each q with 
n 
(q,n) = 1 we introduce a semi-direct product group i with multiplication in 2x Z given by 


s 
(a, s)(B, t) = ert (B), s+t). There is also the group extension 


| —3>1—S 7 S21. uw Call ck, ] 


with the product in N= 70Z_ given by 
n 


(2, o(s)) (8, o(t)) = @T*(A), o(s+t)) 
Of course we may also form the groups =e Hore FUL (Gra ay) Ss he 


6.1 Lemma: If mq =1 modn, then 


oat 


m (ci 
Proof: An element in ake is a triple (a, o(s), k) where aéenm, o(s)e Zi ke Z with 
o(k) = mo(s); thatis, k-ms =0 modn, or qk =smodn. The isomorphism is 
(a, o(s), k) SS (2) 


If (8, oft), Kher also, then 


(2, o(s), k))- (B, o(t), k") = @r*(p), o(s+t), k+ k') 


but (a, k)(B,k') = (ar"(B), k+ k') = er*(p), k+ k') which shows the correspondence is a 
homomorphism. A kernel element in the kernel has the form (ec, 0(s), 0) with o(ms) = 0 so 
that s = 0 modn and hence we have a monomorphism. Fora given k, ms =k modn hasa 


solution s, thus 


as asserted. 


6.2 Lemma: If T has order exactly n in Out(7), then the center of N is 
trivial if and only if the identity element is the only central element of m which 


is fixed under T. 


Proof: Suppose (@, o(s)) €N is a central element, then for all Bea 
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(a, o(s))(B, 0) = (at (8), o(s)) = (Ba, o(s))= (B, O(a, o(s)) . 


Thus T*(p) = ea Ba, but T has order n in Out(7), hence s=0modn, @ is central. But 
(a, 0)(e, of 1) = (a, o(1)) = (e, o(1))(@, 0) = (Ta, o(1)); that is, @ is a central element of 7 


fixed under T. Thus we see when (5.5) may apply to this semi-direct product case. 


We note in every case that 7c L_ is a normal subgroup. We wish to impose a con- 
q 


dition which will guarantee us that 7 is a characteristic subgroup. 


6.3 Lemma: ([9; 4. Diccowit I- TY:H (73 Q) ~H (7; Q) then mel, is the 


kernel of the natural homomorphism 


L — >(L/[L_,L })@_Q. 
q qi E q a Z 
Proof: We apply the Lyndon spectral sequence to 0 —>7 — —> Z — 0 for com- 
puting HO(L ;Q) noting x:Z — cue given by k —>(e,k) splits the sequence. Then 
q 


2 ~~ 6 . = : 
EY y HZ: H (75 Q) ~ H(Z;@) 


De 
Bq, ~ Ho(Z:H,(75Q) 
2 
But Z acts on H (7; Q) by ses and since L~ TH (7; Q) ~ Ha; Q) it follows Ey = 0. 


Thus we have X,,5H | (Z; Q) +H (L Q) and 7 —>H (7; Q) 7 Ah Q) is trivial. Any ele- 
ment of he can be written (@,0)-(e,k) and (@,0) lies in the kernel of oe ss H (1,3 Q) while 


(e,k) does if and only if k = 0, so the lemma follows. 


If H (7; Q) is finite dimensional then [-T):H (a; Q) “H (7; Q) for all q with 


(q,n) = 1 if and only if O€H (7; Q) is the only element fixed under T,. 
: st 
6.4 Theorem: If (Z T) is a cyclic group of automorphisms on a group for 
which H (7; Q) is finite dimensional and I-T.:H (7; Q) = H (7; Q) then 


by 


a 
if and only if T? is conjugate to T~* in Out(z). 


Proof: By the above lemma any isomorphism oa hy will preserve the subgroup 


m7, and hence induce an automorphism on Z = L,/t = L,/t. Thus we can write 
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D(a, 0) = (c(a), 0) 


He, 1) = 6, £1) 


where c is some automorphism of 7 and 6€7. However, 
De, (a, 0)) = (5, £1)(e(a), 0) = PT%a), 1) 


= 9(T%Xa), 0) -(e, )) = @(r%ay)(5, £1) 


Upon multiplying out in Ly we have 
ca 
Sal 
6T (c(a)) = c(Ta))5 


or T *(e(a)) = 5 (eT%a)) 5. Plainly it follows T is conjugate by c to qv! in Out(7). 

To prove sufficiency we observe by (5.2) that L ~=L__ soit is enough to consider an 
automorphism c:7~7 anda 6€7 with Tc(a) = 5 (c(t %a))) 5. There is, with respect to wn 
a crossed-homomorphism $:Z—>7 with ¢(1) =6. This is seen by remarking Z is free and 
extending to a homomorphism Z ceily the assignment 1 —>(6,1). The homomorphism has 
the form k —> (sth), k) and $¢:Z—>7 is the required crossed homomorphism. By induction 


the identity 
b(k)(TXe(a)) = e(t*(a)) 4() 


may be verified. Then the isomorphism ate is Ya, k) = (c(a) p(k), k). (We call atten- 


tion to [9; 4. 2] for comparison for the sufficiency.) 


6.5 Corollary: If, under the hypothesis of (6. 4), Bos , then in the group of 


IS 
Zs 
4 
— 


z toad 
degree preserving ring automorphisms of H (7:2), (T%)" is conjugate 


Proof: Since elements of Out(z) induce unique automorphisms of H (7; Z) the asser- 


tion follows. 


6.6 An elementary example is obtained by taking 7 = oe with p a prime, putting 


n=p-l1 sothat Z acts on a as the group of automorphisms and Anz |) = OutlZ,) = 


p-l 
Z vp an abelian group. In this case, if (q, p-1) = 1, then Linea if and only if 

Bis 
q=timod(p-1). Observe that H (2 Q) =0. One could take, for example (q, p-1) = 


(3,10). We may present the 2 groups: 


1 =I 2 
Zx(Z, 02) = ZL, ={x,y,2|x at Sai ins = Siler IN Ad Nf xz = 2x} 


-11 See ey a ee Re = 7 
Ce ey a Ne a, ee ee (irs 


° — PIE Wh =45,5,2 
ZX(Z, Z) 3 y 
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Define bib) —_ L., k:L, ——> Li by 


= ff) ees 
ix Ny) ny oe a) ae 


3 -10 = -2 7 
kt = x kKiay zo, hI) = ye 


It can be easily checked that hok = identity and koh = identity. 


7. Charlap's example 

The idea for this entire study was suggested by an example in a paper of L. Charlap, 
[2]. Let 7 = (z)* be a free abelian group of rank k. Suppose for some prime p there is an 
automorphism T on 7, with period p, which leaves no element other than 0 fixed. We note 
immediately that I-T,,: H(t; Q) ~H (7; Q). In addition, with N=7 — via T, we can also 
apply (6.2) to see that N is centerless, hence by (5. 4) and (6.4) we have 


7.1 Theorem: For a Charlap example the following are equivalent, with 
(q;p) = 1: 
1) ia 
2) there is an automrophism O:N=N with 6 (a) = t+ ma, 
mq = 1 (mod p) 


a 
ie is conjugate to T : in GL(k, Z). 


3) T 
With the aid of Reiner's theorem (15) it is possible to answer the conjugacy problem 
by means of an invariant which lies in the group of ideal classes for the cyclotomic number 
field Q(A) obtained by adjoining the ot roots of unity to Q. Denote this abelian group by C 
and by a€C the equivalence class of a fractional ideal. The group is written multiplicatively 
with the equivalence class of the algebraic integers, Z(X), being the identity. Now the Galois 


group acts on C asa group of automorphisms a iq" 


where 1<q<p-1 is regarded as the 
obvious element of the Galois group. 

We assumed T left no element fixed in 7 = (Z) other than 0 so by Reiner's theorem 
T, asa AZ )-module, is isomorphic to a direct sum Z(X) ©... ® Z(A) @A, where AC Q(X) 
is a fractional ideal. Note immediately k = 0 mod (p-1). The equivalence class of A in C 
is the invariant. Thus i is conjugate to a in GL(k, Z) if and only if Aad = red ing Ge 
This simply tells us T? and ge! define Z(Z_)-module structures on 7, which in view of 


be 
Reiner's result can be isomorphic if and only if At SA : IG: 
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The group C which is finite is extremely difficult to deal with effectively. However, 
according to Kummer, for irregular primes (the least of which is 37) there is a cyclic sub- 
group in C of order p. By taking k = p-1 and 7=A, a generator of this subgroup, we see 
UWL, if and only if q=+11 (mod p). 

The groups ys in this case are all Bieberbach groups; that is, fundamental groups of 
flat, compact, Riemannian manifolds. 

The examples of (6.6) and (7.1) may be readily geometrically realized as in § 4. 

One needs in (6.6) to construct a space with fundamental group a on which LS operates 
so that the induced automorphism of the fundamental group is Aut Z . It would be interesting 
if this could be done for some lens space. However, one can take a lens space with funda- 
mental group ~ and take the (p-1)-fold Cartesian product of the universal cover. This isa 
(p-1)-fold product of the same sphere. On this product space the group Z °Z = smoothly 
acts with Z, acting freely. The action of — induces the action of the arate’ of 
Z_ on the fundamental group of the closed quotient manifold Y of the free Z -action. See 
[9 es 5] for the construction and the details. We form : 


xi — s} x and X(q) = s x (2) v4 


1 Me 
Zt “p-1 
The fundamental groups are: m (x 1) = 7, oe - Ly and m (x(q) x Z wee = ne By §4 
st xx( 1) = six X(q). But, by $6.6 m (X( 1)) is not isomorphic to m (x(q). This rather crude 
construction yields closed manifolds of dimension at least 31. 
Charlap, in his paper [2], realized his examples as closed flat manifolds. This is 
given by choosing in GL(p-1, Z) the Dace faithful representation of eae The group Z 


- 1 
operates on 7P : and X(q)=S xX Ab Thus the closed flat manifolds X(q) appear to 


(2) 
have dimension at least 37. p 
In the next sections we shall describe how we may find, by exploiting the techniques 


of $5 and 86, closed smooth manifold examples in much lower dimensions. 


8. Charlap actions and the Atiyah-Bott formula 
Let us consider a cyclic group (Z > Y) of orientation preserving diffeomorphisms on 

a closed orientable aspherical manifold. (A manifold is aspherical if it is aK(z,1).) Ifin 

ya ia eae 1 ; 
addition (Z ,Y) has at least one fixed point and H (Y/ Z3 Z) = 0 we shall say that (Z Y) is 

n 
a Charlap action. For each integer q, He n) = 1, there is associated to (Z Y) a closed 
aspherical manifold X(q), fibered over S_ with fiber Y and structure group Z: Further ~— 
1 : 

more sx x(q) is diffeomorphic to S x X(1). Let (ax  (¥,¥9)) be the automorphism cor- 


responding to the generator A = exp(27i/n) in Zz. 


=2)2— 
8.1 Theorem: If (Z, Y) is a Charlap action then X(q) = the homotopy 
type of X(1) if and Htetee: if Ts is conjugate in Out(z) to T, 


Since we are dealing with aspherical spaces, homotopy equivalence is equivalent to an 
isomorphism between the fundamental groups. The theorem then is immediately implied by 


(6. 4). 


=i) 
We actually need not consider the case 1 conjugate in Out(z) to T as separate. 


Simply note that if in Out(m aes V9) 

cae To oat 

then o to Toc=T ~ in Out(r | (Oe ¥9): However, X(q) is homeomorphic to X(-q). In fact 
the homeomorphism is (( (Gi ee s(t F ee 


Thus, for a Charlap action we should like to characterize those integers q with 
(i), (qn) = 4 


(ii) Jig is conjugate to T, in Out(r,(¥, ¥9)) : 


We note trivially that for any such q, the translate q+n is also in this set. We are only able 
to solve this problem completely in a few cases. However, we can give, in terms of the 
Atiyah-Bott fixed point formula, a necessary condition that ae be conjugate to i, in 
Out(r,(Y, yp) We recall that if dim Y = 0 (mod 2) then to the diffeomorphisms (T, Y) and 
(r2, Y) there are associated invariants Index (T, Y) and Ind(T¢, Y) in Z(A)CC. These are 
defined in terms of the induced automorphisms on H (Y: R). The Atiyah-Bott formula com- 


putes these algebraic integers in terms of the fixed point set of (T, Y). We wish to show 


8.2 Theorem: If (Z, Y) is a Charlap action and if q is an integer for which 
(q,n) = 1 and rie is conjugate in Out (7,(¥, ¥Q)) to T, then 


Ind(T®, y) = tind(T ve 


The proof rests on the fact that Y is a K(z, 1) so that H (7; R) ~H (Y: R) is deter- 


mined entirely by the fundamental group. We wish to approach this matter in a general man- 


ner. 


We regard the reals, R asa trivial Z(7)-module. 


8.3 Definition: The group 7 is an orientable real Poincare group if and only if 
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(i) H (7; R) is finite dimensional 
(ii) there is an integer n >0 anda o€H (7;R) such that for 
n ; 
every integer j the linear transformation given by e —>cno 


is an isomorphism H (7; R) “Aa Re 


: 0 sp ne 
In particular H (7; R) ~H (a; R)=R. The nonzero elements of Ha; R) are divided 
into two equivalence classes o and -o, called the orientations, by the relation o ia Fh if 
and only if 1, =o, for some r>0. It is also a corollary of duality that H(n: R) = 


Hy; R) = 0 if j>n, thus we write dim,7 =n. 


8.4 Definition: If (7,0) and (z', o') are oriented real Poincare groups with 
dim, = dim,7' =n then a homomorphism ¢:7—>T' is orientation preserving if and only 
if 


(i) 62H (7; R) ~ H(7'; R) 


(ii) for o€ © then ¢ (o)€ a’. 


For any oriented real Poincaré group we may thus identify the subgroup 
Saut(z) C Aut(z) of orientation preserving automorphisms of mz This is a normal subgroup 
of index at most 2 which does not depend on the choice of orientations. 

We shall regard Aut(z) as acting on the right on 7 so that it will act, by induced 
automorphisms, from the right on H (7; R) and from the left on Gr R). Since every inner- 
automorphism induces the identity on both H (7; R) and H (7x; R) we see that Out(z) = 
Aut (z)/Inn(z) acts on both homology and cohomology. By the same token Inn(z)c Saut(z), 
so we obtain a subgroup Sout(z) = Saut(z)/Inn(z) c Out(z) of orientation preserving outer 
automorphisms. 

If F is a finite group and if (7, 0) is an oriented real Poincaré group with 
dim,.7 = 0 (mod 2) then to each homomorphism : F — Out(m) we shall assign Ind (y) ER (F), 
the Grothendieck ring of finite dimensional complex representation classes of F. Further, 


Ind(J) depends up to sign only on the conjugacy class of Ww in Out(z). We shall only give a 


brief description of Ind , (v) as it is a standard definition. 


* 2 ; F 
We denote by x _ the automorphism of yt (1;R) induced by x€F via Y(x). Select 
a representative o€ @ and note that since J: F > Sout(z), x,(o) = ro, for some r>0. But 


n/2 E ; 
F isa finite group so that x,(o) =o forall xe F. On H / (7;R) we introduce a real bi- 
linear non-singular inner product 


(v,w) =<vuw, o>=€, (vuw)noeR 


20742 


2 
Then (v,w) = (-1)2/ (w,v). Furthermore 


(x “(v), x (w) = eG) Ux (i): o> 


= <x (vuw), o> 


<vuw, x(a) > = <VuUW, OF —(V,W)e 
n/2 n/2 
There is a real linear operator D:H / (1; R) —>H / (7; R) such that 


(i) Dox’ =x OD, all xeF 
Cine een 
(iii) (v, Dw) = (-1)9/ 20 py, w) 
(iv) (v,Dv)>0 if v #0. 
If n/2 is odd, then D = J is a complex structure on rilcdee R) and (F, HY (5. R), J) isa 
complex representation, on a finite dimensional space, and we put 


Ind (D =, Caen), a) - Ce, HY “GER, J) 


in R aE) if n/2 is odd. Thus in this case Ind oD) is the difference between a complex 
we 
ee seal 10s i and its conjugate. If n/2 is even then D =I and we split H ny (7;R) into 


F-invariant subspaces 


WY 


+ {vv = Dv} 
a fy| SD py} 


We let Ind) AE AOS C) {EOF C) in R (EF). If ro, r>0, replaces o then (v,w) 


Vv 


is replaced by r(v,w). But then the operator D still satisfies r(v, Dv) >0, v #0, hence 
Ind 4) depends only on the orientation @ , not on the representative. Now if o is replaced 
by -o then we replace (v,w) by ~v,w) and we must replace D by -D to have -(v, -Dv) > 0 


if v #0. Hence Ind_ oD) = -Ind,(g). 


8.5 Lemma: If $:7~7 is an automorphism and if Q: F — Sout(z) is given by 
=i 
Q(x) = pod(x)od 


+ 
then Ind, (p) = -Ind, (Y) according to whether or not ¢ is orientation preserving. 
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? * “* *K -1.% Ke 
We write X =4 Ox o (6 ) , which is the automorphism of H (7;R). We can write 


Yo = §.(o) for a unique r #0. Then (¢ (v), é (w) =< é (vuw), o> = <vuw, 6,(0)> = 


r(v,w). Asa corollary 

(v6 (w) =G@)’v, é'(w)) = rg" )'v,w) 

(8 yw) = (67h *w, 9) = 0a w, sev) 
i/r¢(v),w) . 


We now replace the operator D by D' = $0 Delp)”, We see trivially that 
Senex acd oy] C01 Now 


I 


© $ ope(g) Ww) =rG)'y, Deis”) “Ww 
= trois”) y, (6) (w) = t(°o De(g-) v,w) ‘ 


; -1 ok -l me 
Finally (v, D'v) = r(% ) (v), D(é ) v). Thus if r>0 (v,D'v)>0, but if r<0, then 
(v, -D'v) > 0. We apply the definition of Ind, (9) using =D’, Xo b = go ete we see 
immediately that 


Ind, (@) = tind, . 


Now suppose T€ Sout(z) is an element of order n>1. There is a unique homomorph- 
ism 


We Z —— > Sout(7) 


with (A) = T. We then set 


Ind (T) = Tr(Ind 5 (0) 


where Tr:R (Z)) — > Z(i) is the trace homomorphism whose kernel is the ideal generated 
by the regular representation. If 7 is conjugate to T in Out(7z) we know Ind (T") = 
tInd (7). : 

Now Ind an is computed as follows. Consider first dim,.7 = 4k, and let T LS the 
automorphism on Se C) induced by T. Recall qo: C) was split into a sum of T - 
invariant subspaces a) C and v @, Cc. For each i, 0<i<n, let m, be the multipli- 
city of the eigenvalue + in Vv @, C and m. is the multiplicity in Vv ©. C. Let 


+ - 
ie Mm. \—m {8 then 
i i i 


n=L 
i 
Ind ,(T) = > mA 
i=0 
joel! 
i 
ate (m,-mp)A 
i=l 
Denote by [ai] the integer 
0< [ai] <n 


[qi] = qi mod n 


8.6Lemma: If n=p, a prime, andif dim, (7) = 0 mod 4, then, for 


(q,n) = 1 
Ind,(T) = Ind") 


if and only if m, 


i (ai) OK 1 <p; 


Ind,(T) = -Ind(T4) 


=i, Oi <p. 
i 


if and only if Mai] ~ 2m) 


+ - + i + 
Suppose M, = M; -M,; where M, is the multiplicity of the eigenvalue 2" on V @,C 
for (rT )4, and similarly for M, . Trivially we see that M i] = m., O0<i<n. In particular 


p-l 


Vie Mo: The lemma now follows since \,...,2r is an additive basis for Z(X). 


0 


2k+1 


If dim, (7) = 4k+2 we recall that (rn, H (a=), J)) is complex linear. Let 


m., 0 <i<n be the multiplicity of + in this representation. Then in the conjugate repre- 


sentation the multiplicity of r' will be m4 of course. Thus in this case 


n-l 


Ind(T) = (m.-m )A 
iene) 


8.7 Lemma: If n= p, a prime, and if dim, (7) = 2 mod 4 then, for 
(q,n) = 1, 


Q) _ + 
Ind ,(T Se Ind, (T) 


if and only if 


= =r i : 
ms mo -i ~(m4) ™-fai)”” Ones LS p. 
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The proof is like the above. 


Every remark applies immediately to Charlap actions (Z ,Y), whence Theorem 2. 2 
n 
now follows. However, in this case, the Atiyah-Bott fixed point formula can be applied to 


compute Ind(T) in terms of fixed point data. 
As an illustrative example, fix an odd prime p and introduce a curve S CCP(2) by 
Pp. 9 
i | = 
{Ey 22 Z +25 +h, o} 


which is a Riemann surface of genus (p-1)(p-2)/2> 0, and hence is a closed aspherical 


manifold. With \ = exp 27i/p define (T,S) by T[z p29 mA [rz » Zo, rea Since p is 


odd there are exactly p fixed points {[o soak site . The map S—>CP( a given by 
Lz, ¢ Zo, 2. | —> bg Z| coincides with the quotient map S—>Ss/T. Since H *Cr( 1); Zee =0 


we know tae S) is a Charlap action. 


Now there is also on S a complex analytic, T-equivariant, periodic map 
' ae t 25 | i ae Zo: 2g 
which cyclicly permutes the fixed points of (T,S). Thus at every fixed point we will see the 
same complex p-dimensional representation of aS appears in the tangent line. It happens 
to be multiplication by X, although this is not essential for what follows. 


According to the Atiyah-Bott fixed point formula, then, 


-p(+n/(1 -»)) = Ind(T.,) 


If T is replaced by rt then the local representation at each fixed point becomes multipli- 


cation by te so 


-p(1+a4/(1 -a9) = tmar 


where the sign of the right is + if 1<q<p-1/2, and - if p-1/2<q<p-1. Inany case, 


we are concerned with finding the q, 1<q<p-1, which satisfy 


(G+ -r~=t@+r% -r4) 


or equivalently 


GaAs tht = +(14+% 


This is impossible if 1<q<p-1, for it would imply either 


Nai oi0.0 BEAM =0 
or 
ee A 0 : 
Thus for 1<q<p-1 the closed 3-manifolds X(q) and X(1) have distinct homotopy 
types. 


9. Circle actions on 3-manifolds 


In the last section we gave 3-dimensional examples of Charlap actions with 
7 (x(1)) 4 7 (x(q)) . The non-isomorphism was detected by the Index of T from the Atiyah- 
Bott formula. Inasmuch as all actions of the circle on 3-manifolds are known, we shall, with 
the aid of Theorem 5.5, be able, in §10, to completely solve the homeomorphism problem 
for X(1) and X(q) in the 3-dimensional case. The methods which really appear to be special 
to 3-manifolds do admit a bordism generalization to higher dimensions. We shall pursue 
this generalization in §12, 

For simplicity of exposition we shall consider only orientable 3-manifolds. In [14] 
the topological actions of the circle on 3-manifolds were classified and shown to be equivalent 
to certain standard ones. We shall now describe the standard actions for closed oriented 3- 
manifolds with no fixed points. 

We begin with a closed oriented 2-manifold B and form the product six B. In B we 
select a finite set {4), ds mene as = E and choose a smooth closed disjoint disk a cen- 
tered at each a We delete the interiors of S x a from s! XB. We choose for each j>0, 
a relatively prime pair (@.,B)) of integers so that 0 < B; < @. We form an action of the cir- 
cle on a solid torus Ae by 

(eat Meee 43 sel - ith 


where vB. = a, On V. we define the action 


0 
10 i i 
(pe , =) ———- Gace”. cc) ‘ 
We choose a global cross section 


° 1 . 
x:B- U D. ———>S X(B- UD) 
j>0 : 


=270= 


and orient si xB by means of this section_and the standard orientation of a We now attach 
each bs to the deleted solid tori by an equivariant orientation reversing homeomorphism 
along the boundaries so that the resulting 3-manifold uw will be oriented and have a natural 
circle action. There is a natural map by collapsing orbits to points back onto B, where the 
inverse image of (B-E) vd, are all principal orbits and where any point on the inverse 


image of d. ? j>0 would have slice representation -, Xx D ne oy given by 


id =O 
pe aay en dy 


This oriented closed 3-manifold M with its s'-action is called a standard action. Associated 
with (s', M) is an orientation €, the genus g of the orbit space, the set of oriented Seifert 
invariants {(@,,8,), se ie. By , and the integer b. 

For each arbitrary topological action without fixed points of the circle st on a closed 
oriented 3-manifold X, one may also find a system of invariants. The orbit space is an 
oriented closed 2—manifold of genus g. There are a finite number n of orbits where the 


stability groups are Zz Sat Zz, and the slice representation is topologically equivalent to 


1 n 


ia 6 22) 
pe —~> ope exo() - 


Finally, if we delete invariant tubular neighborhoods of these singular orbits and take a 
cross-section, on the boundary, to the orbit map and try to extend this section to the rest of 
the deleted x/s', we obtain an integral obstruction cohomology class b. The cross-section 
extends everywhere except for one point and this integer b measures the chance of extending 
the cross-section across the final point or disk neighborhood of this point. Thus we see that 
(s!, x) has a completely analogous set of invariants as a standard action (st, M). The main 


theorem of [14] implies 
f 1 
9.1 Lemma: For the action (S Poa, 
fe; g; b; (a, ,8,), fee (a ,B) 
is a complete set of invariants. 


1 ‘ 
This means that (s', x) is equivariantly homeomorphic to the standard (S ,M) with 
the same set of oriented invariants by means of an orientation preserving homeomorphism. 
: 1 1 3 
If we allow orientation reversing homeomorphisms and/or automorphisms S ——>S_ sending 


74 =— then the set of invariants 
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[ ese;bs(a,B)),---.(6, 8) } 
may be transformed into the oppositely oriented set 
{-< g; -b-n;(@,, ed ot a 2-8 


i! 
Thus (st, X) is equivariantly homeomorphic, allowing the inversion automorphism of S , 


to (s', xX") if and only if the set 


16 g; b; (@,,B,), aoe (By 
is equal to either 


t.g!.p!- ! ' ! ! 
(eral Bieta A Naecep teat i or 
met ee eh Ot ae 1 1A 1 rR 
{ €!, g', -b'-n; at, a1 81), 4, (at yo" ey} 


The lemma is the equivariant classification of circle actions on 3-manifolds. It 
remains to describe the topological classification. That is, to decide when two distinct 
standard actions are homeomorphic. It turns out that only lens spaces, including the 3- 
sphere and s7x gt admit more than one action of the circle. Furthermore, the set of in- 
variants, and hence the action and the topological type is completely determined by the funda- 
mental group whenever X is not a lens space. This is proved in [12], [13] , and [17] ‘ 

Since the result is essential for what we shall do here we offer another proof in the spirit of 
[6] and [8] which generalizes directly to the case of toral eee on closed (k+2)- 
manifolds, and indirectly to many other interesting situations. Furthermore, by a combina- 
tion of our technique and of [13], [14], and 7] we may deduce some interesting information 
about Fuchsian and crystallographic planar groups which do not have compact quotient spaces. 
We assume familiarity with [6 :§8] and (8; §12]. To eliminate the lens space cases as well 
as those of finite fundamental group, each of which needs special arguments, we assume that 


when 


-g=0, n>3, andif n=3, then, 


(9. 2) l 1 Pay 
Sa ey err ee 
@ @ eos 


l 2 3 
The genus 0-cases eliminated coincide precisely with the actions on lens spaces or those 
connected oriented 3-manifolds with finite fundamental group which admit fixed point free 


effective circle action. 
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It is shown [8 33 12] that in each of the remaining cases, the action (s).x) is 


injective. Furthermore, the splitting action is 


te": x ; m (X, x)/im(f,)) = (8) xR?) 
im(f,, 
The projection (st, s!x Re N) aiStig (R?,N) induces a properly discontinuous topological 
action of N on the plane with compact quotient R?/N = x/s*. Any such action is known to 
be topologically equivalent to a planar group, that is, an orientation preserving crystallo- 
graphic or Fuchsian group. 


1 1 it 
9.3 Theorem: Let (S ,X) and (S',X’) be injective actions on closed oriented 
3-manifolds satisfying 9.2. Then the following are equivalent. 
2 1 il 
(i) (S°,X) and (S’, X') are equivariantly homeomorphic allowing an 


automorphism of si, 
e 1 1 
(ii) (S',X) and (S , X') are homeomorphic, 
(iii) {eseib;(a,.8)),-...(@ Bt equals 
fer; g'3b';(a",B'),...,(a", By} or 
aes nen = 
ele gies chktanefat natch) een 
{ oe ees b n3(2, Bi), +++ s(@ at By} t) 


(iv) 7 (X,x) is isomorphic to 7 (X',x') : 


Proof. Obviously, (iii) @>(i) => (ii) = (iv). Therefore we prove (iv) => (i). 
2 
Since the action is injective, the splitting action (st, six R ,N) is represented by a Bieber- 


2 
bach class a€ ACH (N; Z). This also represents the extension 


0 —>im(f.) > 7 (X, x) —>N— 1. 


The action (R2, N) as mentioned earlier is topologically equivalent to an orientation preser- 
ving "planar" group with compact quotient. Except for g=1, n=0, where N is iso- 
morphic to Z@ Z, N is centerless. In the special case (s',x) is a principal circle bundle 
over the torus and one can easily check (iv) =>(i). So we assume also thatif g=1, n>0O. 


We need this following generalization of Nielsen's theorem due to Zieschang {1 9] and 


Macbeath [1 1] : 


9.4 Lemma: Let (R?,N, -) and (R?,N', *) be two effective properly 


discontinuous actions on the Euclidean plane without reflections and with 


compact quotient spaces. if Q:N —>N' is an isomorphism, then there exists 


a homeomorphism P:R? > RA so that J(w-a) = Pw) * Ga). 
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Suppose there exists an isomorphism 
h:m, (X, x) ——_——_> m (X', x!) ; 


Then as N and N' are centerless, im(f,) and im(f*) are the centers and hence character- 
istic subgroups. Thus h induces an isomorphism O:N —>N'. Thus, we may as well 
assume that (s!, x) and (s).x arise from the same planar action (R7,N) but of course 
represented by possibly different elements a, and a'eé H-(N; ZN 

For arbitrary injective toral actions (t,x) and (r*,x represented by Bieberbach 
classes a, a! eH (N; 2‘) from the same properly discontinuous actions (W,N) on the simply 


connected space W we have shown in [6 ORS 6] 


9.5 Lemma: (tS x) and rsx) are equivariantly homeomorphic if and 
only if there exists an automorphism O:N —>N and a homeomorphism 
w:W —>W so that 


wa) = Ww) G2), wew, @eN , 
and 


 (a" =a. 


We remark that if we wish to have homeomorphisms that allow topologically linear 
automorphisms of the orbits then we must consider equivariant homeomorphisms module 


| 
automorphisms of T a 


We apply this now directly when k= 1, W = R- and N is a centerless planar group 
with compact quotient. The isomorphism h induced the isomorphism Oo, which implies the 
existence of a with b (a =a. This concludes the proof except for the possibility the h 
restricted to im(£,) sent the generator to the negative of the generator of im(f* ). In this 
case, oppositely orient the circle without changing the orientation of X'. This sends the 


invariants (a, B) into (a, a “Bi and b! into -b'-n. 


If we alter the (iv)-th statement the theorem is still correct for compact orientable 
3-manifolds. This is proved in fis] and fiz}. It is possible however to establish the result 
for any (sx), where 7 (X) is finitely generated (with the usual exceptions). This will 
enable us to give some interesting examples in the case of open 3-manifolds. For conven- 
ience, we also assume that the boundary of X is always compact. 

We first describe the necessary standard examples. We begin again with an oriented 


closed surface of genus g. We delete the interiors of s>0 closed disks F and h points, 


yy Sere Ye In the interior of what is left we mark the points E = (d,, ees dq) and choose 
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disjoint disks Dp, as before. We call our deleted and marked oriented 2-manifold of genus g, 
with s boundary components and h holes and n "singular orbits" also by B. We form the 
product S XB exactly as before and sew in equivariantly 
liek 
(S-a5 ay on 
i 
in the deleted sly ap We assume that sth>O so that (s', x) is not closed. 
The classification theorem of [14] is still valid and it states that every effective 
(s!,x) without fixed points on an orientable 3-manifold with compact boundary and finitely 
generated fundamental group is equivariantly homeomorphic to a standard example. In this 


case the 
{s(g,s,m)s(@,,B,),-...(a,.8)} 


is a complete set of invariants. The integer b does not appear. 
In the non-closed case all actions are injective and N is easily seen to be 


ere ee ee ee 
a @ 
1 n 
Z-factors. Thus, the generalized Nielsen theorem obviously does not extend to the case of 


, Where * denotes the free product. There are 2¢+s+h-1 free 


planar groups with non-compact quotient space. In order to ensure that N is an infinite 


centerless group we assume that 
(9.6) If g=0, then n+s+h>2. 


Thus, N operates effectively and properly discontinuously on a simply connected 2-manifold 
2 : 
W. It preserves orientation, and W=R ifand only if s=0. Unfortunately, for a fixed N 


and a Bieberbach class in H-(N: Z), all the (s', x) have isomorphic fundamental groups. 


9.7. Lemma: If (S',X) and (s', x) are not closed, oriented and satisfy 
9.6, then they are equivariantly homeomorphic if and only if they are homeo- 
morphic. 


As mentioned earlier, this was proved in the compact case (that is, when h = 0) in 
{i3] and fi7]. To prove this in the general case we compactily X to ae by compactifying B to 
B by the addition of a circle boundary a for each missing a in iy) HO Orb vhs Thus B is 
embedded in B where B is compact and has h+s boundary components. The action(S ,X) 
is embedded in (s',&). Let H:X —>X' be the given homeomorphism. Since X is collared 
at the boundary of X, we may write X¢ x CX U(ax x (0, 1]) =X. If we restrict H to x 
then H(X,) cX'cX' and there is an h-cobordism between the components of the ‘toral boun- 


daries. By Waldhausen's theorem [18] this is a product and thus H may be extended to a 


Sogh= 
homeomorphism X—>*xX'. Therefore the ee H is homotopic to an equivariant 
homeomorphism (allowing an automorphism of s! if H reverses the gee by [13] 
and fia Consequently, the restriction of the equivariant homeomorphism to (s! ,X) is the 
desired map. 

We used the generalized Nielsen theorem to obtain 9.3 (in the closed case). It is not 
hard to see, using [6] , that 9.3 implies the generalized Nielsen theorem. This suggests 
that we may use the classification of S’-actions to yield a classification of planar groups 
with non-compact quotients. This is actually the case. In fact, as we shall see, one only 
needs to use the more elementary equivariant classification. 

Let N be finitely generated, non-cyclic and be isomorphic to an orientation preser- 


ving group of properly discontinuous groups of homeomorphisms of the plane with non- 


compact quotient. Then N is isomorphic to Z*...* Z* a KD cre Ze , and satisfies 9.6. 
1 n 


Furthermore, R2/N has no boundary. The number of free factors is equal to 2g+h-l. 
There are clearly g+i distinct orbit spaces, all of which are possible. Let us fix one orbit 
space of genus g. We wish to determine all possible equivalence classes of actions of N on 
R- whose orbit space has genus g when it is completed by the addition of exactly h points. 
All possible (s', x) which has R?/N as orbit space and fa, eae a} as the orders 


of all of its singular orbits (allowing repetitions of course) are given by 
(sx) ~ {e;(g,0,m);(e,,8,),....(@,8)} 
> ’ 2 ’ i I 2 ’ n’ n 


Now each of these may be obtained by taking a fixed (R7,N) with the desired orbit 
space of genus g and choosing a pre-extension in the sense of [6; § 9 and 10}. That is, we 


; Ojmee 2 ines Je) a 
choose a section H (R /N;h) = He (Ns 2) = Zo ®...@ Ze of the sheaf w so that the pro- 
1 n 
jection to each Zo yields a generator v, (reduced mod a@.). Now Bp. 
; J 3 
i 
: 2 
fore each action of N on R_ yields all of the manifolds (six) by just choosing different 


1 mod si and there- 


Bieberbach classes in H-(N: Z). Suppose (sx) and (s',X’) corresponding to a and a' are 
equivariantly homeomorphic, then by (6 § 8.6] there exists an automorphism O:N —>N and 
a homeomorphism ele ke so that 0 (a') =a and J(wa) = Kw) (a). 

Now let eke N') denote an action perhaps different from (R7,N) but with the same 
orbit space and N ~ N'. Then (s!, x) is represented by some class be HO(N'; Z). Thus, as 
(s',X) is also represented by a€ H-(N; Z) this means, via [6; 8. 6] , that there exists an 
automorphism of ':N! —>N', so that the actions (R°, pn’) and (R?,N) are equivar- 


iantly homeomorphic. Thus we have a non-compact form of the generalized Nielsen theorem. 


-285- 
9.8 Corollary: Let N be an orientation preserving, effective, properly 
discontinuous, finitely generated, non-cyclic planar group whose quotient space 


is not compact. Then N is isomorphic to Z*...* Z>* Zy *...%*Z where 

Seats er pee ee Gh) Aba 
L n 

there are m copies of Z. The distinct actions of N on R? up to orientation 


the distinct unordered sets 


{ei(g.h, 0); (@,,8)),...,(a,,8)} 


where 2g+h-1 =m. 


10. The 3-dimensional examples 


Let (s!,x) be an effective action on a connected 3-manifold with finitely generated 
fundamental group. Assume that it fibers, equivariantly, over the circle (st, s/Z._) with 
structure group Zz and 2-manifold Y as fiber. We can assume without loss of generality 
that Y is connected. When X is orientable we may also assume that no subgroup of Zn 
acts freely. For, suppose ZS as acts freely on Y, then (st, s! ae is a principal 
circle action whose characteristic class is an element of A(x (¥/Z,); Z). Since 


(st, st x y Y) fibers over s'/Z,. this characteristic class must be of finite order and 
k 
Nagel 
hence must be 0. Thus (s', s! ae gate G-auivaciantly homeomorphic to (S ,S XY/ Z). 
k 
(Notice the different fiberings. ) 
i pall 
An invariant tubular neighborhood of x€X is given by (S ,S x D,); where Zo 
a. j 
j J 
is the stability group at x, and D. the 2-disk slice at x. When we lift the action to 
(st, s! XY) then the slice lifts to the slice D at (t,y) where ((t,y)) =x. The group Zn 


translates the disk D in Y into m/a,=r distinct disks. Of course the isomorphism 


22, ——>(Z ) of |6; 84] induces the same representation of Z. on D. 
Ct, y)) bee a, 
Thus let us begin with T a generator of the action ot ae on Y. We choose repre- 
sentatives yy +159 in Y of the distinct orbits with stability groups Zag? waters Za 5 Sbyayes 
n 


slice representations, when there are no reflections, are equivalent to 


‘0 0 2Tiv. 
pe ———> pe exo(— 4 ) : 
J 


-286- 


1 
The group generated by T 2 isomorphic to Zoey? 


j 
Y) by (s', X(1) . 


yields this representation. We shall call 


1 1 i 
the manifold (S ,X) =(S ,S Xe 
m 


‘ 1 ‘ 
When Y is closed and oriented, we represent (s Bex 1) by its complete set of 


oriented orbit invariants 
Les gsb;(a,,B)).(25,B,).---.(@,.8,) b 


Now let us construct X(q). This means we take the automorphism ee Zn which 


sends T to 1 (m,q) = 1. The slice representation at Y; will be altered to the representa- 


Tea) 
tion given by TJ. Thatis 
0 id mv, 
pe ———> pe exp =) 
j 
will be altered to 


ie 6 27iqv : 
pe —m—~pe exp = : 
J 


= 7 
Since B.v. = 1 moda, and P'qv. = 1 moda, B; = Bia mod @.. Thus air new orbit in- 


ies! 
variants representing (s', x(a) a(S. x ( Y) will be 


z\?) 
n 


(10. 1) fe; gy b's (a, Ba). ah eBay} 


Of course the decision as to whether X(1) is homeomorphic to X(q) is given by 9.3, pro- 
vided that 9.2 is satisfied. 

To what extent we may find examples is dependent upon our being able to recognize 
when the action represented by fe; g; b; (a8), ee (@ Bt represents an action which 


fibers equivariantly over the circle. In [8; I. 13] we found that 


equivariantly over the circle if and only if 


B. B 


o 
ae 
| 
+ 
+ 
s*|s 
iH} 
° 
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Notice for any choice of (@,,8.),...,(a h t is i 
| | ‘i ( ye) where Bi/@, S.. Ba, is integral, 
the integer b is determined if (S ,M’) is to fiber with finite structure group. Also the 


genus of the orbit space does not matter. We have obtained the following 


10.3. Theorem: Let {(a, 8), ae (a .B) be a set of Seifert invariants 
so that 


is integral. Let q be any integer which is relatively prime to the least common 
ultipl oe : -b= Fic 

multiple m of 125 4} Put -b Bi /a, Spcpege 4s B fa, and choose any 

g>0. Form (S ,M ) =(S ,X(1)) whose equivariant homeomorphism type is 

given by Ne; g;b; (2,8), ek (a BY} . Then X(q) is homeomorphic to X(1) 


if and only if the unordered sets 


{(@,.B)..+-(@.B)} — or {ia,,2,-B),...,(@,,a,-B)} 
is the same as 


{(@,,8,47),...(a,8.a7} 


—i 
where Bi is reduced modulo a. 


10.4. Here are a few illustrative examples. 
2 1 
@. — @ xa) = {6 -2502,0,(4,9,08,0,6,0,08, 0,(8,9)} 


3 : : 
Let us take Z. and form the automorphism T—>T . Under this automorphism 
4 2 i =f 
B. —>6.3 = Now, 3 . = 3 mod 8, 3 : =1mod2, 3  =3mod4, and so, 
i i 
1 
(s',x(3) = {6,95 -2:(2, 0,140,083), (8,3),(8,9),(8, DF. 


Note that the oppositely oriented 
-(s'.xt) = fee; -4;(2,9,(4,0, 8,0, (8.08, 0,089) 
Thus 7 (x(1)) F 7 X(q). In this example it is not very easy to calculate what oriented surface 
1 


Y we are dealing with. 


(ii). In our next class of examples it is clear what surface Y we are dealing with. In 
fact, the examples are the same as those illustrated in §8. For each prime p> 3, there is 
: - -2))/2 on which Z acts with exactly p fixed points, and 
a Riemann surface of genus ((p 1)(p ))/ 3 


with quotient space the Riemann sphere. In terms of its orbit invariants it is described by 


m2) = fe; ((p-1)(p-2) ya AL) (p04 
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aol : 
with p copies of (p,j). Here it is obvious that m (aul 1) ne (Mj )) ior <j pl. hor 
fixed g, there are (p-1)/2 mutually topologically distinct spaces in this case. 


(iii). Another manifold is 


M(1) = feses - 254; (p,0,(0.2),(0.3),.--.(P,P-Df. 


Notice that M(1) = M(q), for all q. 


Obviously 10.3 is algorithmic and topologically distinct X(1) and X(q) have distinct 
fundamental groups. For non-closed manifolds, as we have seen, the fundamental groups 


i) 1 ? ais 
may be isomorphic while the manifolds (S ,X) and (S ,X') are topologically distinct. 


10.5. Let us treat the non-closed oriented case, (s', x). Each such action fibers 
equivariantly over the circle since every action is homologically injective. Let us assume 
that 9.6 is satisfied as well as the boundary of X is compact (but perhaps empty). We may 
write (s!, x) = (s',x()) = ce Oy Y). Y is an oriented 2-manifold on which a oper- 

m 


1 
ates so that no subgroup operates freely. The orbit space ae = X/S isa 2-manifold 
with s >0 boundary components, h holes and genus g. There are n-marked points 
ie Petts yf = E, corresponding to singular orbits with stability groups (@,, eee a: By 


choosing T as generator of Zo we may write 


it 
(S'.x) = fe, leh 9)(@8),-- Bb. 
L Die 0 
All such representations in contradistinction to the closed case are possible. Just as before 


(s', x(q) = fe;(g,h, PCT A ie Peer al at . 


10.6. Theorem: X(1) is homeomorphic to X(q) if and only if the unordered 


set 
=Ih =I 
{(e,,B,4 ),+++,(@ Bq yt 
equals the unordered sets 


CER eee ie (14-8 )s---sle,0,-8)t 


Of course, by (2.8.4) we mean (a,,Bi), where Bi = Ba mod @. and0<8. <a. 
One other distinguishing characteristic of X(q) from X(1) if they are ada pant but not ngiegs 
morphic is that for any map f:X(1) —>X(q) inducing an isomorphism fm, (Xt 1),x,) —_ 
m (x(q), ee the image of 
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iim ox kes m (x) 
by 7 is not conjugate to the image of 
i,,:7,(0(X(@)) ———_> t (x(q)) 5 


That is, their peripheral structures are not the same. 


An interesting identification can be made for 
1 
(sm) = fe(g,8,0;(@ 8 ),...,(e BD 
ae n on 


We compactify equivariantly to a closed oriented manifold instead of a compact manifold by 
collapsing each orbit of the added toral boundaries of 9.6 to a point. This adds, instead of 
a torus, justa circle. The action extends so all point of the added circles appear as fixed 
points. The compactified manifold may easily be identified from [14] to be 
3 Ateol Bre ba) 
S #(S XS) #...#(S XS ) 
i 


= ae é 
ogth-1 e+) so 


Ze, nal : 
## denotes (equivariant) connected sum of these S ¥S 's with lens spaces. The manifold 
(s*, M( 1) is obtained by just deleting the fixed point set of h circles. Note that the equi- 


variant classficiation of Ue M( 1) and of this type of compactification coincide. 


As an illustration, let a and b be relatively prime. The complement, in the 3- 


sphere, of a torus knot K(a,b) is 


(10.7) M(a,b) = (€;(0,1,0);(a,5), (b,3)¢ 


where eg = b moda and = =amodb. This arises fromremovingthe circle of fixed 
points in the space Pg en #L(b, = The cyclic group Zo» operates on the surface 
Y of genus ((a -1)(b- 1))/2 with one hole (the spanning surface of the knot) and 


M(a,b) = te Y. If we regard X(1) = M(a,b), then 
ab 


x(q) = {e;(0, 1,0); (a,b), (b, 2) $ 


where b = a? moda, a=a a mod b. For example, let a=5, b=7, then we have 
orbit invariants for X(1), 4(5,3),(7, 3){. Ifwe take X(2) we get orbit invariants 

4(5, 4) ,(7, 5)t . Thus X(i) and X(2) are not equivariantly homeomorphic, hence not homeo- 
morphic. (Furthermore, X(2) is not the complement of any knot.) Their fundamental 
groups are isomorphic of course. Note that L(5, 2) #L(7,5) (whose orbit invariants are 


{(5 3),(7, 3)}) is not homeomorphic to L(5, 4) #L(7,5) (whose orbit invariants are 


(5, 4),(7, Dt. 


-290- 

Osos lo [8 r 12] we pointed out a connection between s'x X(q) and projective non- 
singular algebraic surfaces, when X(q) is closed and oriented. Now the reader familiar with 
[3] will easily see that the entire 3-dimensional construction can be done in the complex 
analytic category if we replace s’ by C, the multiplicative group of complex numbers. 


Theorems 10.6, 10.3 allow us to make another interesting observation. Let Zn act 


on an oriented surface Y. In 


1 ee es 
(SX) =(8. 78. x, 
m 
1 Lee - é : hi 
there exists Z ¢€ S , with rq = 1modm so that ( Sa x(q) is equivariantly homeomorphic 
16 
to (s'/Z , X(1)/Z_). In particular, if X(q) is homeomorphic to X(1), then X(1) is a regular 
Yr 16 — 
We also mention that almost everything also carries over to the non-orientable case 
including even our non-compact version of the generalized Nielsen theorems. The changes 


needed are minor except when the properly discontinuous group contains reflections. 


11. Products of Charlap actions 


In Sections 8 and 10 we have given a large class of examples of 3-dimensional closed 
manifolds for which Ss" x M31) = si xm (q), but  (t°t,)) 4 7 Q°(a)). Earlier in 6.6 and 
7.1 we exhibited actions on fairly high dimensional closed manifolds with the above property. 
In certain cases itis possible toform a product of two Charlap actions to obtain a third. 

These constructions are useful in presenting other examples. We shall discuss two of these 
procedures here. In the first we restrict ourselves to prime periods. These lead to fairly 
sophisticated Charlap actions for which the trace invariant can be used to detect non-iso- 
morphic fundamental groups arising from 4-dimensional Charlap actions, (11.3). 

In the second type of construction (11.4), we allow periodic maps of composite period. 
We detect non-isomor phic fundamental groups by 6.4. These examples arise in all dimen- 


sions greater than 2. 


11.1. We suppose given two diffeomorphisms of prime period, p, (T,, M>x,) and 


(T,,M,,x.) where 
(a) x. is a fixed point 
(b) M. is a closed aspherical manifold 


(c) H (M,/T,;Q) = 0. 


Now in addition we shall also suppose that there is a fixed point free diffeomorphism of 


=29)- 

period p, T:M, >, which commutes with Ty We form the space 

M = (M, xM,)/(7 xT.) by identifying (x,y) with (x, T)(y) for 0<j<p. Denoting by 
((x, y))€M a point in M we introduce a map of period p, (o,M) by 


o((x,y)) = (r,09,y) 


which is well defined since T\T = TT. Of course M is a closed aspherical manifold for 
which there is a fibration v:M age hd with fiber M, and structure group Z_ acting by 
T,. Furthermore, if (T', M,/7) is induced by Ts then v:(o,M)—>(T', M, /7) is also 
equivariant. Surely (co, M) has at least one fixed point, ((x),X,)). We must prove that 
H/(M/o;Q) = 0. 

First let us remark H ‘u, /7)/T'; Q))= ‘i Observe H ‘iM ft Q) is naturally iso- 
morphic to the oo of re :H “(M, ;Q) —>H (M, ;Q). ie this kernel V. Since 
ls hy = rT), Vis si ‘Sanvariant: + TH Me oy i Q) —>H iM ft = may be identified 
ate r :V—SV. Since I- ee :H (M, ;Q)~H ‘nt, ;Q) it ese H ‘(M, /7)/T';Q)) = 0 also. 
It will tus be sufficient “4 show 7 sheets V: c, M) —>(T', M hal induces an isomorphi 


ism pv :H iM [7 Q)~=H 1M: Q). We may regard H 1M: Q) as the kernel of 
1-(+ xT.) :H'(M. xM,:Q) —>H'(M. x M.;Q) 
ees Pater fe 


If, by the Kunneth formula we write 


H (M, XM,;Q) = H'(M,;@) @H (M,;@) © H(M,;@) @H (M,;Q) 


= H'(M,;Q) ® H (M,; Q) , 


then on the first summand a xT Py is 7 so VCH “Mt, ;Q) lies in ker (I -(r Tye) while on 
the second summand (7 xT te eae T st I- 7 is an automorphism. Thus with the 
aid of the section x:M ht —>M we see v :H ‘Mt [52 )~H'(M;Q). Therefore 
H ‘(M/o; Q) = 0 and = M) is a Charlap action. 

Since v:M—>M/7 admits a cross-section, we may express ™, (M) as a semi-direct 
product 7 (M) e m (M,/7). The homomorphism a (M/7) —> Aut (7, (M,)) is the composition 


; 0. 
of Z,, —> Aut(1, (My, x9)) given by (T,,M,, Xo) and 1 —>7,(M,) > 1 (M,/7) RAL ae 


We may also analyze the fixed point set of (o,M) as follows. First for each j, 
0 <j<p denote by C. cM, the set of all xe M, with 7(x) = T(x). Thus cr is a set of 
J . 
coincidences, which may be empty. If we choose i, 0<i<p with ij = -1 mod p then i is 


also the fixed point set of Tr, a diffeomorphism of period p on M,. If j 7 j' then 
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C.C., =, for if this were false then 
J J 
i ri 
T7 () =x=Tr 
i -i' . . . 
implying T ; (x) = x, but 7 is fixed point free. Let es M, and FLOM, be the fixed point 


set of (T,, M,) and leas M,)- The fixed point set of (o, M) is a disjoint union 


2 


(F *M,)/(TX T)U(C,/1 xF JU... U(C_|/T KF) : 


I 


We note (F, x M,)/(7 K T.) fibers over Bae with fiber M, and structure group — 


Naturally the process can be iterated by combining (T,, M,) with (o, M) via 7 again. 


1 
Perhaps the simplest exampleis found by taking (T,, M,) = (T,,M,) to be the involution on 
st given by z—>z and 7(z) = -z. Then M is the Klein bottle and by iteration we obtain the 


standard generalization of K . 


A rather puzzling example can be given as follows. Let (T, M,) be the automorphism 


Pe which has 


of the (p-1)-torus given by A(z, ne 2 a = (Z,, Zasrres ae i 
: : : a heey : : 
period p, If ) = exp(27i/p) then AQ’,...,.°) =Q),c.,.4,.0 9” ) =0),....X). The 
points OW, ieee Sur 0 <j<p-1 make up the fixed point set FY cM,- Now suppose 


t*¥ r= (z, Nae EA, r), then 7(t) = t* 2X commutes with A, since A is an automorphism 


p-=l 
leaving (X,...,A) fixed. Obviously 7 is fixed point free since it is multiplication by ) in 


each co-ordinate. For each i, 0<i<p, we consider the fixed point set, a of 


i = i ee ae oak 
EON re ey) = ee z, 2s a 


which is exactly the set of p elements given by eis 6 taal Smit iPr MB -DAS, VL kp. 


Note 7 freely permutes the points in Fi; Cc. fon Now for (T,,M,) we take an auto- 


p=i" 
morphism on the (p- 1)-torus corresponding to a non-trivial ideal equivalence class. When 


(o,M) is formed we see (C;/7) xF, isa set of p-points for each j, 0<j<p while 


2 
(FY x M,)/(7 xT.) =M,, the fiber of v over the point u(F) €M, /T. Thus there are p(p- 1) 
isolated fixed points. For this example, however, we have no idea what may be said about 


the associated X(q) which may be formed. We have no idea, in fact, about even beginning. 


11.2. We shall for each odd prime p present a 4-dimensional Charlap action 
4 
(2M : Xo) We shall compute the invariant are m4) by analyzing the fixed point set. 
We recall the Charlap action (Zio S) on the algebraic curve SCCP(Z) of genus 


(p - 1)(p-2)/2 given in homogeneous co-ordinates by 
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S= [z iz za ||z, +25 + 2b = 0 
(ayes: 1 a 3 


(oes Soe 25 = [rz, 25.25 ‘ 


The quotient space S/T was identified with CP(1). Now let us introduce a second map of 


period p on S, commuting with T, by 
-! 
T[2,%os Bo | ~ [a 2 A2y A229 | : 


We claim 7 is fixed point free, for if for some . c 


-l 
(32,, Bo 323) = (r Z1sAfos Za) 


then either Ze #0, in which case oS 1 and Zs Sr 0 and that is impossible, or else 
Z. = 0 in which case neither Z, nor Zo vanish and \ = vam ee another contradiction. So 
we may form Y = S/7, which is a closed oriented surface of genus (p-1)/2 on which T, 
since it commutes with 7, induces a map of period p, (T, ,Y), for which YpTS = CP(1) 
again, of course. We wish to prove (T, , Y) always has tut 3 fixed points. Recall first 
the fixed point set F¢S of (T,S) He consists of p points: {[o, J, hr a . Next if 
O73 < oe the maps 7 and 7 may have coincidences. PaRpOse 7 [2502 Zo, Ale ‘a2 9? Za, 
then ~" = 3r'2,, AZy = = B%5: 2 3 = 32 


325) for some 36C. are Ze 70, then 2= ile, 


Zo = 0 and Pe my = r’2, implies } =p-1l. Thus 7 and pet have as their set of coinci- 
dences C. = ie 0, = ae If on the other hand z, = 0, then neither z, nor z. is zero 
J j=0 3 1 2 
sh jl ee : ; p-2 ; 
and so a= AandA =X which implies } = p-2. Thus 7 and T have as their set of 
coincidences Cy = {P-. -1, hae . Clearly 7 freely and cyclicly permutes the points of 
each of the three sets F, Ci: Co so that the image of these three sets in Y is just three 
points Yo» yy and Yo: Obviously these are just the fixed points of (T., Y). We note also that 
7 and TY) have a non-empty set of coincidences if and only if j = p-1 or p-2 according to 
our argument. 
Now Cc, may clearly be regarded as the fixed point set of T7. Also, if we note that 


pr/2 


1-(p+1)/2 = he 1)/2 -p, then Co is the fixed point set of ‘I'v Also 


a [2125945] = ea lhe Alan i zs | 


= ae ak 2. | = erate al 


Now the quotient map is an equivariant local diffeomorphism of degree +p in each of the 


three cases 
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(T,S) —> (T,,¥) 
(T7,S) (T) 


Gi sys capes 


The problem is to determine at each of the points Yory and Yo the local 1-dimensional 
representation of Z., in the complex tangent line at the point. But then we can do this by 
selecting points in S fixed under T, Tr and cer tl? and finding the corresponding local 
representation in the tangent line to S at these points. For T we have already agreed that 
the local representation at a fixed point is multiplication by A». Now 
Tr[z, 5 Zo, 2, | = Exes 2, |, however Be Zo: 2. | —[z,. Zi. Z| is an orientation preserv- 
ing equivariant diffeomorphism of (T7,S) with (T,S), hence the local representation at yy is 
also multiplication by X. Finally, aye Ee Zo, 2, | = [2,; Ay ocd 2. and 
pt1/2 eee pele 


[z,- Zo: z,|—> |Z: Zo z,| is an equivariant equivalence between T7 hence 


the local representation at Yo is multiplication by hela2 

We come now to ae On SXS we identify (s,, S,) with rs,), Ts) for all 
0<j<p. The identification is mt which is a closed oriented aspherical manifold fibered 
over Y with fiber S and structure group a Since (T,S) has a fixed point, mt —sy 
admits a cross-section and m (Mt) is a semi-direct product 7 (S) ° 7 (Y). 

Denoting by (s\, s,)) a point in mM we now introduce the map of period p by 
a((s,, 8.) = ((Ts,, S,)). Let us now work out the fixed point set of o. First of all, the set 
FxSCS AS under the identification map SxS si is obviously carried into the fixed point 
set of (ent: In fact, itsimage is just the fiber in i — > Y over the point Yo: Thus we 
have established the fixed point set contains a copy of S and, most important, it has a product 
(trivial) normal bundle in va because it is a fiber. 

The other fixed points are now exhibited as follows. If ((s_, s,)) is fixed under o, but 


1 
s fF then for some j, 0<j<p 


Thus 8, € F and s.¢ C, Uc,. _Thus the rest of the fixed point set is (C,/7) xP U(C,/7) XF 

and so it consists of 2p isolated distinct points. At each of these we receive a local repre- 
; ; 2 

sentation of a in C. We proceed as in the case of (T\,¥). Thus we have Sx 45M" an 


equivariant local diffeomorphism 
(T7 xT, SxS) —> (o,M) 


(TrPtL/2 ypPtl/2 yg sig ud . 
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It will be noted that the assertion follows since (ts), T(s,))) = (rTMs,), T(s,)) 


= (%s,), s,)) - a((s,,8,)) and similarly (27 %5 5, prs) = (M(s,), s,)) 


= a((s,, s,)). But the fixed point sets of T7 XT and rr yperl/2 are respectively 


oe X F and Cy XF. Hence at each point of C/1 X F the local representation of as is 
(A,A) while at each point in C./t XF itis 


(yP-L/2 yPtl/2) _ Po 1/2 ;P- 1/2, 


At this point we must introduce a little bordism to show that the positive dimensional 
component of the fixed point set of z Mm) can be ignored in computing tA /M). We 
recall that Tr(Z M) —- only on fixed point data; that is, on the image fe the oriented 
bordism class Z, »M ak: « 9° ), the oriented bordism group of unrestricted Becton 
under the Sete a - —_> ™,- This sends |Z Mt] into the bordism classes 
of boundary free sa ania Pay by assigning to [z., M ii the boundary free bordism class 
of the Z -action on a closed invariant normal tube around the fixed point set. Now the fiber 
NS) cM* which is fixed has a trivial ee bundle, hence its image in 4 is [s |: [z,, D Jl 
where D? is the closed 2-cell. But of = 0, thus [s]- [z, ,D°] = = 0. Therefore 
ihe [z,. M a is computed only by applying Le: 7, —> Q(A) at ne isolated fixed points. Since 
p- fae 1)/2 = (p-1)/2, we may thus choose the orientation of me so that we have 


11.3. Theorem: 
(p- ea) 
Lay 1+X 
THe uyS =p ee) — P- — 
4+ , 
Note that Tr(Z,M ) #0, if p> 3. 


11.4. We shall now exhibit some Charlap actions of composite period. Let (Z Y,) 
and (Z »Y,) be Charlap actions such that (m,n) = 1. We form the closed aspherical mani- 
n 


fold Y = Y, Xx Y.- On Y we define an action of es by defining the map T: Y—~> Y of 


period mn by 


T(y |, ¥,) = (Ty), T5Yo) ‘ 


where: Los Y¥o——> “ay Los l. > Yo are the periodic maps generating the Charlap actions 
Lal: ts 


Z 2 
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We factor the orbit map 


(Z_ . 0 ——> ¥/Z, 


into 
/Z [2 
(zg xz vy —Bo(z ,¥/zZ_)—v¥/z 
m n’ say m mn 
Notice that (T"), which generates ZW acts trivially on the second factor Y.- Thus 
Ne = (Y,/Z)% Y,- The induced action of Zon Y/ Zz acts trivially on Ce ae). 


Consequently, the orbit space 


hae se = (i aay) X (Y,/Z,) } 


Since both (Z ,Y.) and (Z_,Y,) have fixed points, (Z__,Y) has fixed points. Hence, 
iia Al Tie mn — 


(Z an’) is a Charlap action. 


Let us now choose yy to be the k-torus, ok > 1g vor Yo we choose any closed 
aspherical manifold, having a Charlap action (Z Yo); and such that 7 (Yo) has trivial 
center. (What is actually needed here is that (Z> Y,) is an action so that 
H (Y,/ Zz Q) = 0, and that 7 (Yo) has trivial center. We do not need to assume that the 
space Yo is an aspherical manifold.) For example, any closed surface of genus 
((p - Ip -2))/2, p a prime greater than 3 will do. We let Y = Tx Yo and choose 
ae a Charlap action and choose q so that (m,n) = 1, (mn,q) = 1. (If k= 1, we let 
m= 2, if k =2, then m = 2,3,4,6 will do.) Now we further choose q so that ros is not 


=n 
conjugate to (T i in Out m (Y,). (Such examples exist of course for surfaces, products 


2 
of surfaces, spaces realizing 6.6 and 7.1, the manifolds (Z , Te of 11.3, etc.) 
Form the closed aspherical manifolds X(1) = si xy (rs x Y,) and the correspond- 
ing X(q). sg 


| 
11.5. Theorem: S X¥X(1) is diffeomorphic to s! X X(q), but 7 (x(1)) is 
| m LreOmMoOrphic ons is 
not isomorphic to m (x(q) : 


’ 


F k : 
Proof: Since (), hee my 4 >) is a Charlap action, we need only show, because of 6.4 
== Saka : 
that ie is not conjugate to T_ in Out n(T* X Y,). 


In [9; A. 12] we found the split exact sequences: 


0 —> Hom(r,(¥,), 2°) —> aut, (Tx y,)) © Aut (¥,)) XAut(z') —> 1 


0 —> Hom (7, (¥,), 25) Out(@ (TS x Y,)) Out(r (¥,)) X Out(z) > 1. 
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: : : k $ 
Therefore, if ye is conjugate in Out 7 (T x Y,) to pot then its image in out(r, (Ne ) 
i ai 


: : oh 
must be conjugate to the image of T, in Out 7 i 2) ere a3 image of Ty in 


a 
Out 7 ie 2) is clearly (T ak in Out 7 (Y,) a ~ a he : is (Tr ): 


the contrary, ‘a must not be conjugate to T. erin out(, (rs xy ae and 7 (xc) 2 i&(@). 


Since we assumed 


E : ‘ 1 
As an illustrative example, consider S = Yo Yo to be a closed oriented surface of 


genus ((p - 1)(p - 2) /2, p a prime greater than or equal to 7. Then X(1) ae Xo (s'xy ),a 
2p 
closed aspherical 4-manifold, and (Zo, ; s! XY 9) is a 3-dimensional Charlap action. Of 


course, n doesn't have to be chosen prime. We may choose n = lem(@ , a, = a) when- 


ever B/@, ae ta 2 B /e,. is an integer. Then there is a surface Yo with (Z_,Y,) a 


Charlap action, and complex representations as we described in §9. To use large m one 
must increase the dimension of the torus rk, It should also be clear that Ae os XY.) 
can often be chosen as "algebraic", that is, ok xY, admits the structure of a non-singular 
projective variety and that Zan acts as projective transformations. 

While the process of 11.3 may be iterated to find more examples of Charlap actions, 


c k ae 
the space rx Y cannot be used again for 11.4 since 7 (T XY) has non-trivial center. 
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12. Automorphisms of a semi-direct product 


In $9 and $10 we indirectly exploited Theorem 5.5. Our treatment there was 
especially suited for the 3-dimensional examples. We shall develop in the next two sections 
higher dimensional analogues of these results, using bordism and the trace invariant. As in 
9 and 10, we do not need to assume that our basic periodic maps are Charlap actions as in 
8 and 11. Along with the generalized Nielsen theorem we were dealing in $9 and $10 with 
aspherical manifolds and groups whose quotients by their centers were centerless. These 
last two properties become relevant here. 

Let us briefly outline the basic objective of this section. We restrict p to be an odd 
prime. We shall suppose we are given a cyclic group of orientation preserving diffeomorph- 
rushomtsy (Ae NO Yo) on a closed oriented aspherical 2k-manifold with at least one fixed point. 
We denote by T:Y,Y6 Play y the diffeomorphisms of period p corresponding to the gener- 
ator of ae Of course T induces an automorphism T,, on 7 (Y, Yq) with period p. Denoting 
this fundamental group by 7 and regarding a as the cyclic group of p-th roots of unity, we 


introduce the semi-direct product N = 7° a with multiplication 


\B,r}) = @etl(p, a4) 


Then N acts on the (contractible) universal eee Yy as a properly discontinuous group 
of orientation preserving diffeomorphisms with : "/N = = ¥/Z F 

We have defined in [6] the subset ACH 2(N- th) eee to Baer classes of 
central extensions 0 —> Z —>L —>N — in which the group L is torsionless. These 
classes are Bieberbach classes in the sense of [3] . We shall further restrict our attention 


to 


Alp) = {a alaea, pa = of 


We shall use the Atiyah-Bott fixed point theorem to define for each a€ A(p) an invariant 
tr(a)€ Z(rX). If a,a'e€ A(p) and if D:N — >N is an automorphism for which @ (a) =a’ then 
we shall prove tr(a') = ttr(a). This will yield a criterion used to distinguish elements in 
A(p) which are not equivalent under the natural action (Out(y), H(N: Z)) : 

First there is a lemma about derived actions which must be presented. This will be 
a formula in O72), the group of unrestricted orientation preserving actions of Z on 


closed oriented 2k-manifolds (see [5] for details concerning this bordism group). 


12,1 Lemma: If ie Y) is a group of orientation preserving diffeomorphisms 
on a closed oriented 2k-manifold, and if (Z pe is any derived action, then 
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Proof: We puma the definition of derived actions. Let v:Y PLS be the 
quotient and let f: Y/Z ey be a map. Then we introduce CcS" RY, 
(t, y) with Pa y) = 1. On C we introduce 


the set i“ all pairs 


T (ty) = (t, a, 
T,(t,y) = (tA y) . 


The quotient map qi(T, C) —>(T,Y), taken with respect to T, is a p-fold equivariant cyclic 


2 
cover of Y. Thus C isa closed 2k-manifold oriented so that q has degree +p. 
< OM : ‘ 
We ae to show p|T,Y T. 3G (Z 0: We see immediately that 


p [y] = [cle ent. We must apply the Le been 


O 
05,2.) a = re Pah retin ) (But, ) ue eaEuS Ee) 


"(p- gfe? 


to compare the fixed point set data of (T, Y) and (T C). The second sum is formed over all 
ordered (p-1)/2-tuples of non-negative integers with sum s. If FCY is the fixed point set 
of (T, Y) then F is a finite disjoint union of closed, connected regular submanifolds and 

q (F) ¢C is surely the fixed point set of (T, C). Now F cY has anormal bundle n—~>F, 
and, since p is odd this normal bundle may be given a complex structure and decomposed 
into a sum of complex bundles n, Ae) " 


eed (P= 1)/2 


-1 -1 
1 bundle i th seis 
normal bundle in C, thus q (n)® @q (1 5-1)/2 


plex structure on this normal bundle determined by re The complex structure on 
on F. With the similar orientation of q_ ‘(R) we see q_ lip) —>F has degree +p. 


Now let F ar: ade F be a non-empty component of co-dimension s. Then over 


(p-1)/2 — > F corresponding to the eigenvalues 
=i) Sih 
of the bundle map on n—>F induced by T. But q (n)—>q (F) is the 


) a (er) corresponds to the com- 


together with the orientation of Y determine a compatible orientation 


2(k-s) : = thy ne =s§ 
F we have dim(n ) =Ds--- ,dim(n y/2 = p-1)/2 with ny aiiaal oi : 


sie oe 
—> F fen. 200 )X.. kX BUCO, pen /2): Simi- 
2(k-s) 


This defines [n, ©. .- On, -1)/2 


- = =r 
larly, there is E (n,)®. --@aq ene —>q (F 


ee palk-s)] ” E ili )}®...@q- fe 1)/2 


That is, since the integral 


)}. We claim 


Pf De Bek p-1)/2 Berson Gl a a and that 
the proof is ae analogous to the proof a p [fy] = [c 


homology of BU(n * ... x BU(n (p-1)/2 has no torsion, an element in 


(Bu(n, Vie - XBU(n, sb is uniquely determined by its generalized Pontrjagin 


tom s) * by 2(k-s) 
numbers and its pater Whitney -Steifel numbers, [4; §17] . Now q :H (F )—_> 
m gh) 
* 7-1, _2(k-s ; nite 
H G (F ( ») will carry any characteristic classes of [», @®... © 5-1) /2 — >i 
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= -i shee ea | and 
into the corresponding expression for [a (n,) @®...Oq (M1 -1)/2? ——>q 


2(k-s) eee Z) has degree +p, thus the value of any 


ya ek) ba 
oye al. Hence, 


= 
. SA! 
Hebe a4 (F ys 2) 2(k-s e aii 
generalized characteristic number of |q (n,)@... ®q (M4 5-1)/2 
equal to p times the corresponding invariant of 1 @ daze ©%p-1)/2 


2(k-s) 
p[n, @-.- Om, 19 >F | 


=i =i -1,_2(k-s) 
= [a 'in®...O4 tm, yj) Pa &F ) 


in on )Guia,)x. Ae xBU(n, /> A similar formula is valid for every component of F. 

Thus, the fixed point data of |T., at is equal to the fixed point data of [r, y| multiplied by 
: i so 

p. Since pfx] = [c] this proves p(t, y] = [r,-¢] € Oo (2) 


Next, Y; is the quotient of C by the identification (t, yy~(tr 2, Ty), 0<j<p, and 

q_(T C) —>(T,, Y) is an equivariant cyclic covering. Orient Y; so that qe has degree +p. 
sO : so 

Repeat the above argument to show p[t,. @| = fey c] € Oo, (4) also. Since O54) 


has no odd torsion, it follows 
2 so 
[z,¥,] = [v,v]e Oo, (2,) 


and the proof of lemma 12.1 is complete. It might be noted that we have seen examples of 


derived actions for which Y and Y; are not of the same homotopy type, yet [5 x] = [r,y] 


anyway. 


12.2. Lemma: If sas Y) is a group of orientation preserving diffeomorphisms 


Te(Z Y) = Talay) € Z(A). 


Proof: When T {4 Y) is defined in terms of the induced representation of Z on 
k ci B 
H (Y;R) it is found to be a bordism invariant so we apply Lemma 12. i. For the bordism 


invariance we refer the reader to [3 She os i] , 


Now we must assume (ao Yo) is an orientation preserving group of diffeomorph- 
isms on a closed oriented aspherical 2k-manifold with at least one fixed point. With the aid 


of Ty on 7 = 7 (Y, Yo) we introduce the semi-direct product N= 7 oZ . 
p 
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12.3. Lemma: There is a natural isomorphism H'(Y/Z ;Z)- H(N: Z) 
SS p a, 


Proof: There is a spectral sequence ae a\ sas (i; Z) with 
— im r a 


s,t * 
EB,’ =H(Y/N, hS) 


since Y is contractible. For yey the stalk of the sheaf n® —>y'/N at v(y) is 
H “(Ny Z), where os CN is the isotropy subgroup at y. Since N_ is finite 

yy) 
he shay ae ¥/Z, is the O0-sheaf, and thus 


1 1,0 Sl 
H (¥/Z Zz) = z <8 (N; Z) 


by the edge homomorphism, see (6: § 9] : 


As an immediate corollary there is a natural transformation of H(N; Z)/ pH '(N; Z) 
onto the set of strict equivalence classes of derived actions of (Z , Y,Yq)- 
p 
Consider now the exact coefficient sequence in the form 


1 1 1 5) sites 

0 —> HN; Z)/pH'(N; Z) > HUN; Z )——> UN; Z) > IN: 2), 

If a€A(p), then pa = 0 and thereisa ae tN: 2 4 = Hom(N, Z o with A rhe = fA. 
Furthermore for every finite subgroup KCN, ‘ * (a) (SiEl 2K; Z) > ae is a generator. This 
implies that the kernel se N of b:N Bide is som epee and hence b is an epimorphism. 
Note that y [x = Y(b) is a closed oriented aspherical manifold of dimension 2k on which 


there is induced by b:N —> oe an action @,, Y(b)) : 


12.4. Sas The value of Tr Z.,. ¥(b)) depends only on 
8 “(b) =aeH aN: 2) 


a If 6 (b') = =a also then b-b’ is the image of a unique element in 


H iN: 2)/ pH (N; Z). But then GZ, Be | (b')) is simply the devives action of Ca , Y(b)) cor- 
responding to this element. (N.B. ¥/Z, = = ¥(b)/Z = ¥ TN so Lemma 12.3 applies to 


@. ¥(b)) also.) We apply Lemma ee 


We let tr(a) = Tr @,, Y(b)) € Z(A) where 8 (b) = a€A(p). 

It is possible to define tr(a) ee A since Y(b) is aspherical. This is done as 
follows. Choose any element @€N with a? =1 and b(a@) =2r€ a Such a choice must peck 
since x is torsionless. By conjugation with @ we obtain an automorphism group (Z ,7 Oy 


F be 
Obviously e is a real oriented Poincaré group of dimension 2k since 7 — ~ m (¥(b)) . Thus 
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THZ T ve = Tr(Z,, ,¥(b)) €Z(r) is defined. The choice of @ here, subject to the stated 
cence is ‘tei for choosing such an @ uniquely determines a conjugacy class of 
a subgroup of N which is isomorphic to a and at the same time selects a generator for 
each representative of this conjugacy class. By our analysis of p-groups acting on aspheri- 
cal manifolds we find that this conjugacy class corresponds to a unique component of the 
fixed point set of CA ,Y(b)), [9; Appendix]. Choose a point in this component and let 

C,, T _ Geo), re) be the automorphism induced by the generator A€ a Then 

@, 7 ( b), y,)) * (ule 1 ae where p(@) is the automorphism induced by conjugating with 
a. Hence Tr(u(), T PY = tr(Z, ‘ ¥(b)) « 


We now combine the algebraic and geometric viewpoints in 


12.5. Theorem: If ae A(p)¢ H°(N; Z) andif @:N —>N is an automorphism, 
then 


i @ (a)) = + tr(a 


1 * 
Proof: Select any be H (N; Z) with 6 (b) =a. Introduce bie H'(N; Z) so that 


PL IS 


p 


is a commutative diagram. Clearly 5 (b') = (a). Choose @EN, os e. b(a@) =X and put 


1 
@(a')= a, Then b'(a') =) also. Now Oza? Bo . and G(a'Ba'}) = ah(B)a”* for all peg 
! 
hence we have an equivariant isomorphism $:(Z,, a Net (VAC Ba We do not know, however 
p ’ ’ 
if i) preserves or reverses the orientations of these two real oriented Poincaré groups. 


Thus at most we can only assert tr( (a)) = = §r(a)e 


We are principally concerned with comparing a with m-a for some 0<m<p. Let 
us observe Z(\) ¢ Q(X) is the ring of algebraic integers in the cyclotomic extension of Q 
obtained by adjoining the roots of 1+x+... it The Galois group acts on Z(A) there- 


fore and for each q, 0 <q <p we denote by e > Z(A) —> Z(A) the automorphism 


> ay! igs nn” 
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12.6. Corollary: Suppose a€A(p) and for some m, 0<m<p, there is an 
automorphism O:N —>N for which ® (a) =ma, then 


tx(a) = *G (a) 


where qm = 1 mod p. 


Proof: Suppose we have selected be HIN, Z) with ni =a, then surely 


5 (mb) = ma. “gla we have also chosen @eN with a” = b(@) =. Then (mb)(a) = tee 


while (mb)(@4) = =r if mq=1modp. This replaces ihe ), 2) by (ulay", rn) and 
Tr(u(o), 1”) with G lees T >) = tr(ma). 


Theorem 12.5 is also valid if we begin with a cyclic group of odd prime power order 


(7, 5? we Yo) acting as a group of orientation preserving diffeomorphisms on a closed aspher- 
p 
ical manifold with at least one fixed point. We use A(p>) = {al acA, pea = of . Rather than 


generalize Lemma 12.1, it is more convenient to give a direct generalization of Lemma 12. 2. 
The value of Tr(Z e Y) depends only on fixed point data, [3 Agi Batwa dhe 2] thus 
p 
Txr(Z stp =Tr(Z ge Y) can be proved by showing 
p p 


s o> pare 
p satee = pt hg p ee Y) 


and this may be done by comparing the data for the set of points under all of Z s° The argu- 


p 
ment is quite analogous to the proof of Lemma 12.1. 


Si; 
We should also recall that N= 7 0Z : is centerless if TJ has order p- in Out(z) 


p 
and the only central element of 7 fixed under T, is the identity. Recalling our discussion of 


the groups oe 7 (X(q)) we may say 


12.7. Corollary: Suppose (Z 3? i Yo) is a cyclic group of orientation 
preserving diffeomorphisms on £ closed aspherical manifold with at least one 


fixed point and that N = 7 AY, Yq) °Z . is centerless. If for some integer q, 


with (q,p) =1, 7 iC) * 1 xa) then tr(a) = tG (tr) where a€A(p) is 


2 
the image =i ete Ecevit, under H°(Z 3 2) —>H (N; 2). 
p> p 


Tis 7 (x(a) * = ia) then since N is centerless there is an automorphism 


O:N—>N a ee t ma where mq = 1 mod p> ; 
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13. Another type of example 


We shall construct some pairs of closed oriented manifolds with isomorphic 


homotopy groups which are not of the same homotopy type. These manifolds can be regarded 


as skeletal approximations for the classifying spaces of certain Fuchsian groups. For the 
first six lemmas we have chosen to utilize the techniques of §8 rather than the more ad hoc 
method of 89. The reader familiar with the techniques of 99 and $10 may easily furnish 
alternate arguments for these first six lemmas. This latter method will yield slightly more 
general examples than treated herein. 


Fix an odd prime p and let us return to the algebraic curve Y¢ CP(Z) given by 


v= {fe,.2 Zins 


and the map of period p, (T,Y), given by as 2. | = [pz Zs ee}, X = exp(27i/p). 


Z ye, ay = = of 5 


There are p distinct fixed points flo, 3, “1 . At each fixed point we receive a local 
representation of ae in the complex tangent line to Y at the point. The local representa- 
tions are all the same; namely, multiplication by }. We shall also need to refer to the fact 
that ¥/Z, = CP(1) is simply connected. \ 

Let io (0, ie =i) €Y, put 7= 7 (Y, Yq) and Tim ~7 the automorphism induced by 
T. For each integer q, 0<q<p, we introduce a semi-direct product ie = ° o with mul- 
tiplication ((a, 1) M(B, 5) = (eT XB), rts), We use ((, Na to indicate that the integers 


r,s are read modulo p. 


= N, given by 


13.1. Lemma: There is a canonical isomorphism Ny 


((@, ie —> ((a, qr)) - 


Proof: This is a trivial corollary of the definition. 


Now we shall examine Aut(N ). Recall abst thereisa well defined orientation preserving 
properly “iS eomiinnens action Be R*) with R° IN, = CP(1). If we factor out 7¢N_ we see 
that Ne R e covers (To, Yas mS study of alates products [9; Appendix ] shows that 
for ae non-trivial finite subgroup K¢ ass there is a canonical isomorphism i K given 
by representing K as the graph of the unique crossed-homomorphism $:Z sexi m™. With 
this we obtain a generator g€ K of the form ((6, Oh, here 6T Xs) af TP) =e 
aes the natural Pag Pag ee we see v (8, = ((1)).. Now g. has a unique 
fixed point, x, €R , which under the covering map R- —>Y is carried into one of the fixed 


f q . 
points of (T°, Y). Thus the real linear representation of K, induced by the linearization of 
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Se at Xo coincides with that of a obtained by linearizing T at the corresponding fixed 
point in Y. Thus the local representation of K in the tangent space at its unique fixed point 


is independent of the subgroup K. (Indeed, it amounts to multiplication by A 


13.2. Lemma: If : N pri is an automorphism, then either Og, = EhK) 
for every non-trivial finite subgroup, or Wg )= 8 (kK) for every een 


finite subgroup. 


Proof: According to the Nielsen uniqueness theorem there is a diffeomorphism 
2 


U:R Se euch that Y(gx) = O(g)¥(x) for all ge n KER. In particular Ax.) = Xx) 
so we compare dy on the tangent space at x to that at XK)" Suppose yw is orientation 
preserving. Then dj yields an orientation preserving linear isomorphism of the represen- 
tation of 2, determined by Be to that determined by O(g,.), which is some multiple of 


BOK)" But the representation determined by g¢g is also isomorphic to that determined by 


@(K) 
Bx: Thus the only possibility is Hg.) ~ SOK)" If J reverses orientation then 


He ) = 8K)" 


By choosing the ears K~Z_ we obtain generators be €H ie Z Rie 
ona %, ei Since 6:H Lx; %; ae 2K. Z) we may use 6(b,. ) = aye as oe sseaname of 


H 2K: Z a Now we may a Se the monomorphism 
2 0 2 
0—>TorH (N,;Z) >H (CP(1);h°) = (Zz) : 


(See [8] or [6; 3; 2] for the meaning of h”.) Select K), iets aS a representative from each 
2 
of the conjugacy classes of the non-trivial finite subgroups of NT Tora e-Lor EH NY Z) we 


assign an ordered p-tuple of integers (n 


or ,0_) where 0< a, <p is the unique integer with 
p S 


This determines the element in Cale 


We must note that n. is independent of = in its conjugacy class. Consider from 


Lemma 13.2 that hgh =g ; 8° that under the induced isomorphism 
hKh 


we have h (a ov =a Finally, 
hKh 


Lik 2) H7(K: Z) 


n 


commutes. Thus n. depends only on the conjugacy class of me Combining this with 
J 


Lemma 13.2 we have 


2 
eo cee mmimmey<mett :N =N Nye is an automorphism and a€ TorH i Re Z) 
Lemma: if q 1s an automorphism ang 
then the sequence assigned to @ (a is either a permutation of (n,, ae a) 
or of (p-n 


a er eae 


2 : 
This suggests that we say a€ TorH a Z) is diagonal if and only if n) =--. =n. 


13.4. Lemma: If ae Tor HN, Z) is diagonal then # (a) = ta for every 

automorphisms ):N =N . 

q q 
il eee 1 2 ‘ 

Recall that H (N; Z) ~H (R'/N; Z) =0 so that 6:H (N; Zz) H (N; Z) isa 
monomorphism. If vee — = is the canonical homomorphism then ay) is a diagonal 
element with sequence (1,...,1). Thus at b = ty, for every automorphism 0. This 
means 7c oT the kernel of uae is preserved by every automorphism. 


13.5. Lemma: The subgroup 7¢ ve is a characteristic subgroup. 


Now we can write every automorphism of N_ in the form 
q 
Ma,r)) = Cos, or), 


where c:7—>7 is anautomorphism, 4, 0<6<p isa unique integer and o:Z ae he 1) 
p 


is a crossed homomorphism. Now observe that since 
be, 1)) (a, od = O(rXa), ) 


) 
we have d(1) 4 (c(a)) = cr Xa) é(1). Thus in Out(z), T? is conjugate to T?°. But if 
= mqoé te) . ‘ 
mq = 1 mod p we have T = T conjugate to T in Out(z). By use of the Atiyah-Bott in- 
variant, however, we showed this is possible if and only if o = 1 mod p. Thus 6=1, p-l 


are the only possible values of 6. 
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Now if the canonical isomorphism of Lemma 13. Nl ay is composed with 
q 


Aut(N ) we obtain Teo N)). Thus for every isomorphism O:N a we receive a com- 
q 


mutative diagram 


V 


| ——s> 1 ————> N ae ——=— Ss () 
p 


BPG cnn lt 


l1— sr +n, —+—> ie ee 


We must use this in the following form. 


13.6. Lemma: For every isomorphism O:N, ais there is a commutative 


diagram 
HN, ; z) ee eas H (N ;:Z ) 
sa oy 
1 q 
* TEKS | ie 
H (Z_;Z_) ———— H (Z :Z ) 
Dea Deep 


* 1 
We explain q as follows. Tnere is the canonical class w€H (23 a and 


+1 


sk xz x Jk ee Ba vate k kk 
6 (a) =Ben(z,, Z). Then gq (@))—Ge so that.q (5°) =a <8 5 (a (es) 1g -aB 


2k+1 2 k+1 


Now we come to the construction of examples. Let S Cc be represented by 


k+1 


a 2-7, - 1} 


j=l 


2k+1 _ 
s a {lest 


For each pair (q,k) with 0<q<p and k>O we introduce M(q,k) as the quotient space of 


2k+1 ; tec Beisel 
Ss x Y with respect to the equivalence (z,, vee Dy 5 y) ~(r Zisees wa Ze a No fA 


point in M(q,k) is written [z,- aes Zep y |. There is a fibration ve Mla, 2) SS KGS) 


cosy ith fi d structure gr 
26 /Z, given by [z,. es Aan 4 —— iz. ae Ze with fiber Y and structure group 
Z . Since y. is a fixed point there is also a section x :L(k) —>M{(q,k) given by 
p 
: : t =a NNO) rs me Og ie € M(q,k) be the preferred 
eo, (lee ties cyt | Le Ky ‘ Yo (q p 


base point. Then since Y is aspherical 


7 (Mla, k), x,) ay 


ny 2k+] ; 
TACT K),x 4) <1 (S rete ay 
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Thus, up to an abstract isomorphism the homotopy groups of M(q,k) are independent of q. 


13.7. Lemma: There is an isomorphism 


wk (Lag; z) & AS *t Guta, W); Z) © Z. 


Coin ae a8 d 
Proof: There is a spectral sequence {E- A } => H (m(q, k); 2) with 


Sauk 


— x H (L(k); HCY; Z)) . Since Y is 2-dimensional, E. =() tf Go> On ma tirener, 
BSH @ yay, Z)) = 0 since T leaves only oc Hy: Z) fixed. Since T preserves 
orientation, ee ae x HZ Z) = 0. Thus we have vii Ho Ga z= 

H?** Qa, k); Z) ¥ Z. 


We have M(q,k) ¢ M(q,k+1), so that we obtain M(q,o) = UM(q,k) which is just the 
Me 1). Thus we have 


Vv M(q, ©) 


tl ac pra! 
L(k) 


ae 2 c+ - 
Let o,€H otg, &): Z) be the image of the generator of H % 1 Lk); Z) under ot 
Consider 
, 
+i) 2k+1 2k+1 
"i (NY: Zz) ees For 2 (M(q, k); z) ee Se (iq, k); Z) 


where p is reduction mod p. Then 


We come now to 


13.8. Theorem: If there is a map £:(M( (q, k), x) oa, k),x » which induces 
an isomorphism of homotopy and homology, then qo = £1 mod p. 


Proof: We may extend f toa map F:M(q,0o) —>M(1, oo) which induces 


Fyi7, (M(q, co)) < (a(t, o)) . Thus, according to Lemma 13.6, 


a < ike k EY x 
F v,(aB°) = tq Ny (eb). 
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Since 
F 
M(q, 00) —————> M(1, oo) 
i ; 
q ah 
M(q, k) —————3 M(1,k) 
commutes, 
k+ sles 
Pijv (a6') =tq “iy gl@B) - 
2k+1 wv y2ktl rf 
However, S ras (M(1,\); Z) * (ua k); ks so m (o,) = oe, Reducing this mod p 
we find f" i (28 = *y(leB) =a = wees” ) in on * (ta, k) :Z.). Therefore 
* 
+4 ae Ds 
13.9. Corollary: If M(q, k) and M(1,k) have the same homotopy type, 
K+1 i oh 
then q = 11 (mod p). 
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GROUP ACTION AND BETTI SHEAF 


LORARY 
University of-California, Berkeley 
1. Introduction. Let K bea geometric simplicial complex, and 
x avertex of K . The homology group H OK, K-x5Z) is called the 
q-th local Betti group of K at x 3 in the older literature only 
the rank, called local Betti number, was used, of course. The group 
itself is independent of the given decomposition of the space of K 


> 
in fact a topological invariant of the pain— (K,x) 


 iGce thre 
(q-1)-st (q#2) homology group of the link of x (which is the bound- 
exy of the @tar of.\x ) in any decomposition. It is #Z in dimension 
Q=n , and .=0 in dimensions qn in case K is an n-manifold and x 
is not a boundary point (zero in all dimensions for a boundary point of 
a manifold). Thus it can be considered as the measure of deviation of 
K at x froma manifold. From these local Betti groups we can build 
a Betti sheaf; the title refers to that sheaf, even though, strictly 
speaking, we will deal with a dual concept (see Section 3). This sheaf 
enters decisively in the proof of the Poincaré duality property of man- 
ptosoe £2). £32). 

In the present paper we consider a compact Lie group G acting on 
a locally compact, separable, metric space X , denote f: X*X/G the 
identification map (which is, by definition, continuous, open, and 
closed), and consider the question how the Betti groups at x€X com- 
pare to the Betti groups of X/G at fx, in the simplest case, when 
x is not critical under the action of G. 

We recall some known facts about the critical sets of the action 
of G in Section 2, known facts about Betti sheaves in Sections 3, 4, 
and come to the question mentioned above in Section 5. Let us add that 
the questions concerning the Betti sheaf will be stated in a "dual" 
form, as was suggested in [3], p. 7. We prove Theorem 1 below in this 
context. Important results [12] on Betti sheaves are generally encum- 
bered with technical difficulties, and the new approach is described 
(or rather just indicated here) in the hope that it may be a change of 
pace. Of course, full justification of this method would require a 
thorough development of elementary facts of Algebraic Topology along 
the lines suggested in [4]. 

For simplicity of exposition we require X to be separable, met- 
ric. A further restriction on X , ora different category of spaces, 
could shift the emphasis, or would require a different technique. 
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However, in case x is critical for the action of G, the comparison 
of the Betti sheaves at x and fx would be interesting even in a 
very restricted (say PL) category. But in this case a geometric 
study of orthogonal actions should come first. This justifies an inde- 


pendent publication of the present paper. 


2. Critical Sets of the Actton. Everything that follows in this 
section depends on an important and well known theorem of Gleason 
({10], p. 222). We repeat, however, some definitions in order to bring 
out the concept of critical sets in an appropriate form. We denote Gy 
the stability greup of “<6X-4) and G(x)=6/6, its orbap. 

Definition 1. We say that the potnt xX (or, equtvalently, the 
orbit G(x) ;- or the point -fx © X/@ ) te non-erttical under (the ac= 
tion of) Gs tf there. isa neighborhood VY of: ix in X/G ,> anera 


homeomorphism 

(1) b: VXM > U (MsG/G. 3 Usf7 +) 

such thate Golve.m)=v_ enadecenac 

(2) go(v,m) = o(v,gm) (vEV 3; m coset of CG, 


holds true for every g&G . Every other point of X (orbit, or point 
of X/G> ) +¢e.catted. ertticat. 

The reason to introduce this definition is, of course, that by the 
theorem of Gleason every action has non-critical points, thus, by defi- 
nition, a non-empty open set of non-critical points. The open set of 
non-critical points is everywhere dense in X , for the following rea- 
sons. Let X be the set of critical points. Suppose that the inte- 


rior of xy ey denoted int xy is (7o04 » Then.) 4G, ant X,) has a non- 
eritical point, which is also non-critical for (G,X) . This is a con- 
tradiction and shows int X,=¢ - Thus we define critical sets 

XQ 2 XOX. OK De. by transfinite induction as follows: xy is the set 

of all critical points of the! action (GX _4) if ol, ia-not a limts 


number; for a limit number 8 we set XgeO{X: a<6} . Then Xe is 
closed in Xo Lf awsbs 4’ And eee is open and everywhere dense in 
x 3 Xy7¢ for some ordinal w. It is a routine matter (see [8]) to 
prove that S| is a disjoint union of coordinate bundles with 
structure groups in Steenrod's sense. Notice that the total Space of 
such a bundle need not be connected, although each connected component 


(Onin eee is a bundle, of course. 
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The point of view above is Slightly different from that of Gels 
where for a fixed, compact sub-group H of G , the author introduces 


theyiset .of points XH) where the stability group is conjugate to H 


In order to compare these two points of view, we make only the following 
remark. Our Ss ae is the disjoint union of Xcyy's > @€ach open in 
2 » but if we consider, for example, X-X) as we do in Corollary 3 
below, the sub-group H is not fixed yet. Our critical sets introduce 
thus an ordering and classifying of the sub-spaces X cary Se Widkeln eins 


needed in our results. 


5. Bettt Co-Stack. Let A _ be the Alexander cochain complex of 
X with compact supports ("couverture" in [1], [4]). This is different 
from the Alexander-Spanier cochain complex where the supports are 
closed, but not necessarily compact; if X is compact, the two are of 
course identical. Then A=) AP , “Girect sum for p=0,15...5 iwhene an 
aGAP is an equivalence class of integral valued functions 
OCR pre-e 2%) >» xX , with compact support S(a)=S(o)CX (whose com- 
plement is the set of points of X in the neighborhood of which 9 is 
zero for any choice of the arguments), two functions 9, being equi- 
valent if and only if S(v-¢)=¢ . The coboundary operator 6: APs a2 4 
is defined by the standard formula. The cup-product of $6, will be 
denoted $v. Recall also 6(oW)=(éo)Wt(-1)Posy (6 of degree p). 
We write H(X)=)HP (x) for the derived ring H(A)=)HP(A) . For a com- 
pace x); HP(x) is the p-th Cech integral cohomology group of xX. 

We recall that if C is a closed sub-space of X , and U=X-C 
its open complement, then H(X)*H(C)*H(U)*H(X) is an exact sequence, 
whose first homomorphism is called restriction, the second coboundary 
(HP(c)+HPt1(u)) and the last injection, denoted dyy > if necessary. 
A cocycle a€GAP with S(a)CU determines a cohomology class in H(U) , 
whose image under iyy is atéA , i.e., a cohomology class of X. 


Furthermore, if UCV are open sub-spaces or ms the anjectica 
ibee cis (UCV ) 
€3) ivy? HtU) + HCV) 


has functorial properties: igy is the identity, iyy=tyytyy - Thus 


we have a functor from the category of open subspaces of X and their 


inclusion maps to the category of graded rings and degree preserving 


homomorphisms. In particular, if C (is a:subset of X and (Vie tees 
the directed system of open neighborhoods of C , we can form Lam); 


inverse limit, of the values of the functor (we follow the terminology 


snd notations of [935 p- 1335 the < there ig = here; the 6,Ts..- 
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there are U,V,...; here). 
Definition 2. Given a closed sub-space C of X, the open 
netghborhoods U of C forma directed system and the rings H(U) 


and injeetion homomorphtsms ivy in (8) determine 


(4) BPcc) = Zim HPCu) (@(c)=) BP(c)) 
(inverse limit, [9], p. 133). In particular, tf x te a point of X, 


@(x) ts defined. If CD are elosed sets, we have a homomorphism 
(5) ty > 6 Wy “CD elesed ar KY 


obtatned by "thinning out" a system thy: UC} , t.é., keeptng only 
hy,'s for which UD2D . This covartant functor from the category of 
closed sub-spaces of X and thetr ineluston maps to the category of 
graded rings and homomorphisms wtll be called Bettt co-stack CQ of ze 
As an example, we consider a C° n-manifold xX 5 anda point 
xGX , not on the boundary of X . Then the open neighborhoods of x 
have a cofinal sub-system consisting of those neighborhoods which are 
open balls in a fixed coordinate patch containing x . In degree p#l 
the compact cohomology of an open n-ball E” > being isomorphic to the 


B vof “BH?! “anda Whe injections being 


one point compactification S§ 
isomorphisms, we have: @P(x) is =0 if pry and ©=2 5 Si “p= 
In terms of cocycles, our definition gives the following. Given 
a closed sub-space € of xX , we form all coeycles a which "can be 
pushed in an arbitrary neighborhood of € " 5, “i.ée., are such that, 
given an arbitrary open U containing C there is a b€A_ such that 
S(atéb)CU . Let @ be the ring of these cocycles a. We denote 
en the subset of © for which it is true that, if S(atéb)QU , then 
atéb=ég with a gSA such that S(g)CU . It can be proved that @ (C) 
is isomorphic to G/ . We will not prove this presently, but give a 
better result for @(x) in Theorem 1 below. 
In order to illustrate this interpretation with cocycles, we con- 
sider again the Betti co-stack of a C° n-manifold X. In case 
X=R” » let be given a point X= (Ej +++ 6) and let us denote as the 
characteristic function of the open half-space where the i-th coordi- 
nate is 755 - Then, considering a, as integral valued Alexander- 
Spanier 0-cochain, Sa; is defined, and S(Céa,) is the hyperplane 


where the i-th coordinate is =E5 - We set 


(6) = = 
al Sa,.+.da, ( SCa,Sa,+..da_) 
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Which is an Alexander cocycle whose support SCa,) is the single point 


x . (As usual, we will write sometimes S(a) = x 


instead of 
SCa) = {x} .) Any two such cocycles aya 


-1 y 
ticular there is a b € A” whose support is the segment from x to 


Vercno corm wheeh "ob = 2 =} Furthérmore, the class of a, abe fel 
generator of H(R") (see [1], ps 123). “This construction being "1lo= 


cal", it can be carried out in any C° n-manifold xX 


are cohomologous, in par- 


- Thus we get 
@P(x) for any x not on the boundary of X: ina fixed coordinate 


path containing x we construct the cocycle (6) ; if hy denotes 
the class of (6) considered a cocycle of U , x€U , then thy} 1s 
a generator of B(x) 

This construction is somehow more general than it seems to be, as 
shown by the following result. 

Theorem 1. Let X bea locally compact, separable, metrte space. 
Given an element h € ar > p2d ;». Of the thverse 2imte “()” Here 
ts an Alexander cocycle aé€& AP Of xX) Suen ehac tus  supporice: em une 
point, x (or =O only tm case h=0 5 and that h= thy} > where 
hy t# the elase of a in HU), U open netghborhood of x3; a 
thus "represents" h . Two such cocycles a,b (S(a),S(b)C{x}) repre- 
sent the same h, tf andonly tf for every open U containing x, 
there ts a geaP-t ; BOEISU., “euehrthet. b-azde . 

Remarks. S(a)C{x} means S(a)={x} or S(a)=$ 3; in the second 
ease a=0 , by definition. --In view of the first statement, one may 
wonder whether the second statement could be inproved by considering 
eaiy o's Wath Stei= x . This does not seem to be the case.-= “For 
p=0 the theorem implies that @°(x) is #0 only in case x is an 
isolated point ({x} an open sub-space of X ) , in which case it is 
= re 

Proof. Let U, be the open set of points at a distance <1/n 
trom = | f-l,2.*--- This system of neighborhoods being cofinal with 


. . Pp 
the system of all neighborhoods of x , h is given by ho © i Wises 
=] it i injection homomorph- 
where hy = inne , i: HCUA yy) H(U_) being the injec ae a 
ism. Let us select in h, a cocycle ¢, such that x ¢ ke) a is 
is possible because of the Poincaré axiom ([4], p. 1093; in Leray's no- 
i i = WG ole " the sequences c 
tations, we write xc =0 ) 2 We now Vthin our q 


n >) 
i i S nN 
ue » as follows. Let ny be the first integer such that (c,) 


) 


U 
nN 
; - : 
=¢ » Similarly,.to ¢, . We find an np, such that Fee i d 
- . 
ete. To simplify notation, we write again Cy sCoseer> instead of 


Orn tt ot." Thus we have a sequence of cocycles oe with the follow- 
n ) 
al 


ing properties: (a) {U} is cofinal with the set of all neighborhoods 
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ioe oe BCs, S(c CU, Ry (ep) S(c MW, 4176 e Cay ae san ay the class. 
Of “e. "ay "HCUL)” “then th. } represents h. Thus, in virtue of (d), 
n n 


we can select a MS hel A Suehe Etat 
(7) eC -c ap eae se Sts) 


Let us denote UL the characteristic function of Le > considered as 
element of A. Then elem “ S(éu_)CU_-U,, . in View SL CHS we 
have 


(8) C C = é(u,b_) 


nile’ ach 

is = = a) = Fe 
(namely, 6 Cu b_ = (du, )b tu, 6b =u, sb, 6b, as S(du,) S(b,) % ) ; 
Finally, we select Alexander function Yn 6X goes Xp? whose class is 
ec , Alexander function 8 whose class is b_ 3 u itself is an 
n - n a % ti oe ‘ 
element of A , as there is no identification of functions in the 
definition of A. With these notations we define the Alexander func- 
tion > as follows: 
Ye a i cae 


} UB, CX grees 2X g 


C9. 90% see 9X7? = 


This definition can be justified as follows. Suppose X97x > and let 
m be the smallest integer such that x FU, . Then Uy By (XQ a+ ++ 9X) 

= Uy O%p IBY XQ pee eX = 0 for k@m , hence all but a finite number of 
terms of the infinite series are zero. 


We define now the Alexander function a as follows: 
(10) OO h +++ 2%) = ¥yO%po++- sX,) + (56) (xq o++- 9X,) 


We say that the class a of the function a has the properties stated 
in the theorem. Let us prove first: if yx , y has a neighborhood 
V such that (10) is zero when x EV - We select the first integer m 
such that y¢u » and determine V_ so that vonu _=¢ >» Toe] 12 iden 
tically zero if all the arguments belong to V , and that equations 
(7), (8) concerning the representing functions 2 a ot hold true iden- 
tically for n=1,..., m , and all arguments belonging to V. This 
implies then, of course that in the infinite series of (9) terms with 


-k?m are zero. Then we have, for x EV eee os Fe ee 


=S10— 


m 
OK eens) = Yq 6%qoees 2%) t as Wy, 5B) 6X y oe ++ 9X) 


Ynt1$¥p 200+ 2%) 


(Equations (7), (8) show that this is a "telescoping sum.") In view of 
this, S(a)=S(a)C{x} . Equation (10) shows that a is in the class 
ha . This completes the proof of the first statement of the theorem; 
the second is but a restatement of previously formulated facts. 
Alternate Construction in a Spectal Case. Let Y be a compact 
ile? or s2(6, a0, IER” « sna 
= {(l-t)y+tx: yEY, 0<t<1} the cone over Y with vertex at x. Then, 
denoting &® the Betti co-stack of xX ; @P(x) is ayP-l iy) 5) peal 5 


and the construction of the proof above can be replaced by the follow- 


sub-space of R 


ing one. Let r: X-{x}*Y be the retraction P(E, 5+++96) 
= CE, /C1-E e+ 0) (here Er ) . Given an Alexander function 
CY qo-++2¥,_y) of Y representing a cocycle (S(6$)=¢) , we set 


CPx. fee 5 x ) if x.*sx Ol tceceni—2s 2 
(11) wins 220% y= | 0°? 2 p-l > ah ? ? p) > 


Ps 0: < i one xy LS aaoCm. 
Then a=ép is a cocycle of X , S(a)C{x} , represents an element 
of 8P(x) , and all elements are represented this way (p21) . It 


would be easy to describe the relation of this construction with that 


of the proof of Theorem l. 


4. Relation with the Betti Sheaf. A contravariant functor from 
the category of open sets and inclusion maps of a space to an abelian 
category is called pre-sheaf, and forming limits and topology, or add- 
ing conditions we get sheaves. There is an alternate way of approach- 
ing Algebraic Topology via a theory of stacks (see Lis, Cel, Cad. “We 
consider the category whose objects are closed subsets of X , and maps 


are inclusionmaps of such sets. Let F bea ceantravariant functor from this 
category to the category of (graded rings, or) abelian groups. For ex- 
ample, for every C closed in X , we may take H(C) , and for in- 
clusion maps DCC the restriction homomorphism H(C)*H(D) . Such a 


finctor F is called a stack, if 
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(12) lim F CV) =F Ce) (i: closed ngd “of “GO 
Sate 


The functor C+H(C) satisfies condition (12) thus is a stack. Asa 
second example, take ECC) =H (x X-C52) ,» Singular q-th homology group, 
and induced homomorphisms. This last stack F could be called q-th 
Betti stack of X because it gives the local Betti groups as described 
in the Introduction in case X is the space of a geometric simplicial 
complex K . This stack has, however, some undesirable properties. 

Our Definition 2 introduces a co-stack (covariant functor from 
closed sets and inclusion maps to rings and homomorphisms), from which 
stacks could be deduced, and which organize a structure related to lo- 
cal groups of the Introduction into stacks. 

Let T be a contravariant functor from the category of abelian 
groups to the same category (for example, Pontrjagin duality). More 
generally, T could be a contravariant functor whose domain is the set 
of cohomology rings of ideals of the Alexander cochain complex A and their morphisms 
with values in an abelian category. In either case T@_ can be formed, 
and it is a stack provided that the continuity condition (12) is satis- 
fied. 

As an example, we indicate how the local Betti groups of the In- 
troduction are related to the co=-stack @ of Definition 2. Let 
K 


M=||K| be “the space of & simplicial complex, and x€ be a given 
point. We may suppose that x is a vertex of K 5s and denote Sibvs 
the’ @elesed) star 6f “% ,. and Im x -the link of = | “It Ys geometri- 
cally evident that x has a fundamental system of open neighborhoods 
each of which is homeomorphic to st x - ln x and that the inclusion 
homomorphisms (3) between these cohomology groups are identities. Thus 
@?(x)=HP(st x - In x). holds true. Now Hist x)=0 > Gh, thus 

BP (st Stn SSH ete) s Similarly, H (st <2) =0 
Bn ere eae x3;Z) . Thus the relation between HK, K-x) and 


> Ql ,° hence 


Bt x) (q21) is the same as between qo X34) “and ch Naat ds See 
Now In x is a compact space, a simplicial complex, hence tech, singu- 
jar and simplicial cohomology are isomorphic and are in duality with 
the simplicial homology. 

For stacks the concept of critical sets can be introduced in much 
the same way as we did in Definition 1 for actions, see [5]. Essential 
difference is, of course, that a stack need not have non-critical 
points, in fact there is a stack on the line each point of which is 
critical. Similarly, we can introduce critical points for a co-stack 


like @ (see Section 6, below), or else we can consider critical sets 
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of stacks T@ , T contravariant functor as above. We do not intend 
to follow up presently either of these possibilities systematically, 
but will prove some results in the next section, which can be then an- 
terpreted in the last section as existence theorems of non-critical 
points in some instances. 


5. Relattons between Critical Sets. The following result will 
show, in particular, that the "critical behavior" of the co-stack ® 


over X at x€X , and that over X/G at fx is the same, provided 


that x is non-critical under the action of G. 

Theorem 2, Let G be a compact Lie group acting on the locally 
compact, separable, metric space X. Let x€X be a point non-ecritt- 
eal under the action of G (see Definition 1) . As above, let X/G be 
the orbtt space f: X+X/G the tdenttficatton map, B. 1B, the Bettt 
co-stacks of X and X/G respecttvely (see Definition 2). Under 
these condittons Seer Is) where qz=dim G(x) . 

We will prove this result together with the more technical one as 
follows: 

Theorem 3. We use the hypotheses and notattons of Theorem 2 above 
(in particular, x€X ts non-critical under the action of G). There 
ts a compact netghborhood P of x such that in the commutative dtia- 


gram 


@P*ty) —> @*dp) 
(13) | | GyeP 3. q=dim GCx)) , 


COMET) Memes @ ECP) 


where the horizontal homomorphisms are those defined in (5) (see Deft- 
nition 2), the vertical homomorphisms are tsomorphisms. The vertteal 
tsomorphism on the left ts the same as in Theorem l for y=x. 

Proof. This will be a straightforward application of the Ktinneth 
theorem in compact cohomology. As xX is a non-critical point under 
the action of G , we may select a homeomorphism 9 in (1). We set 
Vg=tx my=G EM > As M isa (real, aap ea Ment Old ee cne ea a 
all open neighborhoods of mo in M has a cofinal Pepaee consisting 
of open balls D centered to Mm, in some fixed coordinate patch as 
M. If W is an arbitrary neighborhood of Vo i | X/ Gis sehen anemadlay 
of neighborhoods ¢(WxD) is cofinal with the set of all neighborhoods 


of x and as H(D)=H2(D)=Z , the Ktinneth exact sequence in integral 
P) 


compact cohomology reduces presently to 
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(4) 0 + HP(w)@H2¢p) + HP*IcwxD) + 0 

the torsion part being zero (tensor is taken over Z ) . In the last 
cohomology group we may replace WxD with the homeomorphic space 
¢(WxD) (recall that £$ is the projection) , thus we get the exact 


sequence 
(15) o + HPcw)@Ho(p) + HP*2(oCWwxD)) > 0. 


(In the future we will do such substitution of spaces homeomorphic un- 
der © without any comment.) Furthermore, from an appropriate proof 
of the Klinneth theorem (for which I am unable to give simple reference) 
we can deduce the following. Let a be the Alexander function defined 


in a coordinate patch of G(x) as a, was defined in (6) with n=q 
a 


factors. Denote m7: VxM + M the projection, and set r=oT7b ~:U>G(x) . 
Then r is a retraction. Let gor" a » Alexander-Spanier function of 
U. If heEH?(W) is now given cohomology class, and 9 an Alexander 


function representing it, then the cup-product (£76) represents the 
image of h®e under the second homomorphism of (15), e being a gen- 
erator of H?(D) 

ality Wy is an open neighborhood of Vo contained in W , and Do 
an open ball centered to My and contained in D , then (14) being 
natural with respect to tensor-products of homeomorphisms (3), we have 


the following commutative diagram: 


+ HP q + qPtd we 
0 H CW, )@H (D5? H (oCWxD_)) 0 


(16) | | 


0 > HPcw@Htcp) + HP*9(g(wxD)) +0 


From the definition (4) of @(x) , and from these diagrams, we deduce 
then immediately Theorem 2. 

We come now to the. proof of Theorem 3. Let Q be an arbitrary 
compact neighborhood of Vg in VCX/G (see (1)). We take a compact 
ball E centered to Mp in M , and we define P occurring in Theo- 
rem 3 by P=$(QxE) . In order to use the formulas (14), (15), (16) a- 
gain, we redefine the notations there as follows. Let Wy CWCV be ar- 
bitrary open sets containing Q , and DjCD arbitrary open balls con- 


taining E and concentric with it. Then @(P) is the inverse limit 
a 


-42l- 


of the groups H($(VxD))SH(VxD) . We have then the exact sequence (15) 


and the diagram (16) . 
avely. 


The statements of Theorem 3 follow then immedi- 


6. Corollartes. We recall that critical points of stacks are de- 
Fined ae follows: ((51),. p.: $327). .A point x is non-critical point of 
the stack ae » if x has closed neighborhoods WCV such that the 
restriction homomorphism F(V) + Fly) is an epimorphism if yé€V , 
and its kernel is independent of y , if yew . Every other point of 

. . . . — 
X is called critical point of fF. Dually, we say that x is a non- 


critical point of the co-stack @ , if x has closed neighborhoods 


WCV , such that @(y) > @(v) is a monomorphism for every y€V 
and its image is independent of y 
X is called critical point of B. 


&) 


» af YEW . Every other point of 


Corollary 1. We use the hypotheses and notations of Theorem 2, in 
partteular x its a non-critical point of the action of G in xX. If 
x ts also a non-critical point for the-Betti co-stack 8, Op OL 4 


then fx ts a non-ertittecal point of the Bettt co-stack B, ie OG 2 
and vice vers, tf B, Le fOe ecYuebical ot Tex, Ce, “LS NOt CPLELCAaL 
Gis. tt. 08 the other hand, x <6 critical for one of these co= 
SEGmeKs.. tb-te aleo terettedal for the other. 

Let X bea C  n-manifold without boundary. If E is a com- 
pact n-ball in X , then BP (E) 3S .=0.) tors.p7n. and =2 “for 
p=n . Furthermore, By) + B(E) is an isomorphism for all y€E . 
Thus the Betti co-stack of X has no critical points. Generalizing 
these properties, we say: X is a generalized n-manifold (without 
boundary) in the Betti co-stack sense if (a) the Betti co-stack @ 
of .X has no critical points; (b) BP (y) is =0°"for pn and 2 
for p=n , for every y€X . To compare these spaces with the gm's 
of [12] would involve us in the handling of several techniques of coho- 
mology theory, and will not be attempted here. We formulate instead 
some results for this class of spaces. 

Corollary 2. If X ts a generalized mantfold in the sense above, 
in particular, tf tt te a Co n-manifold without boundary, then fx 
is not eritical for the Betti co-stack of i /(Ge, wf” Beweei HOt cercee= 
eal for the action of G. Thus tf XX ts the first critical set of 
the action of G (see third paragraph in Sectton 2), then fx, con- 
tains the critical set of the Bettt co-stack Of X/G. 

Corollary 3. If X ts a generalized manifold in the sense above, 
n-mantfold without boundary, X/G has 
£(X-X,)) > each 


° 
in particular, if it is a © 


an open everywhere dense sub-space (containing 
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component of whtch te a generalized mantfold in the sense above. 

Corollary ¢. If X/@ te a generalized mantfold in the sense a- 
bove, tn particular tf tt ts a Co on-manifold, each erttteal point of 
the Bettt co-stack of X ts also a erttical point for the aetton of 
GG Of 6 

The following example shows that Corollary 4 is not meaningless. 
Let e-st act on a circular cone X by rigid rotations around the ax- 
is of the cone. X/G is then the line RE whose Betti co-stack has no 
critical points. The vertex of the cone Toc Eucd | (both tom ene wac— 


tion and for the Betti co-stack of the cone. 
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ON_INFINITE CYCLIC ACTIONS ON CONTRACTIBLE OPEN 
css Eee 


3-MANIFOLDS AND STRONG IRREDUCIBILITY 
Set 


Shin'ichi Kinoshita 


The Florida State University 


In this note examples of infinite cyclic actions, each of which is a covering 
transformation group, are given. Consideration of these examples leads to a concept 
of strong irreducibility. Some known irreducible contractible open 3-manifolds, 
including 3-space R°, are strongly irreducible, while the others are not. 

1. Let M be an irreducible contractible open 3-dimensional manifold and G 
an infinite cyclic transformation group generated by an orientation preserving 
autohomeomorphism h of M_ such that for each compact subset C, h(C) nC=9 
for all but a finite number of integers n. Then G is a covering transformation 
group (Cf. Kinoshita [5]). 

The 2-dimensional case was studied by Kerékja4rté [3] and Sperner [10]. When 
M=R and G= ee: see Montgomery and Zippin [9]. 

An example of an autohomeomorphism h of M as above is a standard transla- 
tion acting on R°. Actually there are uncountably many mutually inequivalent such 
kinds of autohomeomorphism of Rg (see Kinoshital4], Kinoshita and Sikkema [6], 
[7]). 

The following is another example. Let k be a simple closed curve in a 
which is locally tame except at one point. Further suppose that k bounds a 2-cell 
which is locally tame except at one point. For non-trivial examples of such k see 
Fox and Artin [1]. It is easy to see that the fundamental group of s° - k is an 

- 3 ° 
infinite cyclic group. Let M be the universal covering space Of iS) ek, eewhuels 
is an irreducible contractible open 3-manifold. Let G be the covering transfor- 


mation group of this covering, which is an infinite cyclic group. 


The author was partially supported by NSF Grant GP-19964. 
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The following definition is motivated by the example above. 


Definition. Let M be an irreducible contractible open 3-manifold and 


= , , 2 
M=Mu (p), the one-point compactification of M. Let S 


be a 2-sphere and e 

a point of 37, Then M is called strongly irreducible, if for each homeomorphism 
ra ‘ 2 

ie ($7,e) > (Hp) that is locally tame at every point of S° - e, the closure of 


2 4 a 
one of the complementary domainsof f(S') in M isa 3-cell. 
=o ae F P 
Theorem (Harrold and Moise [2]). The 3-space R is strongly irreducible. 


On the other hand it is easy to see that the example above, the universal cov- 
ering space of s° -k, is not strongly irreducible, unless k is trivial. The 
Fox-Artin example of irreducible contractible open 3-manifold (see Fox and Artin 
[1]) is not strongly irreducible, either. 

To see that J. H. C. Whitehead's example (Whitehead [11]) of an irreducible 
contractible open 3-manifold is strongly irreducible, let us begin with the follow- 


ing definition. 


Definition. An open 3-manifold M is calleda W,-space, if M is a monotone- 
ly increasing union of solid tori Th (nis 152 Js. ed sue that oa is contractible 


° 
ETO for every n. We assume that a eT 


oe, and Te is tame in Th for 


n+l +1 


every n. 
A W-space is defined by McMillan (Cf. [8]), anda W)-space is a special case of 
a W-space. A W-space is an irreducible contractible open 3-manifold. J. H.C. 


Whitehead's example quoted above is a W.-space. 


x 


Theorem. A W,-space is strongly irreducible. 
The proof is given in Section 2. 


Problem. Let M be a strongly irreducible contractible open 3-manifold. Let 
G be an infinite cyclic transformation group generated by an orientation preserving 
autohomeomorphism h of M such that for each compact subset C of M, 


n 
h(C) nC =@ for all but a finite number of integers n. Is M 3-space R°9 


; 
| 
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2. Proof of Theorem. Let Th be a solid torus for every natural number n 


° 
such that T i . . 0 
a = Thal and a is tame and contractible in Tel Let M = rer Th 


Further we assume that for each n, i. is not trivially imbedded in T 
nt 


i.e., there is no tame 3-cell C such that T cCcT S Wlenelg fia UW SNS Gingnipiicn 
n n+l 3 n 
ally imbedded in Tel for infinitely many n, then we have M = Ry which is 


strongly irreducible. 


2 " ots 
Now suppose that f(S~) n oT consists of a finite number of mutually disjoint 
simple closed curves for every n. Then these simple closed curves on oT. must be 


trivial or meridians on oT > since oe is not trivially imbedded in iat for 


each 
Let c be one of these simple closed curves on oT (n > 1). Then ec bounds 


a 2-cell D on £(S° - e). The 2-cell D contains a simple closed curve cy of 


2 4 “tee : = 3 
2 a oT. which is innermost. By the usual technique of cutting and pasting we 


ean delete trivial one's on oT Then we may assume that Cy is a meridian and 


cy bounds a 2-cell dD, in D. The 2-cell dD, is contained in tT 


Then, since 7 is imbedded non-trivially in TT ee n Di is not empty. 


D consists of at least two 


Further, since T is contractible in T , dT fn 
n qa it 


n-1 


simple closed curves. Deleting trivial one's on aT we have at least two me- 


n-1? 


+i ' " . 
ridians c} and Ch of ie in aT 1 nN Di: 


Now we prove that there are at least two meridians of oT a in oe n Dy 


such that these two meridians bound two disjoint 2-cells in Dj. Suppose on the 


contrary that (1) ar n dD consists of meridians Cy lasers Ch 9 


(2) cy = BD} +++ 9c! = aD. where each of Di (= 182m) asval 2-cellvon sD 


and (3) Di c Ds i re oe Die Then, it is easy to see that c, bounds a 2-cell D, 


in Pe such that D, nT consists of at most one meridian on aT aye Since 


qe 


2 n-1 
Pay is not trivially imbedded in a and Ty is contractible in ae ue have 
a contradiction. 
2 ral ee 
We can repeat this process. However, if 2 is larger than the number of 


; 2 5 2 
simple closed curves of aT) n £(S°), this can not happen. Hence 01 n ACSe) 


does not contain a meridian of aT» if n is sufficiently large. 
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From this it follows that if n is sufficiently large, then each of the simple 


closed curves of £(S*) n oT is trivial on oT Now let M=Mu (p), the one- 


point compactification of M. Then {M - ee (Giy= 152.55 4) Sesh cawbasis stoneneron— 


borhoods of p in M. Since M is irreducible, it follows that the closure of one 


of the complementary domains of £(8°) in M is a 3-cell (see also Harrold and 


Moise [2]). Hence the proof is complete. 


10. 


it. 


S. 


ale 
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